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Let z, y, z, and w be elements of a group G. (a) Solve for y, given that zyz~tw = 1.

v

(b) Suppose that zyz = 1. Does it follow that yzax = 17 Does it follow that yzz = 17

RIBEENE: "o,y 2, w2 G TR (a) % vyzlw =1 FEH . (b) HRiX
xyz = 1. BERHEE yer =17 BEBHEE yrz =17

BRE: (a) M gz lw = 1 PO o) 18y lw = o PIAATR w15 g2t =
ol WA 2, 15

Y= w2
(b) H xyz =1 WiLET 271, 1§ yz ==L, TR

yzz = (yz)r =z 'z = 1.

W oyze =1 —E AL

yrz = 1 A—ERAL. kBl £ S3 FE 2 = (12), y = (23), 2 = (132). W] zyz =
(12)(23)(132) = 1, fH yaz = (23)(12)(132) = (123) # 1. —fH, 2y = 1 EMTF
2= (zy) ' =y o7l WE yaz = yry e BEHET 1L BHN Y ay =gz, Bl 2 5y
e, T Ss P ox,y Tﬁ@i‘ﬁ%.

In the definition of a subgroup, the identity element in H is required to be the identity

of G. One might require only that H have an identity element, not that it need be the
same as the identity in G. Show that if H has an identity at all, then it is the identity

in GG. Show that the analogous statement is true for inverses.

EEE: ETHIE XY, R H PRBRATOHE G E’Jiﬁfﬁ WVF AT BLR ER
H A—"RA, MARERES G WEAITHF. IR & H B A0, e
e G AT, FIER R T8 oA R 458

BRE: Wefe HHRT GWRIEBHEMEBALIT, BIX—Y] he HH eh=he=h. Hi
TeecHCGHee=e(llh=¢), £ GHENR ce=c WiLLiT e, =1, H
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1 & G MHALIG. i H MBS o E T G FHRALIT.

KFWt: K heH HW e HBEWh=h'=e. HE—5e=1, ¥ 1 B2 &
G e, BEhicME—, BTbA B = At Bl H thotE b 7E H W R B A
G TG

A semigroup S is a set with an associative law of composition and with an identity.

Elements are not required to have inverses, and the Cancellation Law need not hold.
A semigroup S is said to be generated by an element s if the set {1,s,s% ...} of
nonnegative powers of s is equal to S. Classify semigroups that are generated by one

element.

A EEE: B S 2 M ASEHRINABIENIE H S BATES. AERTTRA
oo, WERWAVLEL. HIERIRENES {1,s,s2,.. 8% T S, MFFEH S Ht
s B XTHERAS TR AT R BT 2K

fRE: WS H s AR, S={s":n>0} (L%E " =1). HFHAEL.

BIE—: % s" (n > 0) WA, HEEBUT no— s g5 (No,+) 2 (S, ) BB,
H smtn = smen fe 2. XHE Ny = {0,1,2,...} 2IERBEINE L 8.
S = (No, +).

B AR i < j Ml 8" =7 Bm B s™ = st (WNFEA p > 1) L&/ ER
B p BUE O /N EEE. N S = {1,s,...,s™P 1 m4+p Mok H
S

{sm, g™t smrT iy

ST, R p MEFRRE, SURGIILR &, Forbt 1 K [, m 4+ p — 1] e
— 1) p BGEHG TG m ATEE 1s,... 57 RAEKABEN, FRONZEBER (tail).
BRI, 5 m = 0, W =1, 5 = {L,s,....} RER—A p PEHE, T
ZIpZ; # m > 0, W S FRBE (R 6 H A ).

R, 3632 PRI KT R P25 TR R T4k SRR L L B (No, +); A
BRI B — /T 25 R — /B ER AL P

Let S be a finite semigroup (see Exercise M.4) in which the Cancellation Law holds.

Prove that S is a group.
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B ENE: WS AW EHEEEIRER (W8 M.4). kR S ZH#F.

BRE: o8 M4 M2YE, B S S8t 1. HFRIER S BN ILREA T .
SHER a € S, BERLEFMS L, : S — S, z — ax. HAMER, & Li(z) = Lo(y),
N ax = ay, NIl xz =y, W L, 255 K S GHIR, BHF 0N, AFE 2 € S fil
ax =1, Bl a HEHJC.

R, Gt R, : S — S, v+ za, WA, MAAFE yc S ya=1, Bl a HHW
JG. T A&

y=y-l=ylax) = (ya)r =1 -z ==,

Wae=y, Har=za=1 bl oz & a i (BL) Ht.
HT o (EE, S PR TR AT, ERLSSGHEEHRALIT, S &

\’/
5=
B

S 4.10

Show by example that the product of elements of finite order in a group need not have

finite order. What if the group is abelian?

WBEENE: 2O AN RPN E IR TR RERIRA—E B E R, s
), TR anfa?
MRE: HReSHELL ET SRR AR . &

fa) = -z,  g@)=—a+1.

fRRTIESHRGS, g RRT R 1/2 BIRSS, ZHHBIL 2 =9 =1, 8 f, g W2
2 froc. HEMNE SR T#:

(f9)(x) = f(9(2)) = =(mz +1) =2 -1,

Hon KEEN © —n, AANFTEEVSS, % fg ZTRH T EHZPTT ST
HAE G AL, B a™ =1, 0" = 1. WA,

(ab)™ = a™b™™ = (@) (B =

i ab ARG T, HIEERR mn. FrERHAE R, A IR TR R 9 IRET

Let ¢ : G — G’ be a surjective homomorphism. Prove that if G is cyclic, then G’ is

cyclic, and if G is abelian, then G’ is abelian.
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FEHEFE W oG — G RS IEE: & G RIENEE, W ¢ ZIERE, & G 2
T, M G AT

MRE: G = (g9 HgEM WG HIE—TREW 6(g") = 6(9)* (k € Z). &
G = (¢(g)) RIGHHE.

G AL, SHER oV € G, B ¢ W, F1E a,b € GE ¢p(a) = d', ¢(b) =0 N

d¥ = $(a)p(b) = 9(ab) = B(ba) = $(b)é(a) = V.
WG AL

Prove that the n xn matrices that have the block form M =

B
, with A € GL,(R)
0 D

and D € GL,_,.(R), form a subgroup H of GL,(R), and that the map H — GL,.(R)
that sends M + A is a homomorphism. What is its kernel?

fRE

A B
B EE: IR AAPUE M = (HE A e GL.(R), D € GL,_.(R)) K
0 D

nx n SRR GL,(R) 78 H, JHEWIE M B3] A s H — GL(R) ZRZE.
TR A7

. I 0 » A, B
MR Gl H RTRE MMIT I, — ceH HM=|" """ M=
0 I,—, 0 Dy
A, B
S IS [
0 Dy

AAy A1By + B1Dy
0 DDy |

M1M2 =

H Ay Ay € GL.(R), D1Dy € GLy_,(R) %1 MM, € H. X

At —A-1BD!
0 D!

TEFE—2IEN, % M~ ¢ H. Hik H & GL,(R) -FHE.
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L w(M) =A. B ERREAR,

m(Mi M) = AjAs = n(My)m(Ms),

c H Bif5.

A
o A, TRAW: WHER A€ GL(R), Bl M = [
0 [nfr

™ IS

kerm={ M =
0 D

|

B 22 b A 0 A B AR e 73 B b = A

Determine the center of GL,(R). Hint: You are asked to determine the invertible

matrices A that commute with every invertible matrix B. Do not test with a general

B
GH:AIT}

I, B

: D € GL,_(R), B FEEr x (n—7) ;T%El@} ,
0 D

matrix B. Test with elementary matrices.

W B #E: #iE GL,(R) M. o ZOREE SR ATIERE B #ia] s (il i
FRE A AZH B B Ak, ISR .
fEE: by

Z(GLn(R)) = {\l, : A € R*}.

BIRGN R R IE N, 55— VIR AT S #e, #UE T A, T TR A A R R R
b B AR R

W A= (ay) € Z(GL,(R)). Xt i#j, % Ey; N (5,7) MEBERN 1, KRMEN 0 KV
FFE N AE,; = Bj;A. Kin AE; B3 5 5108 A B3 0 5, HRBI42R8 0; fitm B, A
HI%E i 178 A WSS j 47, HRIT4N 0.

He#R (k, 5) LB (k #4), 13 ap = 0; HUEE (4,7) LB, 15 as = aj;. BT 4, j R, AW
FREAEXT TR 0, BT AR Mo, i A= X1, XA R X #£0.

F& Z(GL,(R)) = {\M,, : A € R*}. (Zn=1H, GL(R) = R* R #HH, hoohi
HE&, 4iie—3)
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1 =z
Let G’ be the group of real matrices of the form { ] Is the map R™ — G’ that
0 1

sends x to this matrix an isomorphism?

fRE

1
AME#E: & G AR { m] HISEHE R R AE. 4E o BRBNZIERE RIS RT — G
0 1

= 4
fRE: XH RY LoREHAIIMER (R, +),

sib

G EFERESRE TR X f (R, 4) = G o= {1 x] H £,
01

1 z+y
0 1

Y

1 24y
0 1

flz+y) = = f(x)f(y),

1 ¢
0 1

€ G #ET

W f RIS SRR (1 f(2) = f(y) B o = y), AEA {
F(t), # I BT £ R, R, RN

Describe all homomorphisms ¢ : Z* — Z*. Determine which are injective, which are

surjective, and which are isomorphisms.

REENE: WA ERE ¢ 27 — Z7. AW Al 2 gt B 5 R 2 [
4.
MRE: XH 7t RRBENEEE (Z,+). BT Z B 1 &, FE ¢ B2l o(1) RE:
LR n € Z,

p(n) =d(n-1) =ne(l).

e k=09¢(1)eZ W ¢(n)=kn Rz, XEE k€ Z, WS ¢ : n— kn BIREFZ.
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i1
Hom(Z*,Z%) = {¢y : k € Z}.

B ¢ B < kergp = {0} < k #£0 (FR ¢r(n) = 0 X —V] n B4 HAL
Mk =0).

WA on(Z) = kZ, Wi kZ = 7 JHANY k = +1.

[FIR: BERA LI, # k= 1. B ¢y(n) =n 5 é_1(n) = —n RLCH KIS E FH.

Show that the functions f = 1/z, g = (x — 1)/ generate a group of functions, the
law of composition being composition of functions, that is isomorphic to the symmetric

group Ss.

R EEE: IEWIRE f =1/2 5 g= (2 —1)/z URBEEEHEN, E—A 5
PRHE Sy [RIRG O R 2R
BE: it f(z) = 1/z, g(2) = (x — 1) /2, BEMNA BT BETESRENE

=
f2(x):1}x:$7 W2 =1, f BB AN2;
2(x :w:— L ‘() ==
g9 (x) (x—1)/z z—1 g ,
ﬁ&ggzl,gﬂ/ﬂg}/l\y‘jax
(@) = oopm = o Yo =

W (fg)? =1, fg N 2.

TR (f,9) TBTE L f,9,6% fg, f¢?, ENDMZERE z, 1/z, (xr—1)/z,1/(1—1x),
z/(x—1), 11—z, WIHEARE, #& [(f,9)] =6. X fol@)=z/(x—1)#£1—2=gf(x), &
ZREAERC . 6 INBELERIM R U R TEREE 2/67 5AESSHelfy S Bl A IR #t,
Pk <f, 9> = 53

'
m
’=H

i 8.4

Does a group of order 35 contain an element of order 57 of order 77

REEENE: 35 MRS EA S MR? 2AESH 7TMTR?
RE: MNEREREEEN. H Lagrange B, AT —3dEBAL TR BERR 35 =5 x 7, #
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Hegse 5, 7 8 35.

JUELE 5 k. RIAE 5 Motk =AA1E 35 Mot g, W g7 BN 5, )&, 4
Frfa e eI o 7. A 7 B e E RS T RS TR BINAREIM T B TR
RAZF {1}, RNENIRISS &R, 8RR 7, A FREREEN 1. T2 34 NMEERASuH
R N T EHAMAEN 6 J04, 34 NAE 6 FIREEL FIE. FTbh G & 5 it &.
[FHAEL S 7 e ®R: REAE 7R, BA7AE 35 Bt g, W ¢° WIBY R 7, T)E.
WA AEBALC I YN 5. RIFEHL, BIANAFEIR 5 M FRER AT {1}, JERAoi k)
48 4 JEA, T 34 A% 4 IEELL P&, BB G & T &,

)i 8.8

Let G be a group of order 25. Prove that G has at least one subgroup of order 5, and

that if it contains only one subgroup of order 5, then it is a cyclic group.

MRE
RIEEE: W G225 B IE G Z20F A5 TR FEE G RAE—1 5B
THE, W G ZIEHEE.
fRE: WAERAIIG © € G. B Lagrange ¥, x| B 25 H |z| # 1, # |z| = 5 8L 25.
# |x| =5, W (z) 2 5 Br 78 4 |o| =25, W (z) =G, 1M («°) /& 5 Br 78 ik G 15
A 5 Bt
W H & GME—5 TR B geG\H (F1E, BN |Gl =25>5). W |g] BEr 25,
gl =5 80 25. % |g| =5, W (g) & 5 WrFHE, HME—E (g) = H, 5 g ¢ H FJE.
W |g] =25, TR (9) = G, G RIEAE.

)& 8.12

Let S be a subset of a group G that contains the identity element 1, and such that the

left cosets aS, with a € G, partition G. Prove that S is a subgroup of G.

AR ENE: K S REEGH—NEHRAIT 1 L, IFHAERSE oS (a € G) M G 1]
— Mgy, UEE] S 2 G BTRE

BE: MMEEacS: H1eS, Fa=a-1€aS; XacS=1-S. HT {aS} & G
KXy, & o BIRESEME—, # oS = S.

TRMMEZ a,be S,abeaS =25, B} S WIEEM. N 1eS=aS, MAAEseS i
l=as, N\l s =a' €S, Bl S ERANTTERNTIT. &EF 1 e S, HTREHEMEN, S
& G TR
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St 10.4

With the notation of the Correspondence Theorem, let H and H' be corresponding
subgroups. Prove that [G : H| =[G’ : H'].

REENE: KHX N ERMIE S, W H 5 B R HANNETR. I (G H] =[G
H'].

BRE: W oG — G BN N KRS, XRUERY: Wt H— H = ¢(H) &th G
HE N TS G MTFPREZE——XR, B0XHE H DO N H H = ¢(H).

H1 55 = [ A) E BE

G/H = (G/N)/(H/N).
N ¢ FRFM ¢ : G/N = G, ¢(gN) = ¢(g), ‘EIE H/N W3] H' %
(G/N)/(H/N)=G'/H'.
TR G/H=G/H , WilREEN S
G:H) =[G H

(B L, B NCHZH HTEGHWREES H/N £ G/N RS ——XF M, fE40H
. il G/N = ¢ BERBEERE )

In each of the following cases, determine whether or not G is isomorphic to the product
group H x K. (a) G = R*, H = {1}, K = {positive real numbers}. (b) G =
{invertible upper triangular 2 x 2 matrices}, H = {invertible diagonal matrices}, K =

{upper triangular matrices with diagonal entries 1}. (¢) G = C*, H = {unit circle},

K = {positive real numbers}.

B EE: £ TGRS, Ak G REFM TR Hx K. (a) G =R* (FEREH
PIERE), H = {£1}, K = IESEHORIERE. (b) G = Al E=41 2 x 2 JEF5RE, H = A
W AFRERE, K = XMAmeh 1 ) E=MERER. (o) G = C* (FFFEHERER),
H = %MHE, K = ERRikit.

MRE: (a) 72 MU (e,t) — et (e==£1,t>0) & Hx K — G BIHEZ:

(8162, tltg) €169 t1t9 = (€1t1)(82t2).

BN FEANAEFLE r MR r =sgn(r) - |r]|. M R* = {£1} x R.,.
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(b) f. HER* xR* 5 K ~ (R, +) #B250HHf, 8 H x K ¥, 2 G (W L=

KEERE) JERcHe BATA R diag(2,1) 5 R F = f ; j Rocth, MR

Bk, W G % H x K.
(c) A&. BRSF (u,t) — ut (Jul =1,¢ > 0) ZRZ: (uiug, tits) = wiug tits = (uity)(usts).
XU, WHRETN 2 — (2/]2], |2]). # C* = St x Ry,.

Let H and K be subgroups of a group GG. Prove that the product set H K is a subgroup
of G if and only if HK = KH.

BEEE: W H Y5 K RHGWTE EW: % HK 2 G TR EMY
HK = KH.
MRE: () R HK =KH. 8% 1=1-1€ HK. % hiky, hoky € HK, I

(hky) (haks) = hy(kiha)ks.

kiho € KH = HK, f7fE W € H, k' € K fi kihy = WK, HORF = bW k'ky € HK,
BAEAHE. X

(hk) ™' =k'ht e KH = HK.
Fibh HK f& 1.
(=) % HK T8, X hk € HK, N HK T8, f (hk) ' = k'h ' € HK, #47
HENWeH KFeKMETh'=nK, T&

hk = (WK™ =k~'h'~' € KH.

W HK CKH. Rz, » khe KH, 5 h ™'k~ € HK; Nl HK & T8, Hi¥x kh
£ HK %, KHC HK. % F HK = KH.

Let G be a group. Define an opposite group G° with law of composition a b as follows:

The underlying set is the same as G, but the law of composition is a * b = ba. Prove

that G° is a group.
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Eﬁﬁﬁ]ﬁ* WG Rt B XREE G, HEREN axb MW KEEES G HIH,
HEBIENAN axb=ba. IEH G° ZEE.

FRE: B X a,beGaxb=bac G, M axbe G°.

g e

(axb)xc= (ba) x c = c(ba) = cha, ax* (bxc)=ax(cb) = (cb)a = cha.
M (a*xb)xc=ax(bxc).

HALTG: G AL 1 2 G° BRAIJTE: 1xa=a-1=a,a*1=la=a.
Wt X ae G aft GHWYIG o™ WL

M oa™t & a £ G° R T.
FIrLL Go Rt Mt ta i, B g — ¢! J& G B G° KIEHN, % G° = G.

Prove that every subgroup of a cyclic group is cyclic. Do this by working with expo-
nents, and use the description of the subgroups of Z*.

EEE%HL:F UEM AR BEAS T REAR PRI, TR EOCRI, JFRI 27 MRt

N

55 &

FRE: WG = (g) RIGHB, H < G. 4 H = {1}, W H AR HW, H HHA
g #£ 1 (k#£0), W g* e H(FNgF=(*"eH), MES{nely:g"c H} I
%5, B R EUR NG n.

WrE H=(¢g"). XMER g™ € H, WRRIEE m=qn+r,0<r<n. I

]
1

N

H

=

g =9"(g") " €H.

W on BEAME, r=0. #om 2 n BIEE, g™ € (¢"). RIABE (¢") € H B %
H = (g") a3,

57t WA WRE ¢ 2 — G, k— ¢F, HER 27 KR 27 KT R
CHiRAN nZt = (n) (RIS EEE o AEREAEE). W H KRR o '(H) BHiiX
A (n), WEHRS MRERERXN, H = ¢((n) = (¢") &3, 5 L1 i E AT
IR — 2
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Let H be a subgroup of GG, and let g be a fixed element of G. The conjugate subgroup
gH g™ ! is defined to be the set of all conjugates ghg~!, with h in H. Prove that gHg~*
is a subgroup of G.

EEE N H R GWTHE ¢ &G MEETE LT gHg™! 8 SUNFTE 8T
ghg™' (h e H) WS, IEH gHg™! 2 G T
BRE: TiiE— I ¢, 0 G — G,z gzg™, RAFRKW: BER2FZ, KA

(929~ ") (gyg™") = g(zy)g™ ",

BN N ¢, BONRUR. TRAERS THRMER TR, W cy(H) = gHg™ ' & G T

B

HEZ (BERIE): 1 =glg '€ gHg™'. & ghig™!, ghag™t € gHg™*, W
(ghg™")(ghag™") = g(lnha)g™" € gHg™";

X (ghg ) t=gh lgt e gHg'. M gHg ! BTHE.

Sl 6.8
Prove that the map A — (A")~! is an automorphism of GL,(R).

SR EE: EIME A o (A)! 2 GL.(R) (E R,
R T T(A) = (A~ %t A, B € GL.(R),

T(AB) = ((AB)")™! = (B'A") ™ = (4)7(B) ™' = T(A)T(B),

HA s b B B NP, SB=P B (XY) ' =Y ' XL % T 2FAS.
A (A7 = (A7),
1

T(T(A4) =T((A)7) = (™)) = (™) =™ =4

i T? =id, T e Bt T /2 GL,(R) 1 E R

An equivalence relation on S is determined by the subset R of the set S x S consisting

of those pairs (a,b) such that a ~ b. Write the axioms for an equivalence relation in
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terms of the subset R.

REEE: S ERSEMKARN S xS BT5HE R RE, Hd R HITETHL a ~ b IEL
Xt (a,b) HE. T4 R SHENRKRKE KA.
MRE:. kM X—1Waes, (a,a) € R. EHiH, XIAL A= {(a,a):a e S} CR.
XFRME: & (a,b) € R, W (b,a) € R. & R7Y = {(b,a) : (a,b) € R}, BLZH R~ C R;
X FRPE L& H— k43 R C R~ &M T R=R.
et # (a,b) € R H (b,c) € R, W (a,c) € R. i Ro R = {(a,c) : f7fEb €
S (a,b) € R H(b,c) € R}, IRl Ro R C R.

X=Sf R R BONEM KRR (R ~ AEMRR) MR Zktt.

A group G of order 22 contains elements x and y, where x # 1 and y is not a power of

x. Prove that the subgroup generated by these elements is the whole group G.

REEE: 200 G SAxR e 5y Hh o #£1, Hy AR = 8%, IEB AR
TR A TR AR G

#RZ: it H = (v,y). H Lagrange ®H, |z| ¥k 22 =2 x 11 H |z| # 1, # |2| €
{2,11,22}.

flz) =22, M (z) = G, G A TR « W, 5y A o FIRTE. |z # 22.
Folo| =11, W H D (2), ¥ |H| > 11 H |H| ¥k 22. % |H| =11, W H = (z), M
ye(x), FIE. W |H =22=|G|, H=G.

File)=2, W HD{1,z}, |H| >2 H |H| ¥ 22, 8 |H| € {2,11,22}. % |H| =2, N
H={lLz},ye{l,z}, By=1=2"B y =2 =2 &2 » W&, T)F. & |H| =11,
H Lagrange &2, 2 = |(z)| MR 11, FJE. # |H| =22, H=G.

Zib, B TIHA H =G.

Let G be a finite group. Under what circumstances is the map ¢ : G — G defined by

#(x) = 2 an automorphism of G?

W EEE: B G RAIREE. AT, o) =2 EXHIBRE ¢: G- G 2 G
i E [ ?

14
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fRE: o RERMKEEXMRERFAR. & ¢ 2R, MXMER 2,y € G,

(zy)* = 2%y®, Mlzyzy = zzyy.

P AT ot HAe gy, 15 yr =2y, WG R vz, B G AL, N
d(zy) = (zy)® = 2y = ¢(x)d(y),

¢ R Ul G T2 ¢ AFRSHITEE KA.
£ G ZHAIATIR T, ¢ MIiZN

kerg={r€G:2°=1}={r € G : |z| <2}.

A PR B FA 2 H FEA Y BACS B2 8 (BRSO, 24 HAX Y
ker ¢ = {1}. MFMHAN: G HEH 2 Hroc.

XIEREE, WA 2 oS T |G| NEE: 2 |G) VRS Koo R {v, o) BOXT, i
2 2 =1 W ERB ARG, ENTER 1SS (K |G| 8%), #hk 1 4ME
VAAEE W 2 Birog; £ |G| N7, H Lagrange EHEAAGER 2 Mirc.

FTEL ¢ 72 H A2 HAN Y G 2 a8 A .

)@ 8.10

Prove that every subgroup of index 2 is a normal subgroup, and show by example that

a subgroup of index 3 need not be normal.

B ENE: IEHENEECN 2 RS B TRE, JERSEIL IR ECN 3 IFREA L
FE IERLI.

BE: WH<G [G:H =2 WE&geG: g H, W gH=H==Hg. & g¢ H,
W gH 5 H RAVHKIHANERGSE, #§ gH = G\ H; FH Hg & H Z SMOIAN AR
£, 0 Hg=G\ H. T/ gH = Hg, i gHg ' = H. FrCL H ZIEM 7.

Bl B G = S5, H={1,(12)}. W [Ss: H] =6/2 =3. {H H A IEM, B4

(13)(12)(13)~! = (13)(12)(13) = (23) ¢ H.

HHRECN 3 T REAR L IERL.

Prove the Chinese Remainder Theorem: Let a, b, u, v be integers, and assume that the
greatest common divisor of @ and b is 1. Then there is an integer x such that x = u
(mod a) and x = v (mod b). Hint: Do the case u = 0 and v = 1 first.
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EEE: EHPERREHE: B oa, b ou, v B H a5 b MWERKARECH 1. 1
FIERE x 818 v = v (mod @) H 2 =v (mod b). &7~ Sl u=0,v=1WIEE.
MRE: M u=0v=1015%. K ged(a,b) =1, H Bezout EH, FFHEEE m, n fif

ma + nb = 1.

2 zg=ma. W 2o =ma=0 (mod a); X 2o =ma=1—nb=1 (mod b). ¥ z, i E
79 =0 (mod a), zo =1 (mod b). FEL, 2, = nb 2

r1=1 (mod a), 1 =0 (mod b).
X —BE T, B
T =uxr+vxg.

1 a: r=u-14+v-0=u; b rz=u-04+v-1=0v &z HEER.
(ME—ME) & o/ WIHEXHANFER, W a 5 b WEERR 2 — 2. ] ged(a,b) = 1, ab ¥
b o — 2/, ¥ x = 2/ (mod ab). BIFELEREL ab & S RME—,

Let H and K be subgroups of a group G. (a) Prove that the intersection zH N yK of
two cosets of H and K is either empty or else is a coset of the subgroup H N K. (b)
Prove that if H and K have finite index in G then H N K also has finite index in G.

DEWE WHS K 2H G HTH. () IEW H MEE 20 5 K MREE yK 152
BLELNT, BaRkTH HNK f— % (b) iEWE H 5§ K £ G THITEEA IR,
M HNK G HERtaiR.
fRE: (a) & oH NyK = @, LHAE. S 2 € 2H NyK, W z = zhy = yk
(hye H, ky € K). W5

cHNyK =z2(HNK).

Gk C: X w e xHNyK, % w = zhy = yky. N
2w = (why) " (xhy) = hi'hy € H,

H 27w = (yk) ' (yko) = ki € K. il 27w e HN K, Bl w € 2(H N K).

B D: 2(HNK) = zhy (HNK) C zH (A HNK C H), B 2(HNK) = yk (HNK) C
yK (Bl HNK CK). M 2(HNK) CzHNyK.

FRzHNyK & HNK KR4S 2(HNK).

16
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(b) 25 &I

f:G/(HNK)— G/HxG/K, g¢g(HNK)~— (¢H, gK).
ERRENR: F gHNK)=¢HNK), W g¢g'lge HNK C H, K, & gH = ¢'H,
gK = ¢K. ¥4 7 gH =¢H H gK = ¢K, W ¢ 'gc HNK, il g(HNK) =
J(HNK). T2

IG/(HNK)| <|G/H|-|G/K| =[G : H][G : K] < co.

W G- HNK) AR, BAAEX [G: HNK| <[G: H)[G: K].

Let GG be a group that contains normal subgroups of orders 3 and 5, respectively. Prove

that G contains an element of order 15.

REEE: WG RESAWN 3 M 5 WA IER TR, IEW G & 15 Biroo
fRE: W HLG, |H =3, KQG, |K|=5. B35 5 HE, i Lagrange ¥, |H N K|
R gcd(3,5) =1, Mt HNK = {1}. X H, K ¥J1EM, B4 HK 2 G M7 #, A

_ HIK]

HE|= -
K = AR

THIE H S K RtEBHLH. Xt he H, ke K, BEIALT [h k] = hkh k1.
K IEM, hkh™' € K, ¥ [h,k] = (hkh™V)k™' € K; [N H 1IEM, kh™'k~' € H, 1
[h, k] = h(kh7'k~Y) € H. TR [h, k] € HNK = {1}, Bl hk = kh.

it HK = H x K 2 7Z/37 x Z/5Z. T gcd(3,5) = 1, Tt Z/3Z x Z/57 RIGHHE
(L& (1,1) MM lem(3,5) = 15), Wl HK & 15 MIE3#E, HARITR 15 ok,
T2 GEH 1R,

Let H be a subgroup of a group G, let ¢ : G — H be a homomorphism whose restriction

to H is the identity map, and let IV be its kernel. What can one say about the product
map H x N — G?
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AEEE: kK H 28 G WTH, ¢: G — H2FAF, H ¢ BR$IE H FRESFHY,
W N & ¢ Bt%. KT H x N — G, Beff 4 45ie?

MR WL p: Hx N — G, (h,n) — hn. B, p ZXU. 79 =2PiEH.

() HENN={1}: Haxec HNN, MW ¢(z) =2 (K x e H) H ¢(x) =1 (F v € N), ik
=1

(ii) G=HN: SMEE g€ G, & h=¢(g9) € H. NI

o(gh™) = p(g)p(h) ™t =h-h7! =1,

i gh=' € N, Bl g = (b~ )h € NH. T/& G = NH. N Zt%, LIER, #
NH =HN, Bl G=HN.

(iii) g BT B hing = hong, W hothy = ngni' € HNN = {1}, # hy = hy, ny = ny.
p S H G = HN fRiE.

bl g € G BME—40f g =hn (h € H, n € N), u &2 AFXU, Bl G &
N 5 H fHEMR

B p RBRFS: —J7H

M((hb n1)<h27n2>) = M(h1h27 n1n2) = hiho nino,

H—TH

w(hi,ny) p(he, ne) = hing hons.
XHANFIERI—Y) hy,hy € H, ny,ne € N AH%E, B HANY nh = hn X—1] h € H,
ne€N R, Bl H 5 N BuicH. i p 2fE, G2 Hx N; —fIERT G R
EHR, p AR
RBIBEA—KIEE: G = S5, H ={1,(12)}, N = A3 = {1,(123),(132)}. i S3/A3 =
)27, EEHRERE ¢ 0 S; — H, HIRHIAE H BESE R N H S3 2 Hx N =
)27 x /37 (Ja7& 4, B AE2CH), SRRt A2 XU T 3R A 2.
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0 IR

Show that if a subgroup H of a group G is not normal, there are left cosets aH and

bH whose product is not a coset.

AR B EE: R 5 G TR H AR IEM TR, MAFAELRESE o 5 0H, BT
W (ES {zy: 2 €al, y € bH}) N G PIHENEFELE.

MRE: RIE. W H AIEM, WAFTE ac G5 he HAE aha™! ¢ H. HEHADLRGE
aH 5 o *H PR (aH)(a*H). ZENMEEE R a-at=1M2z=ay=0a1),
EH (ah)a™t =aha™ Wz =ah,y=0a'). & (aH)(a*H) REANTEREE cH, W H
lecH I l=ch M heH Milic=h'eH Wi cH=H T/ aha'ecH 5
aha™ ¢ H FJE. KM (aH)(a ' H) AR2RESE, Wb =o' BIEE5S. X B HBIFEER
FEARFS: v e cH JHMNY oH = cH.

1 % x
In the general linear group GL3(R), consider the subsets H = 01 x|¢, K =
0 01
1 0 =
0 1 0] ,,where % represents an arbitrary real number. Show that H is a subgroup
0 01

of GL3, that K is a normal subgroup of H, and identify the quotient group H/K.

Determine the center of H.

R0 E#E: £ —RAMERE GLs(R) T, BETHE H (AL 1M E=MEM) 5 K
(X (1,3) M EAEEESERIAERE). IEH H & GLs MR, K 2 H FIEMFR, 0
BIERE H/K; 3Rk H .

19
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1 a c
fRZ: ik M(a,b,e) =10 1 b|, W H={M(a,b,c):a,b,ce R}, K={M(0,0,c)}.

001
HE A RIAA

M(a,b,c) M(a',V,d)=M(a+d, b+V, c+ +ab).

HALIEN M(0,0,0), H M(a,b,c¢)™t = M(—a, —b, —c + ab), # H %} ik 5 HGHE 4,
& GL3(R) HITHE.
K & H {F#E: M(0,0,¢)M(0,0,c) = M(0,0,c+ ). X

M (a,b,c) M(0,0,k) M(a,b,c)”' = M(0,0,k),

K WA TGRS H —VInsa=H, bl K < H (L EETHD).

PR H/K: 5% M(a,b,c)K H (a,b) ME—Hf5E, FiEHN M(a,b) M(a',b) = M(a +
a b+ ), BEIER R x R isH—8, Wt H/K = R x R (JIEHF).

Hty: # M(a,b,e) 51 M(a',V, ) 288, WA AN (1,3) HEMS ab = b
=Pl a bV e RIEA. Bla' =1, =013 b=0; Bl o’ = 0,0/ =1 1§ a = 0. #H O
N {M(0,0,¢)} = K =2 R.

Decide whether or not S is a subring of R, when
(a) S is the set of all rational numbers a/b, where b is not divisible by 3, and R = Q,
(b) S is the set of functions which are linear combinations with integer coefficients of

the functions {1, cosnt,sinnt}, n € Z, and R is the set of all real valued functions of ¢.

REEEE: KW S Z2BME R BT (a) S BB 3 BRI —UIA B
a/b WEES, R=Q; (b) S ZHKEE {1, cosnt,sinnt}, n € Z WIEEE AL H A BT
S, R 2—VISHR N ES.

BRE:(a) RTH. 1=1/1€S. X a/bc/de S (B 310, 31d), & ¢ — < = ot 5
“< B BEEANE 3 B ER (] 31 0d), # S MBVE S RIES A, 2 Q KT, BERIEE
WERH 3 R Zs)

(b) AT, BUNFIEAE M. F10 cost € S, T cos®t = =2 FERE 2

cos’t € S, Wl 1+ cos2t = 2¢cy + 3°,,(2¢, cosnt + 2d, sinnt) (c,, d, FEEE); u#{ﬁﬁ
{1, cosnt,sinnt} FIZMET RN, HBHBONG 2¢0 = 1, AFTHE. FTEA cos®t ¢ S, S Xf
vk AEF .
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Decide whether the given structure forms a ring. If it is not a ring, determine which of

the ring axioms hold and which fail:

(a) U is an arbitrary set, and R is the set of subsets of U. Addition and multiplication
are defined by A+ B=(AUB)—(ANB)and A-B=ANB.

(b) R is the set of continuous functions R — R. Addition and multiplication are defined

by [f +gl(z) = f(z) + g(x) and [f o g|(z) = f(g(z)).

B EE: AW N AR NI, BRI, 1B H IR AL, WA R AT (a)
U REEES, R AU MEETE, INESFRIES N NNFRE A+B = (AUB)—(ANB)
5%4% A-B=ANB; (b) R NELEE R — R FES, INEERIZE SN [f+9](z) =
f(x) + g(z), RIENREEE [f o gl(z) = f(g(w))-

BRE:(a) &I (F/RIF). IVERINFRZE AAB: T4 o 2%Fx, H A+ A =0, %
—A = A; WREHEZ B SEEE. FIENTE, THHEEE, B0 U (H
ANU = A). SBEAERAL, R RE S SRR 2 1] 4

AN (BAC) = (ANB)A(ANC).

BN TTERSE (A-A=A), ZHEIEN 2.

( ) AFEFR. Nk FESERREUE IR SINVE TR Abel B (ZERECAE T, ot AR
). vk (BR) 4ih, BERN T (EERE). BASEREAK: B f(z) = 22,
g(x) = h(z) = =, M

Folg+h)(a)=(20)? =4a%,  (fog+ foh)(x)=a?+a? = 2P,

PIE AR, FTURIEN INEAT R () /i, A=W, (A28 (9+h)o f =
gof+hof E\ZTL)

For which positive integers n does #? +z + 1 divide z* + 323 + 22 4+ 72 +5 in Z/(n)[z]?

fRE
BB EE: XL IER 0, 7E Z/(n)[z] F 2® + 2+ 1 BEFR 2t + 323 + 22 + Tx + 57
BRE: JofE Zlx) HXF ot + 32® + 22 + To + 5 FRUUE — 2K 22 + o + 1 M RERE:

'+ 32 + 22+ Tz +5= (2 + 2+ 1)(z®> + 22— 2) + (T + 7).

PEERAE Z)(n)[a] UL, TE Z)(n)[e] RS EALS A 7o+ 7 HEL TR, B
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KET=0 (mod n), IRl n |7. n=70n>2, HRHFn=10U72/1) £FH,
BN BERE: n="T.

Find generators for the kernels of the following maps:
(a) R[x,y] — R defined by f(x,y) — f(0,0),

(b) R[z] — C defined by f(z) — f(2+1),

(c) Z[z] — R defined by f(z) — f(1+v/2),

(

(

d) Z[x] — C defined by z — /2 + /3,
e) C[z,y, 2] — C[t] defined by x +— t, y — 2, z — 3.

R B BRI SR T HI SR A% ) — A BT,

fRE:(a) R AEBUE N 0 2T, VWY 0 )2, il oy AR
ker = (z,y).

(b) MR f— f2+1i). 2+i R 2> —4r+5=(z— (2+14)(xz— (2—1)) WIR, 1M
22 — 4z +5 E R EAAY) (HHIR —4 < 0). Rlz] £&EHAERER ]2 % 0l
WREME, ZRE (22 — 4o +5) WEMEME ¥ ker = (22 — 4z +5).

) RNz =1+v2. ZHE 22 -20 -1 IR (K 1+v2)2-2(1+v2)—-1=0), 1M
22— 2z — 1 BBER, 7F Z[z] FATL). X f € ker, HE— 2 22 — 22 — 1 R
BRiEME f = (22— 22— 1)g+ (az+b); RN 1+V2 B a(1+v2)+b=0,Bla=b=0.
i ker = (2% — 2z — 1).

()it a=v2+V3 M a?=5+2V6, (> =52 =24, Bl a* — 10> +1=0. ¥
o =11vV2+9v3, M 2 = (&® — 902)/2, V3 = a — V2, FTlh Q(a) = Q(v2,v3) & Q
)4 k5K, o RN ZTRKREN 4. B— 4 REWI 2* — 1022 + 1 YL o AR, i
EMERNZIE. X f € ker BREVE (B—) BIRIHE < 3, Bl o ARDANF, #
ker = (z* — 102” + 1).

(e) BR=IRHRMZE ¢ — (¢, 42,63) WIk%. BAR y— 22, 2z — a3 #ILE] 0, L (y — 22, 2 —23) C
ker. R2Z, X f €ker, REMXRR y=12?% 2= :c3 £ f AN ARE 2 20 g(x), B

f=gx)+@y—-z)A+ (2 —2*)B.

ARG g(t) = 0FE C[t] H, Wi g =0. T4 f e (y—a%z—2%. BTl ker =

(y - JIQ,Z - .1’3).

(a) An element z of a ring R is called nilpotent if some power is zero. Prove that if

is nilpotent, then 1 + x is a unit.
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(b) Suppose that R has prime characteristic p # 0. Prove that if a is nilpotent then

1 + a is unipotent, that is, some power of 1 4 a is equal to 1.

i B EE:(a) 3 R WInE o BAREIN, %%ﬁ'\%ﬁfg W o o e, W 142 2
Bfr. b)) W R EBEEBHFHE pA£0. iEH: FH a FF, M 1 +a BFZLM, B 1+ a B3
KFEET L

fRE:(a) W 2" = 0. HEFEHEFIRAA R,

(1 —+ .27)(1 —x + x2 — 4 (_1)71*1:1:71*1) =14 (_1)nfll_n -1
W1+ Al WO 1 — o4 2% — -+ (1) L
(b) ¥ R AASHIE (MBI WA HINTG), B AL p. TR EHA
k pk pk .
(1+a)? =Z< ‘>a3.

j=0 \J

W< <ph—1 K, (”;) (" *1) Gt o B (R p REH I AEET
p, M5 F8 p*), FHAiE p ff p ﬂl X (A AN R, T2

(1+a) =1+a".

War =0 W EkMpr>n W' =a-a?" =08 1+a) =1. W 1+a R4,

Let I and J be ideals of a ring R. Prove that the set I + J of elements of the form
r +y, with  in [ and y in J, is an ideal. This ideal is called the sum of the ideals I
and J.

AEEE X [ J AN RIEA. EY: Bilae+y (zel,yeJ) RImErek I+ J
IR R AR, AR TS5 T IR

fRE: FHARHIEZMZEARAE. ) 0=0+0¢c I+ J, =, (i) X 2y +y1, 2241y €
I+J &

(1 +y1) — (@2 +y2) = (1 —22) + (1 —y2) € I + J,
BRI, J XMEaEE A, Gil) XfreR zel,yeJ, Brael,rycJ, i

rx+y)=re+ryel+J,
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[ (x+y)r € T+ J. FTCA T+ J Sk S Wi ies i, & R AR, Hse b T+J
RENAE IS5 J R/

What does the Correspondence Theorem tell us about ideals of Z[x] that contain 22417

B E#7F: X (Correspondence Theorem) X5 22 + 1 [ Z[z] MEARZ H A4
&7

FRE: NN E R (B — A E B RIHER) B MRS Zz]) - Z2]/(2® + 1),
 Z[a]/(a? + 1) WIS Z[z] B (2 + 1) BIARZ MG —— Xt (R J o
J/(2?+1), R ARG, M Zx)/(2®+1) = Z[i] (Gauss ZBHIR, FM x> 4). Gauss
BBIALITE N(a + bi) = a® + b* N Euclid B3, & Euclid B35, MM & H AR B L.
FAFAEEE —DITR a+ b B K 22 +1 JFEADNZ U RS AET 1 1B
i, FrOA AR TE Z[x] B )RR ER 2

(£ +1, a+bx), a,b e,

H 2?2+ 1 5—M—RZOK o+ br HLFEAER. HF a=0=0 XNEE (22 +1) XF
(BF Z[i]) WZFHAR); a + bx N £1 BN Zz), SR Z[] A5, 4t & 22+ 1
1) Z[x] MEE——XNT Z[)] fEEE BEANEEW (22 +1, o+ br).

\7
=
B

SJ@l 4.4
Are the rings Z[z]/(z? + 7) and Z[z]/(2x* + 7) isomorphic?

RREENE: 7 Z2)/ (2?2 +7) 5 Z[z] /(222 + 7) R EFE?
FRE: AR, 8 Ry = Z[z]/(2® +7), Ry = Z[x]/ (222 + 7). £ Ry ¥, KR 222 = -7
Zith

2(—2*—3)=-22"-6=T7T—-6=1,

FITUA 2 #E Ry AT, W04 —a® — 3. 7€ Ry 1, BANICREAT SN a+ 02 (a,b € Z); 4
2(a+bz) =1, W 2a = 1, IXTE Z M, # 2 1E Ry P, JoE 25 0 7E R
TRIFAZ, BTEL Ry % R,.

Let f = 2 + 23+ 22+ 2+ 1 and let o denote the residue of z in the ring R = Z[z]/(f).
Express (a3 4+ a? + a)(a® + 1) in terms of the basis (1, a, a?, a®) of R.
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BEEE: X f=0 4+ + 22+ 2+ 1, a &z /¥ R = Zz)/(f) FFERE
(@ +a?+a)(a®+1) B R K (1, 0,02, o) THZMEASE.
BE: HEEX P —1=-1)@"+23+22+2+1) X fla) =017

o’ —1=(a—1)f(a) =0,
Bl a® =1. T/
(@®+?+a)(a® +1)=(®+a?+a)(1 +1) =2a°+ 20° + 20.

R 208 4202 + 20, AIFE (1,0, 02, 03) THIALHR (0,2,2,2).

Describe the ring obtained from Z/127Z by adjoining an inverse of 2.

B EENE: HRE 2/12Z iR 2 TR R,
E: ZHE R = (Z2/122)[7]/(2x — 1), ik a=2, M 2a=1. fE R H 12 =0, T4

6=06-(2a) = 120 = 0,

W 6=0 % 7:2/12Z — R NERME. HH 5.6(b), kerm = {b € Z/12Z : 2"b =
0 X Hn > 0}, WWHEA kerr = {0,3,6,9}. # = W{ER Z/12Z2/{0,3,6,9} = Z/3Z.
fEZ/3Z %, 2 MR 2 (F 2-2 =4 =1), CESESGT, & R diZgAEm. fril
R ~7/37.

R Z)127 = 7.JAT x 7./3Z; 1 Z/AZ ¥ 2 BE (22 = 0), RIFHEZSBERE
W 12 Z/32 T 2 BB, HEAE. REFZ Z/3L.

Let F be a field and let R = F[t] be the polynomial ring. Let R’ be the ring extension
R[z]/(tx — 1) obtained by adjoining an inverse of ¢ to R. Prove that this ring can be
identified as the ring of Laurent polynomials, which are finite linear combinations of

powers of ¢, negative exponents included.

AEEE: & F 2, R = F[t] 22 WA, R = Rlz]/(tx — 1) &1E R M ¢ 1
B39 3. IEBIZIA AT & [T Laurent 204 (R ¢ FIRMAREMHA S, RVFMiE
50).
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BRE: 10 Ft,t'] ¥ Laurent Z WA, AR E A RIZS
¢: R = F[t][z]/(tx — 1) — F[t,t71], test, ot

REN: AWKR te—1ME ¢+ —1=0. §: F[t,t') it 5 ¢ £ ENRE ¢
M. B 38 h e R 5% Laurent JTEX h = 0 cit’ (¢; € F, HIRA), W o(h) =0
G (T ctT™) = 0; B Pt Y REEERH ¢ AT S, ettt = 0, AT
¢ = 0. FTbh o R8I, NTERK R = Flt,t7).

HMHUL, KR tr =1 48H o=t BMEER S, a(t)r & 28 =t BIFN T ant®
(k€ Z HIR), Bl Laurent 22 WX, ME— 1k iy b A 5054 PR ORAE.

Let ¢ : R[z] — C x C be the homomorphism defined by ¢(z) = (1,4) and ¢(r) = (r,7)

for r in R. Determine the kernel and the image of (.

A EEE: W o Rlz] » CxCEFZ, WL p(x) = (1,49), HX r e RH o(r) = (r,7).
X ¢ KIz514.
BRE: X f(x) =3, ;27 (a; € R),

= (S Tasit) = (f), 160).

: feker BHALH f(1)=0 H f(i) =0. B f RELRFZTA, f(i) =0 HHMNY
f(=i) =0 (BULEE). & f BN 2 — 1, 2 — 4, 2 + i BERR, B

(z—Dz—dz+)=-DE*+1)=2>-2>+z -1
Bk BTLl ker = (2% — 22+ 12— 1).
B: SMEE (u,v) e Rx C, 5 v=a+bi. WEANEIEA (1, u), (i,a + bi), (—i,a — bi),
AT A, HULIX =51 Lagrange fEZ I f € Rlz] W2 f(1) = v,
fi)=v. Hitk Tmp =R x C. HFAZEAEH,

Rz]/(z* —2*+z—-1) 2R x C.

Suppose we adjoin an element « satisfying the relation a? = 1 to the real numbers R.

Prove that the resulting ring is isomorphic to the product R x R.
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R E BE: WA SO R IR o = 1 TR oo IEWIFTSA R T 3R R x R.
MRE: ISR R =R[z]/(22-1). Fa2?’—-1=@@-1D)=+1),Hz-15z+171
Rlz] FER (z+1) — (z—1) =2 ZHA), P ERKEHE (NELREAR),

R 2 Rlz]/(x — 1) x R[z]/(x +1) 2R x R.

WA B RE R o(f mod (22 — 1)) = (f(1), f(-1)). BREXHEFEE. W Xt
(a,b) € Rx R, —RZIX f(z) = Slo + LWL f(1) =a, f(-1) =b H: &
fy=f(-)=0,Mz—-1|fHa+1|f, BEH (z-1)(x+1)=22-1]|f, B0 f
fERZH. BTl @ R, XN o — (1,-1).

Prove that a domain of finite order is a field.

B EEE: UEP: A IRMY IR R .
BRE: W R AR, WIEEIC a € R, B FETE T it

e : R — R, T — ax.

% palw) = paly), B ax = ay, W a(z —y) = 0; B R REIF, FERTFH a # 0,
Bar—y=0, MW pu, B8 ARES LI E WS RST A S, TRFEbe RE
ja(b) = ab = 1. FILMEAMERTLHTE, R 25

Let R be a domain. Prove that the polynomial ring R[x] is a domain, and identify the

units in R[z].

R EEE: B R BB IEMZ AR Rlx] R, FEHIE Rlz] P HRAL

BRE: W f = Yo', g = Tioba? WAEELTR, BHKRM ap # 0, by # 0.
B! fg KIREVTRECH anby; B R EEBT, anba # 0, ¥ fg # 0. FTU Rla) &
THT, BB SRS BRI 1 B4).

# fg =1, M deg f + deg g = deg(fg) = 0, ¥l deg f = degg =0, f 5 g #HRHUH
. FTLL Rla] BEAIA R TSR, B Rl2)* = R,
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Which principal ideals in Z[z]| are maximal ideals?

o B BRIE:Z 2] Hhmel 3 B AR R AR OR AR ?

BRE: 450 WA, W (f) 2 Zx] KIROREAE, 2 IS TE.
#rdegf =080 f=c¢,|c| >2(c==%1K (f) = Zx] AREEE). N Zx]/(c) =

(Z)cZ)|x]; BME ¢ FREL, BN Fplz], HA o AT, A28, #0E 804 T Al #g
#rdeg f > 1, R K = Z[2]/(f) &3 & K WHRENES p, W p € ker(Z — K) =
(f), Bl p=f-g; Kl deg f > 1, UAH degg =0, T& f —HEH, TJE. LA K 1%
ERNO0,Z— K, iky=2z Ml yHe fly) =0, & Q ERFUT, K = Z[y] & THk
Qly). M— AR f HFAE—AEFEIRN A RS p (XFEH p BEFZA), W f 1E
Fplz] FURES > 1. % 1/p € K, WAFLE g € Z[a] 1 pg(y) = 1, BI 1 —pg(z) € (f), B
1 —pg(z) = f(x)h(z). i pH 1= fh1£ Fplz] #, 5 deg f > 1 FJ& (W L2 W=3F
AR NSRRI E D N 1), W 1/pd K, 5 K —RETFE.

g b 2] B A TR AR CER AR, AR KA (p, f(x)) (p BHL, f 1E
F,[z] HARAIL), BRI L.

Determine the maximal ideals of each of the following rings: (a) R x R, (b) R[z]|/(z?),
(c) R[z]/(z* — 3z + 2), (d) R[z]/(z? + z + 1).

o B EIE: SR P AR RIEAE: (a) R x R; (b) R[2]/(22); (¢) Rlz]/(2? — 3z + 2);
(d) R[z]/(z? + 2 + 1).

fRE:(a) R 24, HEERA (0) 5 R K R x R FIEGANEEHEW T x J (1,J
N R FEAR), MEAEFEEBEEA R x {0} 5 {0} x R. ENT# KKK, BN 58
{0} xRER 5 Rx {0} ¥R, 2.

(b) e S = R[z]/(z?), CEN a+bz. a+ bz WIFEHHMNY a£0 (N a' —a2b7).
HARBRAIIE N o = 0 BT, BT (2) = (2)/(2?). —VIEEAEFY (z) B8, Bl
(Z) RME—H KRB, B S/(7) 2R IR %R R EIE.
(c)a?—3z+2=(x—1)(z—-2), Her—-15z-2HK (z—-2)—(z—1)=-1 &5
). HPEFEREHE R[z)/((x —1)(z—2)) R xR. #H (a), HWKHEEAR < {0} 5
{0} x R, ZERIRHFXS A 2 — 1 ARREE (r—1) 5 » — 2 AFRPEE (2 - 2).

(d) 22 + x4+ 1 7 R EARAZ (AR -3 <0), 8 Rlz]/(2? + 2+ 1) £ (FHHAT C).
SRR OB AR U R H AR O — A OREARCA (0).
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Let H = {£1,£i} be the subgroup of G = C* of fourth roots of unity. Describe the
cosets of H in G explicitly. Is G/H isomorphic to G?

RIEEE: % H = {£1,£i} & G = C* (IEREHERER) MU REMR 8. 55X
iR H 7 G PR G/H RERKT G?
BRE: T 2z =re" (r>0) KIFEERN

zH = {£re?, +ire?},

B |2] = |w| HEEMAZEN /2 FIEEERE. RUEREEEH (r, 0 mod n/2) ME—Hfi5E; BANRS
EAME—RETT re?, 0 € [0,7/2), BEERES Rog x [0,7/2) —— X R

G/H = G. FREBS 2 — 2 2 G 3 G RS (C hEAJTREA IKR), H
BN {z: 2t =1} = {1, +i} = H. HEFASHEAREHE, G/H = G.

Determine all subrings of R that are discrete sets.

&1 E &8 TE R MITE BHT5.

FRE: BB INEL. R REEINETHRE Z (c > 0): H#F, W a = nf(GN
R.o) > 0 (BHEUMERIE e € G), WXt g e G, B g=ka+r,0<r<a, Hr=g—kaeG
Br=0,%MG=adZ

WS =cZ 2T, c>0. FEEHHER (me)(ne) = mnc® € Z X—Y) m,n € Z, %
T 2 ecZ, W c € Zsy. WFIENnZ, n>1, LK {0). #% Artin ZH215E, TS0
MEFRAT 1 M RE n =1, FELLE Z, X {0} A& 1, HEREAE, B2
B ONRGE S kB ). Rt S ERATE BT R A Z;, B R ER, Wi H
{0}. (nZ, n > 2, HAE 1 AET S RALITHTIF.)

SR 1.8

Determine the units in: (a) Z/12Z, (b) Z/8Z, (c) Z/nZ.

0 B E8FE: R T EAL: (a) Z/12Z; (b) Z/8Z; () Z/nZ.
BRE: — W45t k 18 Z/nZ T BAUSAETE m i km — ng = 1 W34 ¢,
Bezout EH, XM T ged(k,n) = 1. (a) 5 12 ERMFARIE: 1,5,7,11. (b) 58 &
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EHF RIS 1,3,5,7. (c) BAIEN {k: ged(k,n) = 1}, IFH o(n) 4 (¢ A Euler
), BN (Z/nZ)* 2 p(n) Braeisst.

Let F be a field. The set of all formal power series p(t) = ag + ayt + ast? + - -+, with
a; in F, forms a ring that is often denoted by F[t]. Prove that F[t] is a ring, and

determine the units in this ring.

A EENE: W F 2. B p(t) = ap + art + ast? + - -+ (a; € F) BFIEAXFRE M
A FIt]. EB FIt] &3, IR AL
FRES: INEIRTUE X, FICH 0+ 0t + - -, FOGEELR, F[t] BN Abel #. T

2E XN
(ee)) -3 0

k titj=k
A MARBRAIRA, MRE. SEH5 0 HRBEIRE A F HiEeH
T BALTTN 1 =140t + . iR F[t] 238 L.
e # = St S A fg = 1 HOREO aoby = 1, B ag £ 0. K21 a0 #0,
FIRIE: 4 by =ap', M k> 1 B g aibe; = 0 f#F3

= —ag (Zazbk Z),

W g =3, b;t7 Wi fg=1. FTLA F[t] BEALE N BORAEE 1R 28

An automorphism of a ring R is an isomorphism from R to itself. Let R be a ring, and

let f(y) be a polynomial in one variable with coefficients in R. Prove that the map

Rlz,y] — R[z,y| defined by x — = + f(y), y — y is an automorphism of Rz, y].

BEEE X RMWEFRKEZE R BB SMEME. & R 2, f(y) BREAE R FI—t
Z 0. WEBLS Rlx,y] — Rlr,y], v — 2+ f(y), y = y & Rz, y] FIEF.

RE: HZ AR NIRE (universal property), & & P28 76 145 B fE— i 2 348
GRS

¢: Rlz,y] = Rlr,y],  o(@)=z+f(y), oy) =y, ¢ f£ER LIS
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Wit ¢ - Blo,y] = Rlo,y), v(2) = 2 = f(y), v(y) =y. HHEE:
Ylo(2) = (@ + f(y) = ¥(@) + f() = (= fy) + f(y) =

Hoply) =v(y) =y, A oy 7£ z,y EHREE. FAN 2,y £ Rz, y] (TEN
R-AEL), M pop=porp=id, ¢ I, FTLL o ZBFEM. (EM EXEEETT « F
% fly) W&, Hi¥ R,

Determine the automorphisms of the polynomial ring Z[z] (see Exercise 3.6).

&1 E#E: RZ 0 Zx]) M4 E R (02178 3.6).

FRE: MAEZSIE 1 R 1, SERME 2 BES HfE o(z) = glx) TERE.
o RS, FA4E h € Zlz] ff o(h) = z, B h(g(z)) = x. FEEEIF Z[z] F deg(h(g)) =
degh-degg =degz =1, #l degg =degh =1. 5 g(x) = ax + b, a # 0. WHLH I
v %R oz —b), EABRHZHAYHNY o = +1. HERIE: v — 2+ 0 FTRE
v —byx— —r+b PREHS. A E RN

z—=z+b 5 z— —z+b, beZ.

SJRR 3.8
Let R be a ring of prime characteristic p. Prove that the map R — R defined by z + a?

\7
=
.

is a ring homomorphism. (It is called the Frobenius map.)

RE
AEEE: & R 2 REUHE p M. B R — R, z — af ZMFEE (KA
Frobenius BHT).

FRE: 1% Artin R 3, R 228N, ik (ab)P = aPbP (HfH); HAion: 17 = 1.
Iz i = wiaUE #

(a-+ by z() .

H1<j<p-1H, (7) = et Rl B p REH, 4 FEBET p 1M j1 A
o, MR p 68 BT p A p-c = 0, FLABI A T4 N, /8

(a+ 0P =ad” + 1.

K @ — of IREFIIERSRIE, RIAFZ.
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Determine all ideals of the ring F[t] of formal power series with coefficients in a field
F (see Exercise 2.2).

B EE: ki F BB REIS Fli] MaiBEE (S 0/ 2.2).

FRE: WEAERTLRI f = X ait’, B XH ord(f) Am/AME a; # 0 BIFEEL i & f # 0,
i m=ord(f), W f=t"u HH v BIHEEIN a,, #0, H 2.2 51 u AJIH.

gig: F[t] MERERAE 05 "), n > 1. EH: & I 2IEFHE B f e [ 1§
m = ord(f) TEATAIEF L&D B f = t"u H o WTH/{ ™ = ful € I, &
(t")y CI. Rz, WEE ge I,ord(g) >m, 5 g=t"w (v e F[t]), # g € (t™), Bl
IC (™). Frbh I = (¢m). HEARSEN

Horb (t) RME—RREAE, B N () = (0).

Let I and J be ideals of a ring R. Prove that the intersection I N J is an ideal. Show
by example that the set of products {zy | © € I,y € J} need not be an ideal, but that
the set of finite sums >, x,y, of products of elements of I and J is an ideal. This ideal
is called the product ideal, and is denoted by I.J. Is there a relation between I.J and
InJ?

REEE: & [, J £ R WA U InJ 2 iﬁ%ﬁﬁﬁﬂﬁﬁ'% {zy | z €
Iye J} Al HARM Y, vy, (x, € 1, y, € J) RES i, PR AR B
B, IAE IJ. IJ 5 InJ AAKR?

BEINJ AEE. 0cIn; M abelnJ,a—bel Ha-beJ, Ma-belnl;
XfreR, raar €l H €J. WiUF5EEE.

FIREAHHWIG T W R=Rlz,y, [=J=(z,y). Wa=z-25y*=y- -y &7E
T, H 22 + o ARBEADFM: 7 22+ 9° = (of +yg)(zu + yv), LLE 22, 2y, *
PR fu=1, fo+gu=0,gv=1. B fu=1%1 f u & Rz, y] FEIHELL, BINIE
THHG FHE g0 BIEFFEE. T2 fu+gu=2cd # 0 (BHE 0), TJ&. Frbh 22 + 42
ATEFRAGE A, SRR IVEAE] 4], A2 A,

IJ 228 675 (0 =0-0); PN BRAAH AT & A PR AN, OSHsEE H; X r € R,

r(ZV: a:yyu) = (rz,)y, € 1J,

v
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R EEAT R SRR ST. A 1T A AR,

KEZ: BAFR vy, Ny, eRz, el MET I, XH 2z, e RIET J, M I[JCINJ.
BEFUER M R=Flz,I=J= (), W IJ=*C@)=InJ. {315 JEHX
Bl IT+J=R)B IJ=1INJ, W>IH 6.8(a).

Identify the following rings: (a) Z[z]/(2?—3,2z+4), (b) Z[i]/(2+1), (c) Z[z]/(6,22—1),
(d) Z[z] /(22 — 4,4z = 5), (e) Z[x]/(2* + 3,5).

L BEE: BN TR (a) Z[z]/(2? — 3,22 + 4); (b) Z[1]/(2 +1); (c) Z[z]/(6,2z — 1);
(d) Z[z]/(22* — 4,4x — 5); (e) Z[x]/(z* + 3,5).

fRZ:(a) it S = Z[x]/(2* — 3,20 +4). H 2 = —4 WiAF : 222 = —4z; H
22 =318 6 = —da, B0 40 = —6. B—J50 4z = 2(2z) = -8, # -8 = —6, 18
2 =0. TR 2 KR 22 +4=4=0HIWEL, 22 =3 =1 (B 2). Arih
S 2 Fyfz]/(z® + 1) = Fala]/((z + 1)?). ¥ e=x+1, B S 2F]/(s?), & 4 MuXK,
RTERZHT (2 =0) HIRHEREE.

(b) £ Z[i]/(2+1) Fi= -2, TR —1=4>=4 18 5=0. BWH TR 5 &6 (AT
HYE N(2414) =5 MEHE 5 AT, 8 Z[i]/(2 + 1) 2 Fs.
O)H2e=1162=31M6=03=0FME3. FEF; H 2r =144 =2 (K
271 =2). Frbh Z[z]/(6,2x — 1) X Fs, Hh 7= 2.

(d) B 4z =5 PHIATE 2: 402 =50; N 202 =43 25 422 =8, # 50 =8. 1 40 =5
Fe 515 200 =25, {0 50 =8 Fe 4 18 200 = 32, A 7=0. £ F, | 4z =5, M
470 =2 M =10=3; H 22> -4=2-9-4=18—4=14=0 (B 7) L. FrLA
Zlx]/(22* — 4,4z — 5) =2 Fy.

(e) Z|z]/(z* + 3,5) = Fs[x]/(z? +3) Fs[z]/(2? — 2) (Kl 3 = —2 (mod 5)). F5 H 1
FITAE 0,1,4, 2 ARSI, 22 — 2 £ Fs EATTZ), Bid 52 = 25 Nk, )
Fas.

%

Determine the structure of the ring R’ obtained from Z by adjoining an element «
satisfying each set of relations.

(a) 2a = 6, 6 = 15,

(b) 2 —6 =0, a — 10 =0,

(c)a*+a?+1=0,a*+a=0.
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R
B ENE: it Z INTCER o, W2 TAIBAR RIS R KL,
fRE:(a) R = Z[z]/(2x — 6,60 — 15). it5

(6z — 15) — 3(2z — 6) = 3,

e 3 fEREAR AR, BEAR 3 = 0, RFAE 3. UBRY 22 — 6 = 22 = 0; 2 7£ Fs A, i 2 = 0.
FTeL R = Ty, Hf o = 0.

(b) R = Z[z]/(2z — 6,2 —10). Hz =10 2r —6=14, # 14 =0; H 22 — 6 =
2(x — 10) + 14, FTLL (22 — 6,2 — 10) = (14,z — 10). T&

R = Z[z]/(14,z — 10) = Z/14Z,

He o =10 (& 14).
(c) R = Z[x]/(z3+2*+1,2°+z). Ha2l4+z =081 = -z, TR 2> =02=-2’=1
RN —

Bl =g+ (—z)+1=1,

i1 =0 ERHF. BTl R Z2FH.

Are there fields F' such that the rings F[z]/(2?) and F[z]/(z* — 1) are isomorphic?

W EE: RO F, AL Fla]/(2%) 5 Fla]/(2* — 1) Ff4?

BRE: F1E, TaNRHE 2 IR Fl2]/(2®) PHAEZFZFRT 2z, H 22 =0 (BEx). &
char F#£2 W22 —1=(x—-1)(z+1),Hz-152+1 R (z+1)—(z—1) =2
FeFAAL), H R E

Flz]/(z* = 1) 2 Fla]/(z — 1) x Flz]/(x +1) = F x F.

HEKFBRALEREFTT (W (,8)" =0=a"=p"=0= a=p§=0), #4H5
Flz]/(2®) F#. & char F =2, W 22 —1 =2+ 1= (2 + 12, fEBH u=2+1 15

Fl2]/(z* = 1) = Flz]/((z + 1)*) = Flul/(v*) = Flz]/(2%).

A, MHALY char F = 2.
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Let a be an element of a ring R, and let R be the ring R[z]/(ax — 1) obtained by
adjoining an inverse of a to R. Let a denote the residue of = (the inverse of a in R).

(a) Show that every element 3 of R’ can be written in the form 3 = a*b, with b in R.
(b) Prove that the kernel of the map R — R’ is the set of elements b of R such that

a™b = 0 for some n > 0.

(c) Prove that R’ is the zero ring if and only if a is nilpotent.

BEENE: W o B3 RMILE, R = Rlx]/(ax — 1) Z1E R FHM o WHEFTER, o
& o MFEIRE (o /£ R HFIIT). () IEA R FIENIGER 3 &5/ 8 = o*b, b e R.
(b) LS R — R K2 {b€ R:a"b =0 XfHn > 0}. (c) iEH R &FEHHHAY
Ha WmE.

BRE:(a) R MICHREW B=Y"yriat, 1, € R Blaa =1, H o™t =a, #4F i <n,

TR B=a" Y yria™ . B b=Y" ra" " € R BIT].
(b) b TERZ RS ALY b =0 7E R 1. SGiER4r: # o"b =0, WE R

b= (ax)"b=a"a"b=a"(a"b) = 0.

FHEMLE: % be(ax—1), 5b=(ax —1)(co+crz+ -+ mem), FE T35 H e B3
FHOR b= —co; MR aco — 1 = 0; .. ; 2™ BRI acm 1 — o = 0; 2™ FIRK
acy, = 0. WKIRFRAS ¢; = —a?b, WS acy, = 0 15 o™ 1b = 0. E& b Eﬂ:ﬁﬁ AEH.

o) R RFEHHHNH 1=04 R P, ZHMAH 1 EPS R — R Wid. i1 (b), X
EMTHER>0fEa"-1=0, Bl a BFE.

SR 6.6

\7
E\"m

Describe the ring obtained from the product ring R x R by inverting the element (2, 0).

R ENE: WA R R x R MITE (2,0) RSFrFHEF.

ﬁzx- TR R = (R x R)[z]/((2,0)z — (1,1)). EBEFR (2,0)z = (1,1) BHEE:
F—mE 2 =1, F0E0-2o=1. FALE R HEM 0=1, WEZANDENE
E@WBZEE}Z%?}/T, —A&% 1 =5 eR, M 2 £ R BRI, H—oEAE. Kb

R ~Rx {0} @R

w
ot
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(St X ERTRMESE S = {(2F,0%) : k> 0} KIREML: 3 0 BRRMEES 0, FE
WAER; B—n2RMUALE, B 2 O R HHHAL)

Is Z/(6) isomorphic to the product ring Z/(2) x Z/(3)? Is Z/(8) isomorphic to Z/(2) x
Z/(4)?

5 E B2/ (6) R R TIRIA 2/(2) x Z/(3)? Z/(3) RERMTF Z/(2) x Z/(4)?
R M.

Z](6) = Z/(2) x Z/(3), a (a,a)

IR, o FINBE 2 A3 BERZ HAS o 6 BB (K 2, 3 BX), #5H; Wil
F 6 NI, HGTRIOUR . bR I o R A s

BAE. AENINERE, Z2/(8) £ 8 BriEMEE, B 8 Bt 1; M Z/(2) x Z/(4) FEATT
I RERR lem(2,4) = 4, 76 8 Moo, IR ININERE RN, SPIAAE. (53 —45
£ 2)(8) RE—MRKEAE (2), 1Ml Z/(2) x Z/(4) BFAATEA)

Let [ and J be ideals of a ring R such that I + J = R.

(a) Prove that IJ =1nNJ.

(b) Prove the Chinese Remainder Theorem: For any pair a, b of elements of R, there
is an element x such that x = a (mod I) and x = b (mod J).

(c) Prove that if IJ = 0, then R is isomorphic to the product ring (R/I) x (R/J).

(d) Describe the idempotents corresponding to the product decomposition in (c).

SEEE: R I J RN RIWEEH I+ =R ()W IJ=1nJ (b) EWHE
FlRER: MMEE a,b € R, fffE 2 ffi 2 = a (mod I) H 2 = b (mod J). (c) iEBAF
IJ=0, M R (R/I)x (R/J). (d) #i& (c) HaRAR 5T M. I F55 e
BRE:HI+J=R it ivel, joe JH ip+jo=1.

(a) AW 313 EAE IJCINJ. RAM: X ecelnl,

c=c-1=c(ig+ jo) = cio + cjo-

Hircipe JICIT (B ce J,igel), cjoel]J (B cel, joelJ), il celJ. Frbh
IJ=1InJ.
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(b) & z = big + ajo. N
x —a = big+ ajo — a = big+ a(jo — 1) = big — aig = (b —a)ig € I,
M r=a (mod I); X
x —b=b(ip — 1) + ajo = —bjo + ajo = (a — b)jo € J,

2 =b (mod J).
(c) &AM

0:R— (R/I)x (R/J), r—(r+1,r+J).

M:rekerp < relInJ=1J=0 ¢ H. i H (b), WEZE (a+ 1,0+ J) 7
£z AR x =a (mod I), z=b (mod J), T2 ¢(z) = (a+I1,b+J). Filh o &
[y

(d) BALIMAR 1 = do + jo LI NREEETT e = Jo, €2 = do:

(F—mEH jo=1—ig,io€ I; B_mEHM joe J). BNHRE e1 +ex =1, e1ep =

Joio € IJ =0, HH ¢ FIEHPEND EIVFEMHEL e = e, €3 = ey. BT EF e
XL R/I, eq SYRAT R/J.

Prove that the field of fractions of the formal power series ring F[x] over a field F' can
be obtained by inverting the element x. Find a neat description of the elements of that
field (see Exercise 11.2.1).

B EEE: W P ERREREOR Flo] 195 R8kmT Xt o SREA 2], 4 iz
R RR (S8 11.2.1).

FRE: o 2.2, Fo] WMBANERT f WME—S K f = 2™y, ' m = ord(f) > 0,
u e AL TR f MR v te™ BTAE Flo] BN« MERERE Flo](z7Y. A
HAEESK f/g (9 #0) HET fo! e Flz][z7Y], #RBBEET Flz][z7Y]; k53
BERARE o~ MBS, ZE TR R

Z a;z’, n >0,

i>—n

~

(%)
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Bl Laurent BRI (e a0 RAARZ ), AN Laurent HEIK, iL/F
F((x))-

A subset S of a domain R that is closed under multiplication and that does not contain

0 is called a multiplicative set. Given a multiplicative set S, define S-fractions to
be elements of the form a/b, where b is in S. Show that the equivalence classes of

S-fractions form a ring.

TEENE: BN R PERE TEBEAT 0 MFE S FONTRMESE. S RESE S, R
Tl a/b (b€ S) MIGEAN S-50 IEM S-73 B S0 K0 i — N8

RE: EES Rx S LENKAR (a,b) ~ (d,V) < abl = d'b, it a/b N (a,b) ]
MK BR, AERER. B % (a,b) ~ (V) B (d,V) ~ (a’, V"), Bl ab/ = /b,
db" =a"t'. WAV 5 b

ab't’” = a'bt”, a't"b = a"t'b.

T2 ab'b’ = a"b'b. AV €S, #0 GREEAE 0), H RN, HE 0 5 ab” = ab,
B (a,b) ~ (a”,b"). T ~ BEM KRR,
a ¢ ad+be

ac

a C
b 4" bd ° b d bd
b,de S H S WikEH M, bd € S, 7 BHEE, BHE E & X; SMRETEFTLRTHA
NHHRIAZE N R HER GRIEFRITE). S AEME R feFERMgK: ks s, &
i, FIC 0/1, TG —a/b; FiELG G, ¥, AT 1/1; DECEROL. B S-2 EUSE
KM — NI, BN R 3T S BIfmiBie, ic/E STIR; WL r — /1 ZIRFEZS (T2
BT E A2 4T).

Prove that the ring Fy[x]/(2® + z + 1) is a field, but that F3[z]/(z® + = + 1) is not a
field.

s

7R B E#IE: W] Folz]/ (23 +  + 1) 24, T Fala]/(2® + z + 1) A2k

BRE: L f(z) =2 + o+ 1. B E=R UL BACEEA LR T, B ZEH
A

FEFy 1 f(0) =1, f(1)=1+1+1=1, ¥IEF, & f LW, £ F, AL, BN
Folz] 2 EHARREIN 3 EA AT 29 2 WA g ) 32 BRAE R ARCRER AR BT LA Fo[z]/(f) A2
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o, ©F 2° =8 ANuE, Wl Fs.
R f)=1+1+1=3=0, 8z — 1 B f. IR

P rr+l=(z-1)(2*+z+2)
(BiE: (z —1)(@?+zx+2) =23+ +2x -2’ —zx—-2=23+z—-2=234+2+ 17

Fs ). # (f) ARREE, BHEERT: (2-1)@2+2+2) =0 HHEIEE. Frbh
Fslz]/ (23 + x + 1) AR

9 = AR
-~ EEEE)

Let V' be an abelian group. Prove that if V' has a structure of Q-module with its given

law of composition as addition, then that structure is uniquely determined.

REEE: WV A Abel B UEW]: &V LG E G BOENPE A INE T A Q-4
GER, M2 455 K 5 ME— T E 1.

BRE: EE: W V WA QL. FATEUEZE W B invERE (V, +) seakE, B Q
£V BRI ME—.

Setf e BAUNAEH. XMHEEEEL n, BABHEH no = v+v+---+ov (n BUAEID); X n =0,
Ov = 0; X HEEEL n, nv = (—n)(—v). XL RHBINE, W Z £V _ERERME—.
A 1/n FMERH (n>1). HEAHEFRL S,

1 1
U:1~v:(n-)v:n-<v>,
n n

FTEL Lo 202 nw = v FTTHR w. EFER w ME—: & nw = v =nw', M n(w—w’) =0,
pIIasELl £ 15

Bl w=w'. B to B v SHkmE—RE.
MER ¢=2€Q(ae€Z b>1),H qu= a(%v), g BIYER B Z-7ERIME— g, 3t
T AR s fME— e . W Q- ZS M rfE—.
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A module is called simple if it is not the zero module and if it has no proper submodule.
(a) Prove that any simple R-module is isomorphic to an R-module of the form R/M,
where M is a maximal ideal.

(b) Prove Schur’s Lemma: Let ¢ : S — S’ be a homomorphism of simple modules.

Then ¢ is either zero, or an isomorphism.

R0 EEE: — MO REL e B R TR A BT

(a) WEBH: AE—H3 R-BFEITIEW R/M W) R, HAd M 2l oREAE.
(b) UEBA Schur 5 #: W ¢ : S — S ZHBZ BIPEZ, W o BARFFRZ, BEaz
4.

BRE: (a) W S RIEEFR RBL AEF LR s S, EXHFAE f:R— S, r—rs. &
Rs /& SHITH, HE&E s=1-5#0, 8t Rs #0. B S ¥, Rs = S, Bl f &35, 28
—HEFM BB S = R/M, Hp M =ker f 72 R BITHL (RPEEAR).
BN ER R/M 7S R & M FHEAE——X R, N R/M = S & Hfs,
R/M TLAEFEE T, MAGFAEBE T M C T C R H M 2WKHEE & R IE
e, M M RARK A B4 ARPRFE R A5 & K58 #e, WONBIOREEAE.)

(b) & p: S — S REMBFAZ. kerp & S BT, H S B, kerp =0 Bl ker p = S.
# kerp = S, W p 2 FFE.

# ker =0, M| @ & 55 S#0, 1% Imp FEFE,; T Ime & S 78, S & Rak,
M Imp =9, ¢ &S T o RN FRZ, BIFE.

oo BARERZ, BRI, Schur 5| HAHE.

Let R = Clz,y|, and let M be the ideal of R generated by the two elements x and y.
Is M a free R-module?

=

AEEE: & R=Clz,y], M Z2H 2z 5 y WM ICRZAERMNEE. M £2HH R-HG?
MRE:M = (v,y) NEEHBH R

JefgH: R K = Cla,y) FIEEWATGRAE R ELMMEK. & o =a/b, 8= c/d,
Hea,b,c,d€ R, b,d#0 (& =053 =0 UBIRMK). N

a

(cb)a—(ad)ﬂzcb-g—adf:ac—ac:O,

QUl O

H AR cb,ad € R ¥ EE.
R M ZEBE. KM CRCK,#H MPBESWHIAFRITTR o8, WENN R-£
LR, 5 EATFE. MEELZE—NILER. XM #0, 2EET, MERE—NnE, M
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R 1T B E BB, W M = R, Rt M 2T E: M= (f) % fe R
Haye(f) @S fla B fly EMHE—DHENL Cla,y] T 2,y BFK, ¥ f 2810,
(f)=R. X5 M= (z,y) # R ¥E (BIWHEE 1 ¢ (x,y)).

FrbA M A& HH R

Let A be the matrix of a homomorphism ¢ : Z" — Z™ of free Z-modules.

(a) Prove that ¢ is injective if and only if the rank of A, as a real matrix, is n.
(b) Prove that ¢ is surjective if and only if the greatest common divisor of the deter-

minants of the m X m minors of A is 1.

RLEEE: WA RBH ZARZEIMFRLE ¢ 20 — Zm R

(a) EBH: ¢ BB Y HAY A /ENSHEREIFRSET n.

(b) UEBH: o RS M HAL Y A BIFTE m x m FRUTHIR B R AR BET 1.
BRE:A & m x n BEIERE, o 0HIRE X € Z" 1EF AX € Z™.

(a) 8 A FINE M Q- Q" — Q™ HSEAMMUT R — R™. FEMEHIMSE T &
T AEF T2 A Mo RSBE, TTHA2EBH £ Q5 R b “FEF £
— U, MO ARG T SR

LERRET n, A QY — QT MZAE (F-FAE ), BREI2] 20 A N,
Bl @ H.

RZ, & o B FHEK <n, W A:Q"— Q™ FIEFEH, MIEFE X e Q" fff AX =0.
MIEBH dEY =dX eZ" %, M AY =dAX =0, 5 ¢ BFJE. #HERN n.
Rl o B2 HAX 2 rank A = n.

(b) e L = Imp, B A B8R EAE Z™ HARRP TR Smith bRl e B i J-HARH
A AR AE PR AR W F AT B SR AT, AR R AT, XSG dy | de | ---. T
RAFHE P € GL,(Z), Q € GL,(Z) f#

PAQ = D = diag(dy, . ..,d.,0,...,0),
Htr=rank A, d; > 1,dy | dy | -+ | d,. BRIEABRTEIL[FFIZE,
ZM/L2 7" ImD = Z/d & - & Z/d, & T,

W L=2m (B o) BENG r=mHdi = =dn=1, 3N H didy---d,, = 1.
A — 5T, 36 LA R AN AR AR moxom F AT HI SRR AR EL: B Cauchy-
Binet A3, PAQ HIFA m x m FRE A M m x m FREOBHELEAE, K25
R XD ME, mxm FRZ m NEEEXN AR, & r <m, WHA mxm 1
#rE 0, RRARECHN 0, & r > m, WEKAREBN didy- - dy (FNdy |-+ | d, fE
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dy - dy, BRI, HEAGR D7), A 1 m xm 73 47510
KRN RENE N dy - dy, T 0 355 2 B KA EON 1.

Determine all integer solutions to the system of equations AX = 0, when A =

4 7 2
( ) . Find a basis for the space of integer column vectors B such that AX = B
2 46

has a solution.

4 7

2
REEFE: W A= CORTTRESH AX = 0 A BAUE, JFRIE AX =B i
2 46

R BRI A &R B TR B — 43
ﬁgfé{ WX = (xvya Z)T € Z°. jj%%éﬂj‘j

dr + 7y + 22 =0, 2r + 4y + 62 =0.
FBANTRERLL 2B 2 +2y+32=0, Bl 2 = —2y — 32. RAF—NFHE:
4(—2y — 32) + Ty + 2z = —y — 102 = 0,
oy =—10z, Nl = —2(—102) — 32 = 172. TR
(z,y,2)T = (172, —102,2)" = 2(17,—10,1)7, z € Z.

FIT A B BUR R R 1 B Abel B Z - (17, —10,1)T, —#H3ER {(17,-10,1)T}.

ff AX — B AR B € 72 4Kl A WEAFIEEERGTFHE L —

(42T, (7,97, (2.6)T) C 22, HF det (4 7) _ 940, L £ 72 PERIERIT
2 4

s

L FREANTERIZE A8 2a+4b+6c = 2(a+2b+ 3c) #RMEEL, L C {(by,b2)T :
by NABE. RIAEE AL fif
4da+Tb+2c=1, 2a+4b+6¢c=0

BFa=20b=-1,c=0,# (1,0)T € L; fi#

4da+Tb+2c=0, 2a-+4b+6c=2




MGRAEL ) eV PR i ds =AY

a=-T,b=4,c=0, # (0,2)T € L. il
L = {(bl,bQ)T c ZQ 5 b2 =0 (mod 2)},

H—HER {(1,0)7, (0,2)T}.
Xt A=A 2 x 2 FRITHIRN 2,20, 34, IAKARECN 2, 6 he% (22 : L.

Find a direct sum of cyclic groups isomorphic to the abelian group presented by the

2 %%

matrix |2 2 0.

2 0 2
fRE
2 2 2
W EE: REHERE [2 2 0| &M Abel HE R FIGEIAEEELAN.
2 0 2
2 2 2

RZ: L A=2 2 o] ZIHEMALK Abel # G =27°/Im A, i Im A B A [

2 0 2
= AR
K A 1) Smith PrAETE, WK EAT 512 #h:
2 2 2 00 2 0 0 2
2 0 2 2 0 2 2 0 2
2 0 2 2 0 0 2 00
R1<+R3 C3+C3— C3+-C3+Co

—2—>02—2—>020

|

2 00 2 0 0 2

(@]
(@]

A 1 Smith FHETEH diag(2,2,2), AEEFH d = dy = ds — 2.
FURE AR Abel BERACE T 45 BRARR Abel BERIM T-IEERERIELA, EL e aE
HOARAS IR e TRt

GXZ/20Z/207)2=(Z/2)
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Bt | det A = 8 = |(Z/2)?).

Write the abelian group generated by z and y, with the relation 3x 44y = 0 as a direct

sum of cyclic groups.

EEDFE: {0l o,y B WERR 3+ 4y = 0 1 Abel S RUEIAFER) B
RE: ZiR G = Z2/((3 HTy, Hep ((3,4)T) migmiiﬁiﬁﬁ%ﬁ B+
ged(3,4) =1, M&E (3,4)T & 72 FRIARE R E, fJi RA—4HE. Bk, £

u=zx+vy, v =3z + 4y.

1
M (u,v) B (z,y) BILERFEAN 4), ITHIRET 4-3 =1, 8 {u,v} £ HHH Abel
3
B 7o Zy W—HIE LR v=0 WHERFTHEEERE v, B
G=Zu=7Z,

Bl G AT EFESHEE Z (EAEAHENEMRAE AN EAN). £ GH u=a0+y
RERTT, BE ¢ = 4u, y = —3u.

2
Let T be the linear operator on C? whose matrix is ( ) Is the corresponding
01

C[t]-module cyclic?

fRE

0 1
FRE: TEANK Cl-#g5 M, ¢ FIER B T 4 H: t-v =Tw.
Boo=(1,D)T.

2 1
FEENE: B T2 C? AT, R ( ) HIBLH C[1)- LR AEFR R ?

44
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v 5 tv KA C?, KN

1 3
det =1-3=-2+#0.
11

H o ERBTHE Ct]-v &6 v 5 t-v, MEFENN—V) C-ZtEA &, BEA C
B Clt] - v = C?, iZBREAE, H v=(1,1)T 22— ERTT.

FIFEAN R T MREZ AN (¢ — 1) (¢ — 2), PINRHIEE B, #us /) 2 D08 TRHAE
2, HHET dime C* = 2, ZEW THAERERAE. X8 o ANETAEARIET
) (FALE 2 X RRFAE AR (1,0)7, $F4EE 1 X8 (1, —1)7), BRI &,

Prove that a ring R having the property that every finitely generated R-module is free

is either a field or the zero ring.

FEEE: L 5 R MWEANEIRER R-EESEE BB, N R BEa 2k, BEARE
.
FRE: AR L) 8, TR & A T HIF. & R =0, MME— MR K 0, B
H R, 450, Tt R #0, IEB R 21k
Feut B — Nl JER IS BRI H B R AR R R 5L 0. WIEMRE M = R B
R BB RBEAE m, W M/mM = (R/m)" &3 R/m EH) n 4ELMET(AE. K M JHH,
M/mM H—NICERAER, #n < 1. A M = R 5, M = 0.
SHMERIRAE I, BB R/T M1+ T AERR, 2RI, Moa BRAE KR, miREe |l T2
R/I= R B R/I=0.
« % R/I=0,M1T=R.
o & R/IZR WERWNR R— R/IZAEFM R/I=2 R RM—MHEHAS f.
wWa=f(1), W f(r)=ra HIHEH aR = R, W o ZHAL f 2R, HiZR O,
By I =0.
T2 RMHEENA00E RN MEEIEE ae R, FHHE (a) #0, # (a) = R, 7
fEbe RF ab=1, Bl a RH¥LL. HIE R 2.

Let I be an ideal of a ring R.

(a) Under what circumstances is [ a free R-module?

(b) Under what circumstances is the quotient ring R/I a free R-module?
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R EEE: W [ 2T R EAE.

(a) FEAFAIEMT T 2 EHBH RE?

(b) FEAAETES R/ £HH RAR?

BRE: NI HR & AL TC I SE He R

(a) I Z#HH RBYHHAY [ =0, jZI—( ) H a ZAEFHEF (B Ann(a) = {r € R |
ra =0} =0). FpplHh, 2 R REEHN, XEMT I =080 T 2IEFFHE.

JeiE Rt # I = (a) H Ann(a) = 0, MBS R — I, r — ra & R-BEFEIF: 355
(a) = Ra BIE S, B0 H Ann(a) = 0. # I = R & H W,

FHIELENE. BT # 0 /2 3B, B—43 {e)}. HEPURWAEE, B 1-0=0 £
PR R. XHEHAZHA T C R, MEATEHENICE er,e, B

euexr — exe, =0,

KRN e, 5 —ey EHERR. HETHAWNDARICE, Ltk MHEfE
e, =0 Heyn=0 FE. #EEE DR, WHHN o, W I = (o). XAEFEHHHE
BT R, W Ra = R; MEM R — Ra, r — ra BI#%s2& Ann(a), # Ann(a) =0, B} a
e dEE T

(b) R/I ZHH RELHHMN Y I=08I=R

R/I W 1+ I A5, RIEFIEE. & R/I ZEBHE, W R/T = R, fEHEIEMI n <1 (IR
UE[A) 2] 2.2 s BUCKEEAR m, R m 330 E B ICR AR n 4E5500]), i
R/IIZRE R/I=0. % R/I=0MT=R; % R/I=R, WEARHS R— R/I=R
& R Wl E RS, e LA AL, M2, A8 0, Bl I =0. &k, I =0
R/I =R ZHMHEB, [ =RE R/IT =0 tH2HHH

Determine the number of isomorphism classes of abelian groups of order 400.

# B ERIE: 5K 400 By Abel FFH R SEHIAN
FRE: R 400 = 2 x 52, HFRAZEL Abel FEEAE P i: BANHIR Abel BEFM T75
R EAM, BRI p- B AL kE . T2 400 i Abel #f G ME—HIE AL

G=P o P,

Heb Py, ZFON 2* =16 9 2-8F, Ps =N 5% = 25 1) 5.
Py FMIZEH 4 BB IREa T, 30 5 i

4, 341, 242, 24141, 14+1+1+1,

46
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SRR /16, Z/8 ® Z)2, /A B /4, /A D L)2 S T)2, (Z./2)*.
Ps MERIZEH 2 B E g, A 2 B

2,  1+1,
SRR 225 5 Z/5 © Z/5.
[T vkt W A B AESIS o7

5% 2 = 10.

05 19 AR

Let R be an integral domain that contains a field F' as subring and that is finite-

dimensional when viewed as vector space over F. Prove that R is a field.

MEEFE: W R E2 NN, eE&F M FERNTH, HH RIEA F EHES
(B2 BRYER). IERH R & — M.

BE:-HT FCRHEF 2, REBUEEIF c.r (ce F,r € R) Wl—A F-lR&E=3 ],
T E HAEBE R, AIEAEEFIC a € R, X F-Z 1S,

meg: R— R, xw— ax.

oar =0, WE RZEHH a#0, 15 2 =0, #8 m, RS A R4 R LK
LNE W ST, L mg XU, FFFE b € R 13 mo(b) =1, B ab = 1. Ll o 7E
R T, o RAEEAFETT, W R WEENAETTHE Y, R 25

Let o be a complex root of the polynomial 23 — 3z + 4. Find the inverse of o? +«a + 1
in the form a + ba + ca?, with a, b, c in Q.
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B EEE: W a 22T 23 -32+4 P—NEMR. K o?+a+1 BTG, 5% at+ba+ca?
W, HHF a,b,cc Q.

FRE: SR f(o) = 2% — 32 +4 7E Q ARy, HHEMRAN £1, 42, +4, HEAANY
AR 0, ZIRZTRTHBARMATTL), Kk Qo) A¥RH {1, 0,0} ZEAE Q LHI—
ME. H fa)=017

a®=3a—-4, a*=a(3a—-4)=3a—4a
W (0 +a+1)(a+ba+ ca®) = 1. BITAmIFAMH LM IE o, o* 201k, 15
(@® +a+1)(a+ba+ca®) = (a—4b—4c) + (a+4b—c)a + (a + b+ 4c)a’.
b {1, o, 0?} M REL, BT EA

a—4b—4c =1, a+4b—c=0, a+b+4c=0.

Let 8 = w+/2, where w = ¢*/3 and let K = Q(3). Prove that the equation 22 + - - - +

r2 = —1 has no solution with z; in K.

HEEFE: &L =wv2, K w=e"3 & K=0Q(). IEMIE 23+ +2f = -1
£ K A (BIAE o € K Fiaiz).

FRE: N w3 =1, Tl g3 =2, B 8 & 23 — 2 iR, 2® — 2 7£ Q L H Eisenstein ¥
(B p =2) AEI%), TR [K:Q =3 H K =Qla]/(«* - 2).  z %% V2 %I Q
BN p: K= RHE o(8) = V2, HB o(K) = Q(v/2) &S5k i)k

B TRETE K HAEM, BIGFE o, o € K 22 + -+ 22 = —1. WHIAIER o,
3

p(x1)* + -+ p(zr)* = —1.

B o(z;) € R, SEERT TS, i kb ADIEASEECZ M, MK TEET 0, 4
Wi —1 <0, FJE. BOZTIRIE K k.

48
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Prove that the polynomial 2* + 3z + 3 is irreducible over the field Q[v/2].

T EEE: IE 20 2t + 3z + 3 7R Q[v/2] AR,

fRE: id f(z) = 2* + 32+ 3, K = Q(v/2). H Eisenstein ##% (B p=3),31(3,3]3,
H 913, f £ Q EARZy; 23 — 2 W Eisenstein H¥& (B p = 2) £ Q AT,
K Q] = 3.

& fAE K EATZ). f RIGRZEIE, T2 f £ K B0 —IREIRAT LT, B
HAp— AL T g, W o2& g BI— DR, W o 52 f KR, H d:=degg € {1,2}.
TR

[K(a): K] =d, [K(a): Q] =[K(a): K][K:Q] =3de {3,6}.

H—JiE, B f £ Q EAFAH o £ f IR, f #Hi o £ Q EW/I2Z I, ik
[Q(e) : Q] = 4. T Qo) € K(a), HRE AT Qo) : Q] EFR [K(e) : Q] = 3d, AP
4|3d. {2 d € {1,2} i 3d € {3,6} ¥IAH 4 R, FJE. i f £ K EATA.

Let a be a positive rational number that is not a square in Q. Prove that /a has degree
4 over Q.

EEBIE: B o LA ERR Q T M Y YA fE Q EHECN 4
RE: 1L a = Va. By o RIEHHIAEFT, 2 2% — o £ Q LMK, MATH,
Q(va): 0] =2

i o ¢ QvA). ¥ 0 =p+ (g€ Q) N

o? = p* + ag’ + 2pgv/a = Va,

b {1, va} BERBIF p* +a¢®> =0 H 2pg = 1. H1 2pg = 1 % p,q # 0, T52&
a=-p/9)? <0, 5a>0FE ¥a¢QWa), ZMWMA 2? - \/a 1£ Q(va) TR
(IRECN 2, TREPAATZ)), AT [Q(w) : Q(v/a)] = 2.

HXBAR [K: Fl=[K: L|L:F) 18

Bl Wa 76 Q LRI 4.

49
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(a) Is 4 in the field Q(+/—2)? (b) Is /5 in the field Q(+¥/2)?

WEIF:(a) « RTE T Q(V-2)? (b) v
RE:(a) BEEAGEN. ik a=v=2 M o*=
-/ Risenstein ##E (B p =2) A4, M [Q(a) : Q] =4. X a-v2=—4=1+i
(HA ()Y =2/t =1+14), BTl V2= (1+4)/a. & i€ Q(a), W 1+4i€ Q(a),
M V2 = (1 +4)/a € Q(a), TR Q(V2,i) C Qo). 1H [Q(V2,i) : Q] =8 FAH
[Q(v2) : Q] =4 (z* — 2 H Eisenstein F[#EATZ)), i Q(v2) C R, # i ¢ Q(v/2), F
IS0 i AR IRBRE. T2 8 Bk [Q(o) : Q) =4, FJE. FTLL i ¢ Q(v-2).

(b) ZHEWRTEM. K& V5 € Q(V2), LEEMK

V5 = a+bv/2+ cV/A4, a,b,c e Q.

EHETE Q(2)?

2, Bl ot +2 1. 2t +2 7 Q
) :

+

ML F = Q(V2) 3 Q I Trpq. BN V5, V2, V4 BRI Z T4 7 2
23— 5, 2% —2, 23 — 4, H 2?2 BIREIIN 0, M=FWAERET 0 (5T HILF 2 )
B B 22 T ) = AR Z A, F/2& 0 = Tr(V/5) = 3a, 1§ a = 0. Frbh

V5 =bV2+cVi=V2(b+cV2).
PN T
5=2(b+4 cv/2)% = (20° + 4¢%) + 6b%c V2 + 6bc? V/4,
HApHT (V2)° =2. Wi Q % {1,V/2, vV4} R, 5

6b%c =0, 6bc? = 0, 263 + 4¢® = 5.

PR b= 0B c=0. Hb=0, M 4> =5, ¢ =5/4, 5 c€ Q FJ&; # c =0,
W 268 =5, 08 = 5/2, ARETFJE. Bk V5 ¢ Q(V2).

Let o and 8 be complex roots of irreducible polynomials f(z) and g(x) in Q[z]. Let
K = Q(a) and L = Q(p). Prove that f(z) is irreducible in L[z] if and only if g(x) is
irreducible in K{z].

2 a%m B o5 B AR Q] FARTALHN f(z) 5 gx) MER. 4 K =Q(a),
L=Q(B). W f(z) 7E Liz] PARALYHHNY g(z) £ Kz] PARATL.
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BRE: AW f,g BH— (RUIEFRHFHAKEATLME). FA fF £ Q LAWLAH o
& f B, f 2 o PR ZIE, 8 m = [K : Q] = deg f; [FAH n = [L: Q] = degg.
[ Liz] PAFY) <= o £ L FRIRDZTATIRZ f (KA m) < [L(a) : L] =m
<~

[L(a) : Q] = [L(e) : L][L : Q] = mn.

KA, g £ K[z] FATY) <= [K(B) : K] =n < [K(B) : Q] = nm.
H L(a) = Q(B)(@) = Qa, B) = Q(@)(B) = K(B), FTEA [L(a) : Q] = [K(B) : Q. FA
FAMEN T F— DB mn, S HEN.

A field extension K/F is an algebraic extension if every element of K is algebraic over
F. Let K/F and L/K be algebraic field extensions. Prove that L/F is an algebraic

extension.

B EENE: Wik K/F OAREd K, & K AN OESE F R w K/F 5
L/K #REE K. iEW L/F = REF 7K.

fRE: {EH v € L. L/K RREY 5K, v £ K EAREL, MAFAEIEFZ 0 o +
ar+ -+ e € K[z Bhy AW, 12 K = F(cp,c1,...,¢,) € K. BT K/F &
REF 3k, B o #E F ERE, KRB co,...,c, /IR K £ F ERIREL
FARE (R IARETTS 22y sk IR BA R, BHXEANX K. F] = K
F(coy. . ycn1)] - [Flc) : F]). X v WHRRE—N2W, # v £ K/ B, [K'(y) -
K'| GR. T~

[K'(7) : F] = [K'(7) : K'][K" : F]

AW, el v £ F B (AR KRBT 5K). v & L PEREITR, i L/F 2
k.

With reference to Example 15.4.4(b), determine the irreducible polynomial for v =

a1 + ag over Q.

@ BEE: 218 Example 15.4.4(b), 3K v = oy + ap £ Q ERIARTZ 2 1.
BRE: 1% Example 15.4.4(b) KIBE, o = V2 5 ap = wv/2 & 2% — 2 BIPIAMR, Hrb
w=eB & yv—oyta=¢2(1+w). B 14+w=e"3 18

7= (VD A +w)f =2 V) =26 = 2.
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WMoy 2 2+ 2 . 22 +2 /£ Q L Eisenstein A3 (B p = 2) A4, E&EH —
1), Frbh 2® + 2 1IER v £ Q ERAT L2 i

Determine the irreducible polynomial of each of the elements of Fg in the list 15.7.8.

W EEE: oK 15.7.8 KBRS Fs BN ITERE F, LA A2 T (RIR /N2 0

).

RE:Wak fle)=*+2+17E Fy ER—ME, U Fs =Fa(a), HH ®*+a+1=0
(FEF, h —1=1)F ®=a+1. FIRBH 8 MLEH o

0,1, o, a+1, o2 &*+a, ®>+a+1, o®>+1.

HERSN N o? =a+1, a* =a’+a, a® =a’+a+1,a® =a?+1, a” = 1. Frobenius
B ¢ 12 1E Fg/Fy b&s HILHEAER, FILPERP M mELH — MR 20 B
THEAS:

0 Bt/ N2 N

1 N2 © + 1,

a,0?, 0 = a? +a IR ZTAAN 22+ 2+ 1 (HF o R, o2 5 o BRETE
Frobenius ML T H3EH0);

Bd=a+l,a®=c?+a+1,ab=a?+1 KN LZIAN 23+ 22 + 1.

WAEfE—2K: 18 g(z) = 2® + 22 + 1, B—N g(a + 1), g(a®), g(a®) ¥I1F 0; Fl4n
gla+1) = (a+13+(a+1)2+1, HH (a+1)?2 = a®+1, (a+1)® = a®+a?+a+1 = a?,
W og(a+1) = a?+(a®+1)+1=0. Fy E=RATNAZHARE 23+2+1 5 23 +22+1
PN, X 6 NEEEE 1 nR AN LR, 155 & DU — A R 2 1

The polynomials f(z) = 2® + 2z + 1 and g(x) = z° + 22 + 1 are irreducible over Fy. Let

K be the field extension obtained by adjoining a root of f, and let L be the extension
obtained by adjoining a root of g. Describe explicitly an isomorphism from K to L,

and determine the number of such isomorphisms.

AEEE: 20 fo) =2 +r+1 Hgl)=2>+22 + 1 £ Fy, EATY. & K &
W MRAS BRI, L2 g B— MR RIS 5k, SR — A K
B L W [EH, FERf X FE B[R] AL S 4

RE: I K =Fhla], HF 3 +a+1 =0 o® = a+1); il L = F[g], HH
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B+ +1=0{ 2 =+1). £ LT f R B (6+1)°=5>+1,
B+ =B+ +) =+ +8+1=(F+D+5+5+1=5

FE fB+)=B+1)°*+(B+1)+1=8+B+1+1=0. FTLAB+1 & fFELHF
I — MR

H f £ Fy EARTZ), Fy(a) = Fofz]/(f(2)); o EF] f IR 8+ 1 € L, BiME—HiE
—ANF A ¢: K — L f o(a) = 8+ 1. XRBFESMIZLLS, 1 |K|=|L] =8,
FAG RUR, H p AR, Bk, XF a,b,c € Ty,

pla+ba+ca®)=a+b(B+1)+c(B+1)=(a+b+c)+bB+ch

EAEPIFERIIAN ST f 78 L AR 8 L PN {+1, 82+ 3, 82 +1}
(FH Frobenius HH0: (8 +1)2=82+1, (82+1)2 =32+ 3), 2L 3 4. 8 o FEFX 3 4
o152 3 N EAMFRPFEM, SEEh 3 4

9

Factor =

RREEE: /£ Fs h ik o —2 5 2”7 —a.
RE: AT, 2 —rv=x(—-1)(z+1) U F; = {0,1,2} =D RNIE. Fz B
TR L 2T 3 A, BRI TEAR (02,12, 22 ARAIAR 0) AT

—z and 2%" — z in Fs.

z? +1, 24z + 2, 2 4 22 4+ 2.

X 2? — o HARIE N Fy IEMITR (Fo RN TR E o° = x), #E Fs LAY
K77 Fs BIRECEER [Fy : Fs] = 2 ME —~ARTAZI, B — KM ZIRA 2
2. EEANIR L

(2 —2)( 2+ D)2+ +2) (2 +22+2) =2 — .

il
P —z=z( -1+ 1D@*+ 1)+ 2+ 2)(2® + 2x + 2).

X 2?" — o HARNG N For WAL ER, £ Fy ERIATTARE T2 IREBERR [For - F3) =3
WE —AAZ T, B —REFH =, —XIWAE 34 o,z -1, o4+ 1. ZIRAHY
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ZUHAXINECN £(3° - 3) = 8, BMRIGLAREIE 2 8 4

342041, B+22+22+1, 224+222+1, 22 +22%+2+1,
342042 4+2°+2 BH2i+r+2, P +222+22 42
(ZXZ BT Y HAUCUA T2, fie 7k IR 0,1,2 e F3 BHN 0.) Fitk
8

¥ —x=x(z — 1)(x +1) Hpi(x),

i=1

Heb pi(2),...,ps(z) NS 8 M= BT,

Factor the polynomial 1'% — x over the fields F4 and Fg.

AEEE: /£ Fy 5 Fs @20t o' — .

FRE 'S — o MIRIE AN Fis AR, AR AT E FE Fie SR E
e SC AL UNERT F= W

EF, B 5F,=Fa,ac®+a+1=0# o> =a+1). [Fi6 : Fq] = 2, t/N 20010
RIREON 18 2. Fy B9 4 DIEERSGH 4 D—KEBET, AR 12 A JTRAE Frobenius Wt
ttt N6 AN IREEE, S 6 N IRAFT AR T B Fig = Faly], v* = v+ 1 (R
v 2t + x4+ 1 R), e Fy = {0,1,95,41%}, ZIRAFH#% (v — t)(z — t4) 115, 15

¥ —z=z(zr—-1)(z—a)(r—a—1)

(Hzrzt+a) (P rz+a+ 1)@+ (a+Dz+1)
(2 +az+ 1) (2 +az+a)(@® + (a+ 1)z + (a+1)).

#an v RN ZBAN (x — )z =) =2+ +° =2+ 2+ o; HR 5 DMZKH
TG {2,9%}, {7%,9) %27 (050 (0 M) J

£ Fg £: BUFi6 = Fo[v], v* = v+1. EEFTE=HE {7, +*,7%}, {+*.7%7°,7"*},
{77, 413 41} £E Frobenius BT ¢ — 8 (E2ME Fs BB, B 28 = 2 X —1]
x € Fg AOr; HAEMRE Fig LNELES T Fs LIEPESE) FAZE, XN 3 ANURAT]
2[R ¥

z—ME—) -z =z +z+1,
Nz =)z -z —y?) =2 +° +® + 2+ 1,
- =7 (@ = 1) =2 427+ 1.




MG BRI DY IRARY

Bl —A AU (z—y)(z-1) =22 +2+9" 5 (z-) (e —%) =2* + 1+,
RS (24 2+°) (2 +2+90) =2 +24+1 (HE AP +40 =1 54% =1). {iE
[F] Fs ek 0,1 et — kBT =, o — 1 LR Fy BIRADZIK 22 + 2+ 1, 18

2 —z=z@-1)"+r+ )"+ + )" + 2 + 2 + 2+ 1) (2" + 2° + 1),

R I 5 R Fy o, $UE Fs BROL.

Prove that a finite subgroup of the multiplicative group of any field F' is a cyclic group.

R
* B EE: TR PSR AT T PR R IR R
BRE: WG 2 P M n WHRTH. XA d | n,id ag NG TR d BTRBA
B RBBHELR: 47 ag >0, M ag = o(d) (Euler %), FHEL L B RNdH ge G, N
g ERIITEARTHE (9) & d AR, BNEWHL o7 = 1, AP IR o =1 22 F
d MR, # {z € F:at =1} = (g). d BIERBERIERTTIAE o(d) A, FTLh ag = o(d).
toag =0, M ag < p(d) FILEIL. TRXNE d|n #EH ag < o(d). XEDTEREH
HEAB d | n, #n =g, as T Xa,o(d) =n. Bk

n=>» a; <> o(d) =n,

dln dln

WA AN S S MU EE ) B ag = o(d) MFTE d | n BOL. Rl a, = o(n) > 1, FrLL
GH nMIitxR, G & n MIEFREE

S]& 8.2

Determine all primitive elements for the extension K = Q(v/2,v/3) of Q.

W EEE: kYK K = Q(v2,v3)/Q MITE AR TR,

BEa? -2 52?37 Q EANZ, H V3¢ Q(v2) (B V3 =a+bv2, LERH
5 a® 4 20> = 3, 2ab = 0, THEHIR), ¥ [K : Q) =4, {1,v2,V3,V6} £ —H%. K
& (22 —2)(2? = 3) £ Q _EBp 3, i K/Q & Galois ¥75K, Galois #f [T (Z/2)?,
A=A 2 78, I K et A =A (Al

Sty € K, HIkH degy B [K - Q] = 4, #h degy € {1,2,4}. AFEITKEHL
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K =Q(y) MtE, EMT degy =4, FEMT v ANETEMTE T, B
v ¢ Q(v2) UQ(V3) UQ(V).
Ay By =a+bv2+cv3+dV6 (a,b,c,d € Q). M v e Q(v2) LHAY ¢ =d = 0;

7eQ(WV3) BHMH b=d=0; v € Q(v6) HHAM= b=c=0 Kt K/Q KAJFT
ESC LYY

Yy=a+bW2+c/34+dV6, acQ, becdeQFHELHNEE.

Let f be a polynomial of degree n with coefficients in F' and let K be a splitting field
for f over F. Prove that [K : F| divides n!.

MBEEE: W f 2 F EXREOn MU, K 2 f £ F ER—0r 2. e
K : F] B nl.

BE: XN nfFHAP. n=10 K=F, [K: F] =1, L.

Wn>2 & fAlZ, 5 f=gh Hf degg=m,degh=n—m, 1 <m<n-—1. H
Ky N K Wit g MIRAERK T (E£ g £ F ER—N0r2880), Il K 2 b # K, &
288, HIAGMERR (K : F] | m! H [K: K] | (n—m)!, T

[K:F|=[K:K]|Ki :F]|(n—m)ml.

(IS BRS¢ (Z) =n!/(m!(n —m)!) BEE, B m!(n —m)! | n!, AT [K : F] | n!.
o f AL fFAE K F— MR o W [F(a): Fl=degf=n, H f=(x—a)h, H
o IE Fla) EIRECA n—1, K & h 1E F(a) L3243k HIARK (K : F(a)] |
(n—1)!, #

K : F] = [K : F(a)][F(a) : F]| (n—1)! -7 = nl.

HANTERL, GRM A n AL

Prove that the polynomial 2* + 3z + 3 is irreducible over the field Q[v/2].

BT WL R o 4 30+ 3 768 Q2] LA,
R AL ST 3.2, R0 L
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Let f(z) = 2" — a, 12" 1 + -+ - 4 ag be an irreducible polynomial over F, and let a be

a root of f in an extension field K. Determine the element o' explicitly in terms of «

and of the coefficients a,.

ABEEE W fo)=2"—a, 2"+ dag & F ERIATAZIIA, o & f BT 5
K HH—"MR. H o 55% o, WHER oL

BRE: WS, SDUENRSZE, f(z) = 2" — ap 12" 4 ap_oz™ 2 — -+ (—1)"ay.
KA f AL H o ZR'ERIR, ag £0 (3 ag =0 W = | f, SAALFE; B o £ 0
AT, i f(a) =0,

Q" — 10" Pt ap_0a™ 2 — - (=1)"ay = 0.
FERR & B LSS ) 5 TR H T o
oz(oz”’l — 10" 2 Ay " — (—1)”’1a1) = (—1)"*tq,.
PIABREL (—1)"Tao 15

o oa"l—a, 0"t a, a3 — e (1) gy
al= .
(_1)n+1a0

Bl n =20 f(z)=2%—aix+ap, &> —aja+ay=0%H o' = (a1 —a)/ag, 5
AL

Let ¢, = e*/™. Prove that (5 ¢ Q((7).

WEEE: W (G = EH G ¢ Q(&).
R A A 2 bR EE S n IRGRAZ TR ©,(2) /£ Q EATZY, #1 [Q(¢,) :
Q] = ¢(n). T

Q) : Q] =w(5) =4, [Q(¢&): Q] =(7) =6.

Bt G € Q(Gr), M Q(G) € QG), HERBAR [Q(G) : Q] = [QUGr) : Q)] [Q(G)
Q). 8 4 %1 6, FIE. FiLd G ¢ Q(G).

ot
~
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Let ¢, = /", Determine the irreducible polynomial over Q and over Q((3) of (a) (y,

(b) G, (c) Gs, (d) Co, (€) Cro, (f) Cra

W EEE: ¥ G, =P R G, G, Gy Gos G0y G2 PAIE Q B Q(G) EIIAR A2
iz,

BE: Lw=CG=¢8 M w?4+w+l1=0, Q&) =Q>V3), [Q¢): Q=2 QL
HIAT L) 2 Is 2 70 [ 2 T O,

(a) (=i £ Q L ¥y(x) =22+ 1. 7£ Q(&) LA 22 +1: k% i€ Qiv3), 5§
i=a+biv3, a,beQ, WRELESEHS a=0,b=+1/V3¢Q, FJE, i 2> +1 7
Q(¢) EMR, M ART 4.

D) =3 =1+we Q). £ Q Lk: &g(z) =22 — 2+ 1. £ Q(G) LB FHEE,
W2 N © — G

(©) G- T Q E: By(x) = ot + 1. 7 Q(G) i BIH [QCs,G) - Q] = [Q(VEi,V3) -
Q] = 8, # [Q(Cs, 3) : Q(G)] = 4 = deg By, P IRFFAFILY, 1R 24 + 1.

(d) Co. £ Q ki Dg(x) = (2 —1)/(2® = 1) = 28 + 23 + 1. G =weQ A
[Q(Co) : Q) =6, K [Q(Co) : Q(¢3)] = 3. Go 72 2° —w IR, Z=RZTATLRT Q(¢s)
(BB (o, (ow, Gw? #ALE Q(G) H, B [Q(&) : Q(G)] =3 > 1), #MFE Q(¢) EHIHK
NN 2* — (5.

(e) Cio- £ Q ki ®yp(x) = O5(—2) = 2 — 23 + 22—z + 1. Q(¢) = Q&) W
ME— R FHE Q(VE), T Q(G) = Q(v=3) NEHH, # [Q(C0,¢) : Q) = 8, M
[Q(C10,C3) : Q(¢3)] = 4 = deg Do, 7E Q(¢3) LA 2t — 2P+ 22 —z + 1.

(f) ¢ = /6. £ Q k: ®pp(z) = 2* — 22 + 1. G =C¢G=1+we Q) H
Gz ¢ Q(G) (B Q(¢r2) = Q(V3,1) BET Q(v=3), INHEE), # [Q(C12) : Q(¢3)] = 2,
1E Q(G) LM Z IR 22 — (g = 2 — (1 + ().

LSRR
Q k QG) =

G |2?2+1 z2 +1

G |22 —x+1 x — (g

G |zt +1 zt+1

G |28 +234+1 o (G
GRS = N I S SR 2
Cio |t — 2?2+ 1 2 — (1+G)
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Determine the values of n such that ¢, has degree at most 3 over Q.

& B #E: el ¢, £ Q ERIREEZN 3 K n BIE.
BRE:C, £ Q EMIRECN [Q(¢G) : Q) = ¢(n). TE o(n) < 3. HEFIH:

HAGE n 8 p(n) =3 (3 n > 2, o(n) NEE M n = 1,2 B o B 1; fr#ESL:
o(n) REHHBEMNZE n=1,2, ] p(n) =3 TfE). X o(5) = p(8) = ¢(10) = p(12) =
4>3,n>5HK on) REE R HMAERA

ne{l,2,3,4,6}

Let K = Q(«), where « is a root of #3 — 2 — 1. Determine the irreducible polynomial

for v = 1+ a2 over Q.

HEEE K K=Q ), XFak -z -1MH—ME Ry=1+2 17 Q LKA
CIFOEATE:W

RE® — 2 — 1 17£ Q EAWZ (FERRTERE £1, RAWARN 0), # [K : Q] = 3,
HH A =a+1HB at=a?+a RIEV¢Q Hy=1+2cQ Ma?cQ T7£a
WERRBAEL 2HHE 22 -a?=0,5 Qo) : Q=3 FJ&. # degy # 1. X degry
Bk [K : Q] =3, Fibh degy = 3.

WHE AR A =a+1, et =’ +a:

y=1+a?

Y=1+a?)?=1+22+a*=14+2*+?+a=1+a+ 3
Y=y ¥=01+*)1+a+3a%) =1+a+3a®+ao*+a®+3a" =2+ 5a+ 7%,

Hftl+a+4a?+a® +3a' =1+a+4a?+ (a+1) +3(a® + a) =2+ 5a + 7% W
R a,b,c v =ay? + by +c

Y —ay —by—c=02—-a—-b—c)+(5—a)a+ (7—3a—b)a’
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LLEE {1, 0,0} FIRE, 15 a=5,b= -8, c=5. #ll v L
7 =5y +8y—5=0.

ZOE 23 — 522 +8x — 5 H—IRECN 3 HLL v IR, IER v BItk/h 2t thn] B
Koo AN AT 2y HHEAR +£1, £5 fAANBA R 0.

Let f = ax® +bx + ¢ with a, b, ¢ in a ring R. Show that the ideal of the polynomial ring
R[z] that is generated by f and f’ contains the discriminant, the constant polynomial

b? — 4ac.

BEEE: W f=ar® +br+c, HF a,b,c BT R AEHZIAIS Rlz] Fth f 5 f
A R ERARAL S ) ) 2, RIE B2 TR 02 — 4dac.

MRE:f MSECN f =200 +b. I T = (f,f) C R, W el &S (f)el,
felss daf € I. HIEREIT:

(f)? = (2az + b)? = 4a®z® + dabz + b, 4af = 4a*z® + dabz + 4ac.

AR
(f)? = 4af = b* — dac.
W T ATERZ 2, R T 1 TSR b2 — dac € I = (£, f').

Let K be a finite field. Prove that the product of the nonzero elements of K is —1.

fRE

WMEEE: % K RARE. BV K B EF o R MRS T —1.

FRE: WL |K| =q, W K> & q— 1 BrafRiEiE. i1 Lagrange BB, SNIEF TR o #RW
A at™ =1, 8 a 27 -1 IR 2T o' -1 E220 ¢ -1 MR, K- 18
A q—1DTLEK, il o' — 1 RIS E K* M4aEifns:

it 1= H (x —a).

ae KX
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PURCH B 7o im BTN —1, A BTN (—1)7 ' [Teexx a. &
— 1l

H a = i = (1%

aeKX

M g REHI (1)1 =—1; 24 ¢ N 2 RN K RHER 2, SR (—1)
PG T Taexx a = —1.

Let p be a prime integer, and let ¢ = p” and ¢’ = p*. For which values of r and k does

1=-1. ™

29 — 2 divide 29 — 2 in Z[z]?

HEEE: Wp BRI, q=p", ¢ =p" W r 5 k BIERN 27 — 2 7E Z[z] R
78 = g5l

FRE: B HHAMH k| r.

ROME: W =kt 0w =2, W 22 = @)V =" HERSMH o —
= (uv—az)(Wt +um 244 2™, Bom = ppt) By — = 2 — ¢ R
u™ — = —z. PRRHE AR T RERBE O, MBERKRIE Zx] AL
W B Pt — x| 2P — o A Zlx] TRROL, W p JRAE Fylx] o’ —z |2 — 2. £
W 2" —x £ F, WABABTLER (FFH pma?” ' —1= -1 #0), HERR
16N Fpm FIEEICR (Fpr PENITRWL o7 =2, MIXEKTTREZ p™ 1), Bl
o' —z |2 — 2 WA P CFy. ARSI TFHAER: Fpr &F Fpr BEHMNH k|7
(BN Fp & o — o 7E F, BRI 2, Hr s » ). # k| r.

gk, o — o 1 Zx) PR o —x BAMNYG k.

Prove that every finite extension of a finite field has a primitive element.

o EBE: U A BRI IR 5k #A AR TR

MR W F AR, K/F ZAERY 5. W [K: F) ARA F AR, il K 26 R4,
A PREE. B0 7.13 (BERIERE A IR TR M), K 2 IEIEE. I K AR
76 o, M K% = (a). TR K ENERTHRZ o R, T 0=0¢€ F, bl K = F(a).
Hik o & K/F FIARFILE.

61
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Let G = Dy4 be the dihedral group of symmetries of the square.

(a) What is the stabilizer of a vertex? of an edge?
(b) G operates on the set of two elements consisting of the diagonal lines. What is the

stabilizer of a diagonal?

WMEEIFE: % G = Dy RIEHFERXFREE (a) —NARNRE FRfta? —%idmke?
(b) G fEHEHMPZX ALK ks L. —FALnfae r2iar

MRE:(a) IEHTEA 4 DT, T Dy, ERETSSE BAEIE, S— DTS v BEEK
R 4 HPUE-RREFEHE (FRFEMAY, EKEST |G| BRLURE T3,
|G| = |D4l/4 = 8/4 = 2. IR¥F v ABNPITTRAEFLHE T IS v S X T B
FLRI G, AR E T {1, RTIEXN AL ST}, B, IE7RE 4 i, HR30E
KRR 4, WA MR E FIr oA 2, HESER S STl SR H Tl S E
e 1) S ST 2 .

(b) PRI ALRAE G VB PRI —&30E (e 90 FERD AT — 280 A 2Rk 31 o —4%),
HOEKEN 2. HPUEFE TR, — RN AL d FIfaE T ECh 8/2 = 4. fRFF d A
BHITCER A HEDH, e 180 e (EMZEXN A& MBI H &), XT d B
A, LR T R— & &R A e N

{1, r?, KTd BIRAE, RTH—FN LIRS,

B 4 BT

Let G be the group of symmetries of a cube, including the orientation-reversing sym-

metries. Describe the elements of G geometrically.

mE SJ@m 7.5

W B ERIE: W G AR, B R E MR AR. LIS S 1k G IITE.
FRE G RORFFILITR I T A AR e, Br O 48. & P 4.
IRFFE R BEREA 24 A~ fESFARR 1 A, SRild — AR X i O Ol 10 e e, b 3




MGRAEL ) eV PR i ds S LA

o, BEARHhZA 90 B, 180 B, 270 FE=ANEF FLIeR:, 3£ 9 AN, Gaidat — X AEX T AN
(RIS i 26 eSS A 4 2%, RRRTMZE T 120 JF, 240 FEEANIESF FLIERE, 3t 8 4, &%
T I — X AR () R s B 180 BETEEE, FlH 6 2%, L6 A A1 1+9+8+6 =24
S TE R A 24 A 30 o vy ks, BIEREAS S o BRI S —r 05
FEARHe. 5 PTE SRR B R e . AN R IR RR e ME— S ) . H R
AMEFEE A, s Tk ke BPAT T RANE RSP E S (353 ),
KT A0 BE— X AR P T ST (3 6 4Y), HR 15 AN RAERERE FAEF O
SRIE IR )3 (rotoreflection). T G I ECN 24 + 24 = 48.

TEsEREEM T Sy (CARSMAE FEN S L, S Sy, 1Mo AR 2 Brshds T
B G =Sy x Cy.

(a) Describe the orbit and the stabilizer of the matrix [} 9] under conjugation in the
general linear group GL,(R). (b) Interpreting the matrix in GLy(F;), find the order of
the orbit.

Al BEIE: (a) £ —MREMERE GL,(R) H, #RFERE [ 9] EILPU/ER FSE S5 e
F. (b) RN GLy(F5) HHHHERE, SKILHIE I
BRZ:(a) ZHEREAE 2 M RE, MBI —REHEH N GLy(R), Bt n = 2. id
A=[}49]. APHHEEN 1 M2, B, & A AT Ak, BS 2 AR RS R IEE
M1, 2 BIFERE, RIEN 3, 474108 2 AR, BRIk puE A

{B € GLy(R) : tr B =3, det B =2} = {PAP™": P € GLy(R)}.

RET {P: PA= AP} & P=[2b], Wl PA=[220], AP = [g 0], LLEAS b =0,
c=0. BASE T RNIETN A {[29]:a,d # 0} =R* x R*.

(b) £ GLo(F5) H, A BIFeE FUNAEZX AFERE (R 1 #£ 2 T Fs), KON (5-1)2 =
16. X |GLy(F5)| = (5% — 1)(5% — 5) = 24 x 20 = 480. HHIE-FaE T &, HEMEN
480/16 = 30.

Let H be the stabilizer of the index 1 for the operation of the symmetric group G = S,
on the set of indices {1,...,n}. Describe the left cosets of H in G and the map (6.8.4)

in this case.
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1B EE: W H @XNREE G = S, IERETRREE {1,... ) n} ERENR 1 MARE T #
B HE G RS, LI B (6.8.4).

RE:H={0c€S,:0(1)=1} 2S5, ,, MEEfKR 1 HEHRSE NEE ge S, £
FE4E gH = {go : o 1} A (go)(1) = g(1), gH FREEANEHREE 1 BLE] g(1). &
Z, 68 WA T(1) =g(1), W g7y [EE 1, # T egH. Ak

gH ={r € 5, :7(1) = g(1)},

BP gH 16 NFrAHE 1 BLE] ¢ = g(1) MEBRARNES. TRAREST IR ——X R,
HH n MEREEE, [S, : H] = n.
Wl (6.8.4) EHE-FoE T BRI ¢ : G/H — G(1), gH — g-1 = g(1). fEI
BET

v:{gH:9€ S} = {1,...,n}, gH — g(1),
B LR ERIE BNZ G 1 BB RN R, X2 RE LHIRUN: g1 H = goH 4
HAX g1(1) = g2(1), HXTREAS ¢ #RAFES 1 BLE] ¢ 1B .

Determine the order of the group of symmetries of a dodecahedron, when orientation-

reversing symmetries such as reflections in planes are allowed.

Mg SRR 9.3

o E BRI AE VP IR ST S R S ) RN BRI, SR IE - T AR B R B

RE: B+ miE 12 NMERGEmE, HEiit (& xEem) AEERTEX 12
AN L e —ANE f BXFRLEER DR f BB E &, 5 % IE TOU R R
B, BI 10 By —THASE Ds (5 MRS 5 AN, ISR, Ds HREEAXFRASRE H IE1
THAR B AR ARSLEL, B f AR TR 10, EUE- SR T e, AN RRTEE
Mr3h 12 x 10 = 120.

(YERRHIR, 1B+ TR e BN BON 60, FIFIT As; IO € mAE M Boin g, 4
XIFRFEFIF T As x Cy.)

Let S be a finite set on which a group G operates transitively, and let U be a subset of
S. Prove that the subsets gU cover S evenly, that is, that every element of S is in the

same number of sets gU .
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E SR 10.2

B EEE: % G EEMERAAARE S b, UZE S H—NF&E IEHTE gU (g€ G)
BispuhE s S, Bl S N wRE T RS ANES gU.

MRE: XA EM s e S, N(s) =#{ge G:segqgU}, BIH s MES gU BN EL E
ik N(s) 5 s K.

HHESG P={(g,uv) € GxU :gu=s} FEH —J7H, BE ue U: BHERfEE, /7
Eh At hu=s; T9& gu =5 HHANY hlg € G, MU EKHR g AN Gy, NN
|G| [F—9IE _E & SAs e F I 8E, & |G| = |G|, T2 |P| = |U| - |Gs|. 73—
T, EE g e G R gu=sluel 22— (F g lseU NN u=g"s, BN
WA), B |P| = N(s).

FTEA N(s) = |U| - |G|, PUEIEAERE |G| 5 s 8K, N(s) § s TRk, AN TRE
HET |U|-|Gs| MES gU, Bz,

Consider the operation of left multiplication by G on the set of its subsets. Let U be a
subset such that the sets gU partition G. Let H be the unique subset in this orbit that

contains 1. Prove that H is a subgroup of G.

E SRR 10.3

B EE: & G @ ARIERAER SWITE FEARMNES £ & U2 — 1T,
F1R5ESE gU (g € G) MK G M—ARI4r. % H BRXEZPEFME—F 1 BN T4E.
WERH H 2 G T3

BRE: 1B {gU : g€ G} XI4r G, H H R2HAME—F 1 T4 LIk XHMEE a € H,
Ha'H=H FEE o H=aYgU) NEWMHE gU, MAER—IEF; X aec H, &
l=a'aca'H, B o« 'H W2HEPE 1 7&K HME—M «'H=H.
TRMEZE a,be Hyaobe H Wb=1HFa e H; XHa'eH ot HBELR
WWHRE MR, B (o) b=abec H. 0 H & 1, SFyEEHE, HEANITTRE
H TFHWG, bl H < G.

Describe all ways in which S5 can operate on a set of four elements.

Mg SR 11.1

o E#E: i S FEHENA TRm &S ErE T

RE: —™MEHSEM T —1EE ¢ S3 — S, (WA TR EREREE). Sy BIEM 73
RE {1}, A3, Sz =4, MR ¢(S3) = S5/ ker o FIMIT Sz, Cy 8L {1}. 73 =FhHTE.

(1) “FFAEH, ker p = S3: B TTREBWONTESE, U4 TR A0 E E .

(2) kerp = A, BN 2 BrTRE: o REARFE S3 — S3/4; = Cy KA Sy, HE#
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WONIESE, T E S (3 X)) FBCAR—AZMocR. Sy P MIc R AR —A
X (RPN TOER, BE FFAS), BN  #e2 B1 (FEPUASTTER 79 BP0 70 328
)., XPEAGH—FER, HBUES N 1+ 1+2 802+ 2.

(3) MSMER, ker p = {1}, 18 = S3: BUAUE Sy — 6 M FH#E. S, FRMT S3 1
TG R AT T, 3L 44 (EFATT AL (PUBKSE 4 RHERR 93] = 6), HAAT
BEA 2 TLERPUE (BN S5 — Sy MIZEDE Ay, AR, MU TCEFEE — AT
BEEE, S; FASEEREIERERR =A0HR L, PUESEN 1+ 3. FEHE
ERIRATCERER 4 MATRe, fEEFgRS R SN — RSB,

Rtk S 7EDYnREE ERIER o8 “FAUER, B35 2 I EIER, DLE—2K (& 4 4
7 RS 1)) ESAE A

Let F' = F3. There are four one-dimensional subspaces of the space of column vectors

F?. List them. Left multiplication by an invertible matrix permutes these subspaces.
Prove that this operation defines a homomorphism ¢ : GLy(F') — Sy. Determine the

kernel and image of this homomorphism.

BEEE: & F =TF;. _4pmE20E 2 A0 —4E7 2500, {8y k. Here
FE PR e e B X te ). IEBIX —ER E L T RZ ¢ : GLo(F) — Sy, HHfwEX A
A% 514,

BRE.F? WMAERME 32 -1 =8 N, N —4rF=HE 3 -1 =2 1MEERE, HiE
= AEFE R EAA KR E — A0, 47 SN 8/2 = 4. B, 94

S R L

B o A,y b, DARREZRS8 1 H 2 BIPIAR L.

%t A€ GLy(F), EFREF2500 L %% AL = {Av:v e LY, iR —4i7=s0E, H A 2
F? 20U, s A7 A — N E#. B (AB)L = A(BL) 5 IL = L, Z%fE
& XFZE ¢ : GLy(F3) — S,

%: A RFEFEAD—4 T2 HA AN TR EAE A BRIERE, XEHE A
A A (X € F5). # kerp = {I,21} = (.

B |GLy(F3)| = (32— 1)(32 —3) =8 x 6 = 48. HAAHEATH, |imp| =48/2 =24 =
Sy, B im o = Sy, B @ WS, AT GLo(F3) /{£1} = S,.
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Explain why the groups of symmetries of the dodecahedron and the icosahedron are

isomorphic.

i BB R4 e AR I A AR R B R

FRE: LA IR+ AR RIRHME S A, RZIRA: B+ THAEA 12 N IERL
AT, 25 1 A A AR F BN IE AR R 12 AN I A EAEE 20 =M,
- TH ) O A BOE -+ ZTHR R 20 AT

PO RS RE S P S B AR HAR 2. 4 g RORFFIET AR — A EEEA e, T g 3T
TR 8 T, AT T AT T ) A R B TR R 0y, T g A PR SR O 9 TH AU IE - TH
PROREF, 40 IR AR I — AR, g R, BEAS I = AR RO RR O T A
O, IS H IR+ T AR RS FR. XA B3 HARRF R &, S SR AREE R (T
W R UG FE #EIE R B R FR RS —1F).

Let O be the group of rotations of a cube, and let S be the set of four diagonal lines

connecting opposite vertices. Determine the stabilizer of one of the diagonals.

Mg SR 12.3

R EENIE: i O RALTRAIIERERE, S A2 IERANNS T i DU 2% 1A% M R KB 5
R — AR RIS E T

FRE: SLITRRITERRE O 80N 24, EAR AR AL DU S5 A0 F 2k b (BB S O il
Jre e RN ATSEAE — Mo IR BT — J—2%). HBUE-FRE T B, —F XMLk d 1
FaE THr N 24/4 = 6. HARH, REF 4 MRBAME: (1) 58 d B 5 RIes:: 55,
120 J, 240 J%, 3% 3 A, eI Al E d B (2) 585 d FTEEAHIK 180 &
Jigke: XFEIRHA 3 2%, BRAEE XA I R IR S d AN R, 3k 3
A MASE TIA 6 ANTTR. EEEmE R R =AML L, R T XRREE Ss.

Prove that the icosahedral group has a subgroup of order 10.

fRE & 12.5

o B B U AR A 10 B TR

FRE: 1L AR ED IR A AR R e AR, B EON 60, I A 12 DA, o
J 6 X AERT TR, AR A S TR 2 — 2k e 0. BREEREAL IS AR RIAEIX 6 %%
b (A TR AR ST, WUE— SRR BB ) —2%). [ — 254l d A B@HEH Bzl
HIESE T, HAUE-FE T BB 809 60/6 = 10, XHte—1> 10 By TR, HAkHh, &
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% d 15 MRk (FAE 0,72,144,216,288 &) 5358 d Wi A 5 4> 180 B hEkk
LR, [FR T A HE Ds.

Determine the centralizer and the order of the conjugacy class of (a) the matrix [{ }]
in GLy(F3), (b) the matrix [} 3] in GLy(F5).

B #E: R NV RO T SRR (a) FERE [11] 7E GLo(Fs) W (b) &
B [5 3] 7E GLo(F5) .

FRE: WIAMEREIAT TR 0, ARG AR ATWAERE. HILHIEH X — PXP™ (P e
GLy(F)) X4 2 x 2 SEFEHA B 3, #h O 718 GLo(F) H 54 e Ji B af 22 #t
IRERE, JLHEKIEHIE {PXP' : P € GLy(F)}. Hi#E-faz 728, SLHERmm
= |GLy(F)|/|F LT .

(a) A =[11], FAEL R 22 — 22 = 2(x — 2), F¥AFEMH 0,2 H5, # A 5 [99] AL
WP =[0h] 5 AT PA=sebtd], AP = [otheth] B8 b=c a=d.
WP =19t =al +bJ, Htp J = [91], a,b € Fs3. WK det P = a® — b =
(a—b)(a+b)#0, Bl a# £b. HEFKMH (a,b) F 44 (1,0), (2,0), (0,1), (0,2). #
T (1,21, 0,27} 2 Vy, EON 4. LRI = 48/4 = 12.

(b) B = [31], HEL TR 22 — 3z = z(z — 3), ¥HEMH 0,3 ERT Fs, %5 [99]
ML ¥ P = [e}] 5 B WX PB = [oRe] BP = |0t otd,| R
c=2b,d=a+b W P= {2ba+b} a,b € Fs. W[t det P = a® + ab — 20* # 0.
b =0H detP = a® # 0, 1§ a € {1,2,3,4}, 3 4\,%b7éoaj“/\t:a/b
det P=0*(t2+t—2)=b*(t+2)(t—1)#£0, Bl t ¢ {1 3}, WA beF: H 34 ¢, 3t
4 x 3 =124 P OALTIECN 4+ 12 = 16. ILPEIMEL = 480/16 = 30.

gﬁ

A group G of order 12 contains a conjugacy class of order 4. Prove that the center of

G is trivial.

MEBE: A 12 B G &H A 4 BILHEZ EW G MG,

RBE: W o HICHIEH 4 ATTE. SHISANE T O T IR (P T 5
), # |Calx)| = 12/4 = 3. Hb Z(G) C Cola) (FLTERS—VITERTRH), #
|Z(G)| %k 3, Bl |Z(G)] € {1, 3}.

E12(Q) =3, W Z(G) = Co(z). H z B5EGTLH, i € Colz) = Z(Q), T
v MR RE | A TE, SEH 4 MTEPE. 8 12(G)] = 1, FuF .
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SJEn 2.8

Determine the possible class equations of nonabelian groups of order 8.

Mg SRR 2.8

ah B #0E: 5K 8 BrARAC BB T A AT RE ISR T 1E.

FRE: W G J2 8 radEsc#iiy. KITRE T — DU ILPER K/, #ERR |G| = 8 FHb
FKHILPEFR/ANRT 1, R ATEeN 2 5 4.

Hul | Z(G)] BB 8. AR p-HER R OARE N, # 1Z(G)| > 2; X G FE5TH, | Z(G)] # 8.
= Z(G) =4, W |G/Z(G)| =2, lBHH G/Z(G) BfE G ZH, THE. ¥ |Z(G)| = 2.
FITH 8—2=06 HETRNN 284 WILPEEMM. HAHKNDA 4 BFLHER, &
HARERITTN z, M |Cq(z)| = 8/4 =2 = |Z(G)|, W Cg(x) = Z(G); 12 z € Cg(z), 18
v € Z(G), SFEKR/NA 4 TE. AT 4 ritiezk, Jgee =1 2 Fritfik.

Rl AEAZ # 8 MYBERIR A REL N 1+ 1 +2+ 2+ 2. (AR D, 5T Qs #
SEPLX —TTHE.)

Let N be a normal subgroup of a group G. Suppose that |[N| = 5 and that |G| is an

odd integer. Prove that N is contained in the center of G.

fRE SR 2.13

A EEE: W N &H G MIEMF#, N =5 H |G| 288 iEH N &7 G B0,
FRZELN IR, BOLHE/ER g — gng™ TRFF N, SHFE ¢ 1 G — Aut(N). HT
N =C5 H Aut(Cs) = (Z/5)* = Cy, H |Aut(N)| =4, B |o(G)| #Fk 4.

F—JiM, kerp = Cg(N) = {g : gn = ng ¥n € N} DO N. HFASEAEH,
|G/Ca(N)| = |p(G)| R 4. |G| &g, HEF |Co(N)| 55 |G|/|Ca(N)| #
A AEOUER 4 HREER 1, W |G/Ce(N)| =1, Bl Ce(N) = G. TREAN
g€ G E NHrAEIERAAZH, N C Z(G).

Let ¢ : G — G’ be a surjective group homomorphism, let C' denote the conjugacy class
of an element z of GG, and let C’ denote the conjugacy class in G’ of its image ¢(z).

Prove that ¢ maps C surjectively to C’, and that |C’| divides |C.

fRE SR 2.16

FEHEFE: & o: G - & RHNERZ, C £ G R « ML, ¢ & G+ p(2)
PALEESE. IEH o 8 C W Rl ¢, B |C'] R |C).
BRE: Wi By e O, A E g € G o = gdp(x)gd™t. T ¢ 3, W g e G 1#
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©(g) =g W

y' = p(g)e(@)e(g)™ = plgzg™),
M grg~t € C, M v € o(C). Fibh ¢(C) =
B |IC) = |G|/ICs(2)], O] = |G'\/|CG'( (). & K = kerp, H =

™ (Cor(p(x)). M H <G H Cqla) CH (£ g5« aIzc, M p(g) 5 o(a) AIZH).
X 8 H i) Ca(p(z)), N K, % |H| = |K|-|Cq (¢(x))]. =5} G| = |K]|- |G| 48

16 _ KNG _ oy EICe o@D o HL o
= e~ 1Ce@ ~ ¢ T e O Eey IO Celall

[H : Cg(x)] 2R, |C] BB |C).

\7
@m

SR 1.1(e)

Determine the orbit of the polynomial below. If the polynomial is symmetric, write it

in terms of the elementary symmetric functions. (e) u3 +u3 + -+ + ud.

AEEE: KA 2 MEE. 52 D FRE, 8 S RO S5 R R £ 1) 2 i
. (e) u:{’+u§+~~+ui.

RE:idp=ud+- ud, SHMEEE 0 € S, BT E R ZE &0, p A5F,
W op RXTRRZ I, /ﬁjl éﬂﬁ— | 75%, B {p} & 5.

FWIENRRER R, 2w =uf+ - +uf, 30 51 = i + -+ + wny 52 = X5 Wi,
S35 = D ik Uiliju. HI Newton fHSE (wk—slwk,l—l—- ot (=1)Fks, =0) Lk =1,2,3
3

wi; = 8y, Wy = S1W1 — 282 = 81 282, W3 = S1Wq — SoWq + 383.

(Wi

p=w3 = 81(s7 — 283) — 525, + 353 = 55 — 35185 + 3s3.

Use the systematic method on the discriminant in four variables, to determine the

coefficients in A(sy, ..., s4) of all monomials not divisible by sj.

Mg SJRE 2.5

B EE: MU R AR HRG T, KRB Alsy, ..., s0) FHEAY sq BHRHIH
WS

R DRRHIRIN A = T (u — uy)? RAMFREFREIX, KBH 2 x (3) = 12
¥ 51,89, 83, 54 MZIRG, MR s¢sbs5sd W2 a + 20+ 3¢+ 4d = 12. N
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sq MITIERE 54 = 0 FTfF A(sy, 52,53,0), RIZ T

rt — 512° + 5927 — 537 = x (2% — 512% + ST — 83)

A ) 2K
H 0 X5 25 X8 & Disc(fg) = Disc(f) Disc(g) Res(f,9)% B f = 2, g = 2° —
5122 + sox — s3. A Disc(z) = 1, Res(z,g) = g(0) = —s3, #{

A(s1, $2,53,0) = 53 Disc(g).

ZRZ WA 22+ ax? + bz +c FHIHIAN a?b? — 4b3 — 4a3c—27c2 +18abe, RN a = —sy,

b=s3,c=—s313
Disc(g) = s3s3 — 4s5 — 45553 — 2753 + 1851553.
P 3, 193] A haifi A s, BEERATT:
A = 525252 — 45353 — 45353 — 2753 + 18515985 + (Frsy HITH).

BRI R E0N: s%%s% 1, s3s2: —4, s3s3 1 —4, s5: =27, 515085 : 18. HRAHE s, BEFRH
BRI (G0 12, 5105y 55) RECN 0.

Prove that the only subgroup of order 12 of the symmetric group Sy is the alternating
group Ay.

R0 B BV UE X ARAE Sy BIME— ) 12 MRS Al

BRE: W H<S, B |Hl =12 B [S,: H) =24/12 =2, H Zf&¥5 2 B8, #OEM:
Xt gd¢ H EWSENH S gH, AGEN H 5 Hg, i gH 5 Hg #%F H 1€ Sy
Ik, ¥ gH = Hg, T5& H 1IEM.

FARE Sy/H = Cy He. HRFEDS Sy — Sy/H MR H, MBI it i &2 %0
TN T FHE, W H D[Sy, Sa]. MFRBERIHAL T F R EEHE, B) [Sy, S4] = Ay (H1
W=1EH (abc) = (ab)(ac)(ab)(ac) = [(ab), (ac)] AN T, T =IEAEK Ay). T2
Ay CH. X Ay =12=|H|, ¥ H = Ay.

Exhibit the bijective map (6.8.4) explicitly, when G is the dihedral group D, and S is

the set of vertices of a square.
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R EENE: U G R MMEEE Dy, S IR AR, BAAS HXUR B (6.8.4).
FRES: BT (6.8.4) RHPUE-FEFEB TN ¢: G/G, = Gz, gGy g - x. ﬂﬂﬁ,m
S ={1,2,3,4} #ZrHEHHEF, & r REF0IeEE 90 E (r(i) =i+ 1 mod 4), s
KFLIAT 1, 3 (X LR s,

Dy ={1,r, r2, 73, s,rs,rzs,r3s},
H s BETLS 1. Wr=1RET G ={1,s}, B©F 4 Mk

g S ¢ HIE
—{1,s} |1-1=1
rGy={r,rs} | r(1)=2
2Gy = {r*,r%s} | r*(1) = 3
3Gy = {r3,r3s} | r3(1) = 4
HAr rs,r2s,73s A RMERTE 1 BN 2,34, 5ERE—H. T2 ¢ G/G, —

{1,2,3,4}, gG1 — g(1), & _ERTUAREE FIMLE] 1,2,3, 4, & — XU, B 5 Dy HI1E
FHARZ.

Let G be the group of rotational symmetries of a cube, let G,, G., G5 be the stabilizers
of a vertex v, an edge e, and a face f of the cube, and let V, E, F be the sets of vertices,
edges, and faces, respectively. Determine the formulas that represent the decomposition

of each of the three sets into orbits for each of the subgroups.

R EENE: W G R ERIREERE, Gy, Ge, Gy PRI v, 12 e, 0 f FIFE T, V,
E, F a2 T ge, e, mE. NN, 255 V, E, F 2hiiE (JuEk
FERI A 4F) A

fRE:|G| = 24, HPLE-FRE T EH, |G,| =24/8 =3, |G| = 24/12 =2, |G| = 24/6 =
4. BATEAERTE V, E, F b, S HU0E KR 1Z TR S0 R 4L

G, = Oy (RN v 5XFT A s 120 ).

V=14+1+3+3, E=3+3+3+3, F=343.

LR TR R A (v SXTIR), R 6 DT A 3 TERBUE; M v i}
KH 3 R E M TR AR 3 26858 —HUE, KR 6 KRN 3 JTuaRBLIE; 1+

=~
(\)
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ZF v I3 NS TR AR 3 AN —HE.
G. = Cy (BRI e HXIHE s Bl Rs 180 Ji7).

V=2+2+2+2  E=1+1+2+2+2+2+2,  F=2+2+2
VLA T e IR AN A H, R IR A g s S0 4, AR 4 AN TR PR P A 4 iR
e SXTH M E, HR 10 2 MIPRASH; 6 A1 P A He.

Gy = Cy (Bt O 90 FiZ).

V=444, E=4+4+4, F=1+1+4.

YL WO M E TN IET FE3A, 25 4 4 O B3 4 2%, T3 4 55, BH 4 5 W
i f SRR E e, 4 AT R 4 JTTERUE.

SRt 9.4

Identify the group 7" of all symmetries of a regular tetrahedron, including orientation-

reversing symmetries.

0B EVE: R AE DY THIAR B A AREE T (5 S 5 1AL AT FR).

FRE: IEVUTHAE 4 DT A, IR e T 58 208, S— AN R B AR T A B BIAE
ME— g, XA HBRFEZ T — Sy, W |T7) < 24.

IEDYTHMA e e BEMT 80 12, RIR T Ay (hee e st E A 4 AT B BaA e
HARFFRE, i Ay). RO E A B0 FRIE B SEI AT B e Wi — 25 0% 5 % 1%
B B ST, OC T P T B S i [T s 1k (ST, T A8 4 S AN TR, S —
AN, SRR Sy, W T BB NEEAS Sy

R 77 = S, ek 24, HAREFE R 12 4> (B8 ) sk seBl, KR 12
N (B B, e s

Determine the orders of the orbits for left multiplication on the set of subsets of order
3 Of Dg.

1B EIE: REFRIERAE Dy KI—=TnTHEES LIS PUERIH.

BRE:Ds = {1,r,72 s,sr,sr?}, i r® = s =1, sr = r¥s, |Ds| = 6. —JuF4EHLE
(g) =20 1. ZEFRMEH ¢g-U = gU T, HYPUE-FE TEH, PUEKERIE T #H5%
F 6, MAUEKE R TEEN 1, 2, 3, 6.

~l
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fedfe r 7£ Dy FREIR N (1 r r?)(s srosr?). —D=J0 T8 r ORFES HACE
ERBEIEHMIE, B U, = {1,r,r?} 8L Uy = {s,sr,sr?}. BENRE TN 3 r 73
{1,r,r?}, BUERKE N 6/3 = 2, H sU; = {s,sr,sr?} = Us, W Uy, Uy BE—A 2 TTHR
A,

RN ITCER s, sr, sr? WITEFA RS BN R4 1, AT REORFF —Jn 148, R 18 1
=TT EMARE THF L, A SIEKEE R 6, 3L 18/6 = 3 4~ 6 JLRHIA.
FrUAPUEM BN — DM KERN 2 FIP0E, =N KERN 6 FIHUE.

Rule out as many as you can, as class equations for a group of order 10:
1+14+14+24+5,14+24+2+5,1+2+3+4,1+1+2+2+2+2.

WEENE: X 10 MBI RE, RTae 2 tiHERR R HME%E: 1+1+142+45, 1+24+245,
1424344, 14+1+24+242+2.

FRE: KRR — TSR PR, RS |G| = 10, A BEN 1, 2, 5, H 1 94
HET |2(G)], M |Z(G)| %k 10.

T+14+1+245:F 341, 8 |Z(G)| =3, 15 3110, HBx.

1+2+3+4: &K/ N3 5 4 MILFESR, (H 3110 H 4110, HeF.
1+1+2+24+24+2: |Z(G)] =2, W |G/Z(G)| =5 NEH, G/Z(G) 15H. & G/Z(G)
AN G ¥ (W G = Z(Q)), 5 |Z2(G)] =2 < 10 FJ&, HERx.

1+2+2+5: ANEEHERR, ©IER Ds WA, FSLE Dy = (a,b:a® = =1, bab™! =
a™b) W {1}, SN {13, {a, a}, {d®, a®}, {b, ab, a®b, a’b, a’b}.

R DgAME s R 1+ 2+ 2+ 5 W68, HEA Ds HI2EFE.

Determine the class equation for the following groups: (a) the quaternion group, (b)

Dy, (c) Ds, (d) the subgroup of GLy(F3) of invertible upper triangular matrices.

AR B ERIE: SR T AIRERISRTTE: (a) WUICHERE, (b) D4, (¢) D5, (d) GLo(F5) HAlHli =
LR ) R 1R

BRE:(a) WUTCHRE Qs = {1, £i, £, £k}, 0 {£1}. SN {1}, {1}, {3, —i},
{5, =3}, {k, =k}, BEETHEAN1+1+2+2+2=28.

(b) Dy = {1,772, 13,5, s, 572, sr3}, F0 {1,072}, SLHEA {1}, {r?}, {r,r3}, {s, sr?},
{sr,sr3}, KGN 1 +1+2+2+2=38.

(c) Ds: ILHEN {1}, {a,a*}, {a?, a®}, {b, ab, a®b, a®b,a*b}, FKTTFEHN 1+2+2+5 = 10.
(d) ic B N =M sERE e B={[¢8]:a,d € F;, beFs}, |B| =2-2.3=12. %k
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Kty (e8] 5[ ARG a=d, 5[] iIHGH b=0, ¥ Z(B) = {I,21},
A 2.
THEILYE: 6 T =[FY] € B,

- a (T —a))z"t
T[ed]T™! = [O<b+y<dd ) }

Hr 2,2 e 5, y € Fs. XATG a,d A # a # d, y(d — a) i Fs, SFrE b (£
—K, WA 3 BrLyEsE, KR (a, d) (1,2), (2,1). # a=d, b AREHIERIrEIR,
W (a,d) = (1,1) &6 {1} (LB 5 {511,053 2 BY); (a,d) = (2,2) 45 {21} 5
{(§3],[33]}. MTREAN

1+1+24+2+3+3=12.

The class equation of a group Gis 1 +4+ 5+ 5+ 5. (a) Does G have a subgroup of
order 57 If so, is it a normal subgroup? (b) Does G have a subgroup of order 47 If so,

is it a normal subgroup?

E SR 2.14

TEEFE: HGCMEITERL 1+4+5+5+5. (a) G REBEHF SN TH? 5H, &R
IER? (b) G 2 EBA 4 B F#? 58, BB IEMT?
BE:|G|=1+4+5+5+5=20.

(a) FA7E. HULHER KN 4 0 E o, HIE-RETFE® |Co(z)| = 20/4 = 5,
i Co(x) /2 5 B8, idh H (K 5 N&E%, H ). EMME: 5 Mook g WL
1Ca(g)] > 5 (BB Calg) 7 g H g BIA 5), MILIPIE KD =|G|/|Calg)| < 4, RHT
Rese 1 80 4. KTEPRE—A 1 (PO, BrE 5 ok B2 4 Brikde
KPR 4 MR AERK— 2, (2) & 1 5X 4 Mwx (B (@) \ {1} BITE#ELZ 5 B
JCER, HAEARAS 4 B, d {1} U (4 Br3kBEsk) = (o) saM—m 5 v 78 H. B
T H LY, B2 BT,

(b) FA1E. BUELHIZE K/ N 5 HIJGER v, M |Ca(y)| = 20/5 = 4, Tt Coly) /& 4 B T3
ERME: W L& GHE—4TE. f (), HZEM 5 78 [ ged(4,5) = 1,
LNH={1}, 8 |LH| = |L||H|/|[LNH| =20 = |G|, T/& G =LH. % L IEM, N
G=Lx H RLEEE, HEFERN1I+1+---+1 2040 1), 5EMEHETE. %
L ANIERE, FEHL Cq(y) AIEM.

Use the class equation to show that a group of order pg, with p and ¢ prime, contains

an element of order p.

~I
ot
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B EBE: AT W pa (b, 0 WEED) MBEEH p HITH.
BRE:H p=q W |G| =p* BAFFNTTE g, KB p? (Lagrange E2E), #Fi N p
o p?; W p?, W gP I p. B8

T8 p#q Aip>q, R GBRA p LR WEMEFATRONEHL ¢ TEK
IR B ER pg, BN p 8L pq, B4 p BronER (BN pg BFERHE ¢ P0RF).
FRA A OTEE ¢, RIHIEKD (G : Cole)] B pg BRT 1. B Cula) 2 (2) (B
9), |Ca(2)| € {g,pa}; FHLITLEAAEEA |Co(z)] = pg (BN Co(z) = G, z € Z(Q)),
H |Ca(z)] = q, IR N p. KHTEEN

pq = |Z(G)| +pm,

Ho m BIEP OISR, W p | |Z2(G)|, X |Z(G)| B pg, 15 |Z(G)| € {p,pq}.
#1Z2(GQ) =p, W |G/Z(G)| = g NEH, G/Z(G) 183k, #H G 22, TR Z(G) =G,
5 1Z(G)] =p < pg FJE. W |Z(G)| = pg, B G . PP NITR o (BTN g),
(a) < G (G &Z#). FIHE G/(a) KIBMECA pg/q = p, FAEFLITERH N p; BERAFEAD
gla), T g W B8R q, T gla) BN HEEER ¢, ).

BT EARAL, G &H p MotE.

Let wy = uf+---+uk. (a) Prove Newton’s identities: wy—sjwy_1+- - -Fs,_ 1w Fhsp =

0. (b) Do wy, ..., w, generate the ring of symmetric functions?

fRE SR 1.3
B EEE: % w, = ub+- - +uf. (a) UEH Newton 1HE R wy —sjwp_1+- - £sp_jw F
ks =0. (b) wy,...,w, LB FRREOA?
fRZ:(a) L so =1, 4 j >n ks, =0 FEZBOHA PE) = [1,(1 — ut) =
To(—1)sit]. REUTELE

P/(t) B n
P(t)

(2

—U; __n | g .
1—Ult_ ;uzzuzt Zwm—Ht )

1 m>0 m>0

W P(t) = —P(t) Xm0 Wi t™. HEINIL 51 BIRE (K > 1): LN (-1)*ks,, B
WH - Y (1) 5wy TH

k-1 k-1
(1) ks = = D (1) sjwp—j, > (=1 sjwi—; + (1) ksy = 0,
=0 =0

Wi — S1Wg—1 + SoWg—2 — -+ + (—1)k_1sk,1w1 + (—1)kk8k = 0.
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Xt A2 Newton fHEEIN (0 k£ <n; k> n B RFESL s, =0, AXIKAL).
(b) FEA BRI (BARTRAE 0 B938) b, AR B (a) FISHHAE s, RN wy, . .., wy
IUERTE:w

(_1)k+1
k

HIZEXS PR EL s1,..., 8, LN FRRREIA O AR ETEAEBE), TR s X2
wy, .. wy MBI, Hw, ... w, BT IR EOA.

RN Z EIWAERE: B0 wy = 82 — 25y 25 H s = (w? — wy)/2, T 2 7E Z A
A, (w] —ws)/2 AREFEZRBZ B

k—1
Sk = (wk — $1Wk—1 + SqWg—_o — -+ -+ (—1) 3k—1w1>~

For each of the following sets of automorphisms of the field of rational functions C(t),
determine the group of automorphisms that they generate, and determine the fixed

field explicitly.

d) o(t) = wt, where w = e>/3,

R EEE: XA EREIE C(t) MTAISH A R, KRB EATESRN B -, 35K
KR A B

R AT (o) NEFRM o ERMEE. B Artin EH (HIR E FMEE G 72 E LIRS
Wik [E: EC) =|G)), v n AR o #2 [Ct) : C()9) =n. T2 RELF]—
AN w e C)@ fi [C(t) : Clu)] = n, NEHEHR C(u).

(a) o(t) = ¢4, M o2(t) = t, W (o) = {10} 2 Z/2. Bl u =t+t", W o(u) =
ot)+ot) ' =tTt+t=u W uB o BE X tWEIXKTET? —ul +1=0; 4
t e Cu), M o FE Clu) = C(t), HEE 0 = 1, FJE, # [C(t) : C(u)] = 2. FILAF
N Ct+t).
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(b) o(t) = it, M o%(t) = —t, o3(t) = —it, o*(t) = t, & (o) = Z/4. B u = ¢4, N
o(u) = (it)* = t* = u. ZWAK T* —u £ Clu) EAFZ) (£ Clu] FHEIT v H
Eisenstein #|5li%), # [C(t) : C(tY)] = 4. AshiEA C(*).

(c)o(t)=—t, o*(t) =t, W (o) X Z/2. W u=1t* N o(u) =t*=u, H T? —u A7]Z],
[C(t) : C(t*)] = 2. AshEH C(t?).

(d) o(t) = wt, w =3 N o2(t) = W?t, o3(t) = W3t =t, q (o) X Z/3. Bl u =3, NI
o(u) = (wt)? =t =u, H T3 —u AFZ), [C(t) : C(t*)] = 3. AshiEA C(t?).

(e) 7(t) =t~ 5 (a) MR (7) = {1,7} X Z/2, ANahikN C(t + 7).

Let K = Q(v/2,v/3,v/5). Determine [K : Q], prove that K is a Galois extension of Q,

and determine its Galois group.

FEEE & K =Q(W2,v3,v5). K [K:Q], IEH K 2 Q K Galois ¥ 7K, FH#fwH
Galois #F.

RE: K. QW2 : Q=2 (22 -2 AHY). & V3 =a+b/2 (a,b € Q), F
TEHE {1,V2) MIREAE 2ab = 0 H o® + 20* = 3, T, W V3 ¢ Q(v2), T=
[Q(v2,v3) : Q(v2)] =2, H {1,v2,V3,V6} £ Q(v2,V3) £ Q L%

FE V5 ¢ Q(v2,v3). k& V6 =a+bv/2+ /3 +dvV6 (a,b,c,d € Q), Biil~FJ5 I
LA {1,v2,V3,V6} MARHL, /5

a® +2b* 4+ 3¢ + 6d* = 5, ab+3cd =0, ac + 2bd = 0, ad + be = 0.

H ab+3cd = 0, ac+2bd = 0, ad + bc = 0 TG 15 d(a® —20?) = 0 5 b(a® — 3¢?) = 0.
Fa£0: 24 d£0M a2=20% 8 (a/b)2=2¢Q, FE; X d=0IHad+bc=0
Hac+2d=0%HFc=0, HFH ab+3cd=0HF0b=0, TR Vb =a€Q, FE. #*
a=0,Mbc=0bd=cd=0, 80 be,d EL—NEE, H /5 RS THAHETR
V2, V3 B V6 CEHJE 5 =202, 3¢ B 642 HITLABEM). FHik V6 ¢ Q(v2,v3), I
M [Q(v2,v3,V5) : Q(v2,V3)] = 2. #

(K : Q) = [Q(V2,v3,V5) : Q(v2,V3) [Q(v2,v3) : Q] =2-4 = 8.

Galois 1. K Z2Z WA f(z) = (22 — 2)(22 — 3)(22 — 5) € Q[z] £ Q LW/ Rsg (FH
SRR £4/2, 23, V5 AR K). $FAE 0 IR 4, AR Galois #7554 T
Al 43 Z2 i 43 28k, # K/Q /&2 Galois 475K

Galois #f. [ K/Q 2o#i, K84 Q-HFRMBMR LiwBE#HkE. BT v2,v3,V6
It N2 TR 5N 2?2 — 2,22 — 3,22 — 5, AN HFEMULIHE V2 B3 +£2,
V3 BRE] /3, V6 BB £6 Ridk, X 23 = 8 ML SIEREE X Q-
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FIR (A3 {1,v/2,v3,V5,v6,v10,v/15,v/30} b REAEAHN AR S RIREFIZH), 1
[Q(V2,v/3,V/5) : Q] = 8 WHIHHRALIIEA 8, MIXF &M N; N K/Q 1EM,
FENMERNER A E AR, PRtk

Gal(K/Q) X Z/2 x Z/2 x )2 = (Z]2).

How many intermediate fields L with [L : F| = 2 are there when K/F is a Galois
extension with Galois group (a) the alternating group A4, (b) the dihedral group D,?

FEENE: % K/F 2 Galois §75K, 2 Galois #0518 (a) HEREE Ay, (b) HIARE
Dy W2 [L: F) =2 B L &6 2042

FRE: H Galois A EH (FHKY Galois BEFH——XN, H [L: F] = [G :
Gal(K/L)]), W& [L: F] =2 MHEIR L —— XN T G MiEECh 2 WF# H =
Cal(K/L). %R 2 E‘J?ﬁ%ﬁyﬁ%ﬂ%ﬁ

(a) G = Ay, |A4| = 12, $550 2 MM 6. Ay WIEMTHRE {e}, Vi =
{(1), (12)(34), (13)(24), (14)(23)} A A AR 1,412, %HM N 6 FIIEM
THE W Ay TOFRE 2 WITRE, WE (L F) = 2 BIRIEIRANECR 0.

(b) G=Dy=(r,s|r*=s>=1, srs=r"1), |Dy| =8, &%l 2 BIFHH N 4. D, I
4 THILE 3 1

(ry={1,r, 7“2,7“3}, {1,7’2,8,87‘2}, {1,7"2,37", 37“3}.

WO (L F) =2 B AN SO 3.

Let K/F be a Galois extension whose Galois group is the symmetric group S3. Is K
the splitting field of an irreducible cubic polynomial over F'?

B EEE: W K/F /& Galois §75K, £ Galois #ENXFREE S5, W K 2 A2 F EEA
ANFT L) =R 2 TR 73 23807

FRE: 2.

B =N 7€ S5, 2 H={(r), Il |H| =2. % L=1Inv(H) N H PNk H Galois
EAREE LRFEEH [L: F)=[G: H)=3. KN K/F & Galois ¥ ik#nl 7,
TH 9 L/F WRART Y K, HAFTERM L=F(Q) M¥E e L T4 GH
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IS RE TN
{o€G:0(f) =B} = Gal(K/F(p)) = Gal(K/L) =

B HHE {0(B): 0 € G} 1AE [G: H =3 MNILE.

L mp(x) N BIEF ERIMNZT. B K/F B, mg 76 K P53 HILHRS NEE
3 NERITER, il degmp =3, Bl mg &2 F EIARTA=ZRZTIA. % E C K Nmg
£ F 3. G = S3 7E mg M=MR EWER: $bi 78 H 75 S; etz
LN {e}, BUZAMERIBSE, B G [FIHAER 9 S; A&, T & |Gal(E/F)| =6 = [K : F).
NECK, M E=K. fibh K & F EARATA =R E T mg 1153545,

(a) Determine the irreducible polynomial for i + /2 over Q. (b) Prove that the set

{1,i,v/2,iv/2} is a basis for Q(i, v/2) over Q.

AEE: () K i+ V2 £ Q EMAWAZERK. (b) iEH {1,i,v2,iv2} £ Q(i, v2)
£ Q Lk

BRE: (a) By =1+Vv2 Hy—V2=1FHH (v—v2)2 = -1, Bl 42 —2V2y+2 = —1,
IRED 4243 = 2¢/2y. BB (1243)%2 = 82, Bl 44292 4+9 = 0. ¥ f(2) = 2*—222+9
Ly 9AR.

IR &y =22 M y?—2y+9 =0, fiBfF y = 1£2V2i = (V2+1)?, #ll v = £(V2+1),
Bl +4/2 +1i.

HAY+3=2v2y B V2=(+3)/(27) € Qy), TR i=17-v2¢€ Q) #&
Q() = Q(,v2). T [Q(,v2) : Q] = 4 (FN i ¢ Q(v2), JFHNEHIK), Frh
Q(y) : Q] = 4, Bl £ £+ BN TR, RATZ. # i+ V2 7 Q EIARMAL TR
N f(r) =2t — 222+ 9, HARAN V2 +i, V2 —i, —vV2+1, —v2 - 1.

() [QG, v2) : Q] = [Q(, v2) : Q(v2)]- [Q(W2) : Q] = 22 = 4. # atbiteyv2+div2 =
0 (a,b,c,d € Q), B (a+cv2)+ (b+dv2)i=0. B {1,i} & Q(i,v2) 7£ Q(v2) L
(93 8 at evZ =0, b+dvZ=0; X {1,v3} £ Q(V3) T Q i3, F a=c—0,
b=d=0. HXNUDMITTHRE Q LEMET R, MEEET 44 4, N2 2.

Let K/F be a Galois extension with Galois group G, and let H be a subgroup of G.

Prove that there exists an element § € K whose stabilizer is equal to H.
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BEEIE: & K/F & Galois ¥79K, Galois #84 G, H 2 G FI— 278, EAGE
B e KM gt riah H.

MRE: W L =Inv(H) A H £ K TIAZNE. H Galois FEAEH, L 72 EEH
Gal(K/L) =

KA K/F & Galois #75k, M2 A WA 545K, K7y ik L/F 2GR 595k
HAETTEE, /71 f € L F L= F(f).

BIE G FHIFRETN {0 €G:0(B) =B} =Gal(K/F(B)). BT F(B) =L, ZHET
Gal(K/L) = H. /717t p € K HE&E 5N H, ik

Determine the Galois groups of the following polynomials over Q:
(a) z° =2,

(b) 2° + 3z + 14,

(c) 2% — 322 + 1,

(d) 23 — 21z + 7,

(e) 23 + 2% — 2z — 1,
(f) 23 + 2% — 2z + 1.

B EE: K A2 IATE Q L Galois #f: (a) 23—2, (b) 2°+32+14, (c) 23 —32%+1,
(d) 2 =21z + 7, (e) 23+ 2® — 2z — 1, (f) 23 + 2% — 2z + 1.

BRE: Jik. W f € Qa]) WAL =R W, W25 Galois B2 S; KL
R, WOARER S5 B Ay =2 Z/3; ZHANHAGNRXE Q TN A FREEZ
VA = (o — ag)(a1 — as)(az — as) PAREBRE E, B A E#ALH —VA, # G C As
BHANY VA € Q. X 2® +pr+q, PR A = —4p® — 27¢% X 2® + ax® + bx + ¢,
A = a?h? — 4b% — dadc — 27¢% + 18abe. # —IXRZ W] %), K381 Galois FEEIH
ANAT L R U XS B #

(a) 2® — 2: M1 Eisenstein #IH)i%E (FE 2) AL, p=0,g=—-2,A=—-4.0-27-4=
—108, dEEHECET7. Galois #E4 Ss.

(b) 2+ 3z +14: AEER -2 (H (=2)°+3(=2)+14 = 0), TN (2 +2) (22— 22+ 7).
TR 2% — 22 + 7 WA AN 4 — 28 = —24 HEFTU7, fE Q BRIy, Hoar s
Q(v/=6), Galois # 1y Z/2. MR Z Wz Galois #4 Z/2.

(c) «® — 322 + 1: BHHEMR (£1 KABFEE), AL, a = -3,b=0,c=1, A =
a?b? — 4b3 — daPc — 27¢® +18abc = 0 — 0+ 108 — 27+ 0 = 81 = 9% &F 5. Galois #FHN
A3 2 7/3.

(d) 23 — 21z + 7: EAEEE (&1, £7 RABIER), AL p= 21,¢=7 A =
—4(—21)% — 27 - 72 = 37044 — 1323 = 35721 = 1892 &V /7. Galois BEN As.
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(e) 2® + 22 — 22— 1: THHEW, A4, a=1,b=—2,c=—-1, A=1-4—4(—8)—4-
1-(-1)—27-14+18-1-(=2)-(-1)=4+324+4—-27+36=49 =7 &F7Jj. Galois
BN As.

() 23+ 22 — 22+ 1: BTHEWR, A4, a=1,b=-2,c=1,A=1-4—4(-8)—4-1-
1-27-1418-1-(—=2)-1=4+432—4—27—36 = —31, JEF . Galois A Ss.

Show that the automorphisms o(t) = (t +1)/(t —i) and 7(t) = (it —1)/(t + 1) of C(¢)
generate a group isomorphic to the alternating group A4, and determine the fixed field

of this group.

FEEE: LW Ct) MERW o(t) = (t+1)/(t —1) 5 7(t) = (it —1)/(t + 1) L RAEE
IR T RS8R Ay, R HZRER A B
BRE: BTt B SRS B R

t+iy  HE+i Q+i)@E+1 t+1
+f>:§: .:( +?>( L) _ i . o) =t
t—i =i (1-i)(t-1) t—1

t—i

o2 (t) = a(

oo WIBT N 3. [RFRAEG 3 =1, H 7 I N 3. X

it—i)_(it—i)+i(t+1)_2it ;
t+1/) ’

(om)(8) = J( Qt—i)—i(t+1) -2

oo TN 2. T5& o, 7 W2 o® =0® = (ab)? = 1.

HiZER € SCFERD (3,3,2) =B, Wt iere it Ay, Broh 12: F5L B
Ay = ((123),(124)), H ((123)(124))2 =1, RZKFR a® = 1® = (ab)? = 1 TalFsHH A,
W2, A o, 0 I3 90000 3,3,2, Bt Ay BIME—IEF FLIERL 78 V, B33
3 HIHE, bkl 2 oK, 5 or BN 2 FJE, ¥ (o, 7) = Ay, BN 12

A, FER —t=07€ G XHRNo =02 Ho?t)=it+1)/(t—1), BEITH
&

S B

_t+1>_i§+_1t+i_ 1
1-t

o(or)oH(t) = 0<_1t —

o1/t e G WV = {1,—t,1/t,—1/t} & G KF#, FT Klein PUicHE v, H
VaG (Vg =2 Ay BIME— 2 BriERL38F).

VA B w =42 W w B —t 5 1/t B, BAEN ¢ 6B REXRECN 4,
W [C(t) : C(w)] = 4; H1 Artin EH [C(t) : Ct)V] = |V| =4, 8 C(t)” = C(w).

BT |G =12, |V|=4, V<G BHG/V2Z/30 N3 HodV, ot G/VH
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HBRAER G/V. T RABIE 2

Wp=, Mw=p+p ' HH

p? —6p+1
(p+1)2

p? +6p+1

o(w)=ct)? +o(t) =2 TSI

, o*(w) = o*(t)* + o*(t) 2 = -2

ZRPIEM v = w + o(w) + o*(w). BIH1F

PP =33t —33p*+1  w®— 36w

) T i

Hrgfg—EU p* FHFHRH pPP +p 3 =w? - 3w, p+pt=w HWE v o 5V
B, 4 0 € CO)% HL o 1B w MATRRBKEY 3, 8 [C(w) : C(v)] — 3. 1 Artin
FEH [C(w) : C(w)!] = 3, i C(w)' = C(v).

TR G AN

Let K D L D F be a chain of extension fields of degree 2. Show that K can be generated

over I by the root of an irreducible quartic polynomial of the form z* 4 bz? + c.

BEBE W KOLOF Z2—F ¥k, Bl [K: L] =[L: F]=2 i K Wi F
EHEATE 2* + ba? + ¢ BIATT LY Kk 2 T IAR AR AL

fRE: N [L: Fl =2, AR F G a € F A L = F(va). RN [K : L] = 2, f71E
de L (JELHVPH) M K =La),d?=d I d 5K d=u+vya (u,v e F).
1L v£0 By=a W2 =d=u+vya, B F(d) = F(u+vya) = F(y/a) = L.
W F(y) 2 F(v*) =Ly Xy ¢ L([K:L=2), 8 [F(y): L] = 2, \Ifi [F(y) : F] =
[F(y):L]-[L:F]l=4 B F(y)CK H[K:F]=4,18 F(y) = K. ®iF

vt = 2uy® + (u? — v?a) = (u +vva)? — 2u(u + vv/a) + u? — via =0,

Wy A2 2t —2ua? + (v —vPa) BIAR, ZZ W 2% +ba? +c (B b = —2u, ¢ = u?—v?a),
HIRA [F(y): F] = 4 TiAAZ).
I 2:v=0 Md=uecF, K=F(J/a,vu), B u¢ F(\a) (Bl [K : F] = 2).
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Ly =+/a+ u. T
v = a +u+ 2vau, ('yz—(a+u))2 = 4au,

Bl v 2 2t —2(a + w2 + (a —uw)? = 0, T8l 2t +b2® + ¢ (L b = —2(a + u),
c=(a—u)?).

BFRAEHZZ AT AH v A K. K = F(ya,Vu) & (22 —a)(2? —u) 7£ F £
IrE8, 9 Galois #75K, Galois BN Vi (MAMFF53EML), K& FINTEAG K, F 5
=M —yopi F(y/a), F(ya), F(yan). % € F(ya), W /i =y — va € F(Ja),
FE; R v ¢ F(Vu); # v € F(yau), fE3 {1,v/a,u, au} T HERESLRIFE.
Wy ANETAEFE T, [F(y) : F] =4, A\l F(y) = K, H ERIRZ AT 4.
Wb 75 2 25 52 BGAIE B

Let f(z) be an irreducible cubic polynomial over Q whose Galois group is S3. Determine
the possible Galois groups of the polynomial (23 — 1) f(x).

A EEE: W f(2) £ Q L Galois BEA Ss MR L=k Z A, REHRK (23 -1)f(2)
£ Q EWTREN Galois .

RE: WK N fEQ EMARE, N Gal(K/Q) = S5, [K : Q] =6. X a2 —1=
(z — D)(* + 2 + 1), HPRECHPEE Qu), w = ™/ NAK 3 WHEMR, A
QW) : Q] = ¢(3) =2 (HFEL TN 22+ +1 MKED), Gal(Qw)/Q) = Z/2. Bt M N
g(z) = (2% = 1) f(z) £ Q LM, W M = K - Q(w).

Hi Galois ZEAEHE, S5 MIFaEL 2 THEME— (BI A), W K AME—M T8k, BY £ 19
FIRR D R Q(VD). Tl Qw) = Q(v=3). A ER:

(1) % D/(-3) & Q FHFH (B V=3 € K, EMT Quw) C K), Il M = K, #
Gal(M/Q) = S;.

(2) & D/(=3) AR, W KNQw) = Q. B4 Galois ik K/Q 5 Q(w)/Q KA
N Q B, BT Galois R T A ER (brdESsL), M Gal(M/Q) =2 S3 x Z/2,
B 12.

BRIt (22 — 1) f(x) £ Q EIY Galois BE R ATRER S5 B S5 x Z/2. PAFPER AT REHIN: U
f(z) =32 MHARMK D = —108 = —3-6%, It Q(w) € K, 13 S3; Wl f(z) = z*+a+1
A D = —31, 3 S5 x Z/2.

Let « = /2, B=+3,v=a+ 8. Let L =Q(a, ), and let K be the splitting field of

the polynomial (2 — 2)(z* — 3) over Q. (a) Determine the irreducible polynomial f for
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v over Q, and its roots in C. (b) Determine the Galois group of K/Q.

MEEE: Ra=V28=V3,7=a+8,L=Q(a,f), K N (2* - 2)(2* - 3) 7£ Q
R, (a) Ry £ Q ERARAZHI f KHAE C HIE. (b) K K/Q 1
Galois #¥.

RE: Q) Hy=a+p1Fv—08=a WULT: (y—6)>=a®=2 BIFE

V=38 +3y8° - =2

B2 =3, 8° =36, BEN v’ +97-2 = 38(1*+1). ¥R (¥’+97-2)* = 27(v*+1)?,
JRFFAF 75 — 99 — 49% + 2792 — 36y — 23 = 0. L

f(z) = 2° — 9z* — 42 + 272* — 362 — 23.

ANTTZ1%: 2® — 2 H Eisenstein HIHNEATZ), # [Q(a) : Q] =3. X Q(a) C R, H#
V3 € Q(a) M [Q(a) : Q) ¥ 2 BEFR, F )&, i 22—3 7F Q(a) EAAIZ), [L: Q] =32 =6.
H 2 +9y-2=38(v*+1) H3(y*+1)#0, 8 8= (v*+97-2)/(3(v* +1)) € Q(v),
FRa=y-8eQn), # L=Qf) < QM) C L B Q) = L, [Q() : Q] = 6. F
Phdeg f =6 H f & v MM ZIi, ArTZy.

fTE C HIFRED v IEHE: v MIEEH o BT wra (w=e¥/3 k=0,1,2) 5 8
HHE +8 HE MR, Bl

V2+V3,  wv2+V3, w?V/2 £ /3.

(b) & F = Q(a,w) N 2 —2 £ Q EMHREL, F = Q(V3) N 2 — 3 MR,
W K =FE-F. Ga(E/Q) = S; (Hnlx A(z® —2) = —108 4177, W 8.2),
[E: Q] =6; Gal(F/Q) = Z/2.

RENF: E=Qa)(w) & Qo) IR 1, HEAKLTFIAN Qo). & V3 € E,
V3 eR, M V3eQa), 5EHLERFE. i ENF =Q.

PN Galois ¥k E/Q, F/Q BN Q b, REI K 1 Galois BEFIMA T EHA, #4

Gal(K/Q) = Gal(E/Q) x Gal(F/Q) = S5 x Z/2,

BN 12.

Let K = Q(«), where « is a root of the polynomial 23+ 2z +1, and let g(x) = 23 +z+1.
Does g(z) have a root in K?
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AE#EE: & K =Q(a), HHF a 22 UK 22 + 20 + 1 MR, Xi&% g(z) =23 + 2 + 1.
g(z) /£ K HANML?

e WA.

W of(r) = 23+ 20+ 1. f TEBER (21 RABES), AL, K : Q) =3, H
{1,0,0?} N K £ Q LRI, g(2) = 2% + 2+ 1 WEHHER, A4

k% g K FAEWR B K g A4 H degg=3=[K:Q], H QB =K, g & K
AR TE, IS 8 =a+ba+ca® (a,b,c€Q), H g /& 5 BIK/NEZ I,

W ooy =id, 09, 03 & K B C FIZMRA, W2 0i(a) = oy, ' ap, 00,03 8 f 1=
AR g I =AMRE N

Bi=0i(B) =a+ba; +cai  (i=1,2,3).

Fi
B — B; = b(os — aj) + c(of — af) = (o — Oéj)(b + c(a; + Oéj))-

HA A E X (A = [T, (RE)?) 15

2

Ay = H(ﬁi —Bj)? =4y (H<b+ ca; + aj))) ;
i<j 1<J

Horf Ay =TLie(oi —ay)* A f AR T r =TT (0+ el + o)) =& o, 00,03 K

XFPRZ T, PR 2 TR A B 4 T HA SR AR 2 0 (R f &R AR

AP, W reQ Bk A,/A; =r? BHEIEECFT.

H fz)=2>+20+1 AR N Ap=—-4-22-27-12= 59, g(z) =2 + 2 + 1 [

FIBIZAN A, = —4-13-27-12 = =31, # A,/A; = 31/59. T 31 55 59 #A L HEL

7, 31/59 NRAEECETT, FJE.

FTLA g(z) £ K FEAR.
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L iR/ G4

For each of the following sets of automorphisms of the field of rational functions C(t),
determine the group of automorphisms that they generate, and determine the fixed
field explicitly.
(a) o(t) =t~

d) o(t) = wt, 7(t) = 1, where w = e¥"/3,

Al B ENE: A EREOR Ct) WIS B R, #eenEsm R, FERA
2e HAZ AN B

(a) o(t) = t71, SEENTKAEN 2T 5.1 (a) AHF], #2003

(b) o(t) = it, SEHNKMEIWTE 5.1 (b) FH[HE, M%J 5’

(c) o(t) = —t, 7(t) =t~'. WEWNZHIXWEG: o2 =1, 72=1. X

or(t) =o(t™) = —t71, To(t) = 7(—t) = (=)' = -t 7,

W oor =10, ZELH. ERPIBEA {1,0,7,07}, A ort — —t7L IR TRY. FE
‘B Klein 7THE Vy = Co x Co.
A o B rAEREIE N 2 FAEERE, % CH@ = C(t?). £ C(t?) L7
BT s sl Hip s =12 C(s) £ s — s~ THIASNIEA C(s + s71), HTEEAHER
ANBhIEH

Ct)romem = C( + 7).

HELECE) : CtH)] =2, H s 2 X?—(s+s )X +1 =0, # [C(t?) : C(t*+t72)] = 2,
BB A= |Vy|, 5 Artin 51—
(d) o(t) =wt, 7(t) =71, i w=e>/3 Wit o®=1,72=1H

To(t) = 7(wt) = (wt) P =w it = Wi, o?1(t) = 2t = Wi,

W ro = o?r. HBIEEAN {1,0,02, 1,0r, 0%}, R o? =72 =15 70 = o1, XRAN
B —IHARRE Dy, FIFYTXFFREE Ss.
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AL = T8 (o) FIASIECA C(3), Bl ¢t 7E (o) FTHIBEN {t,wt,w?t} B 3 &
B A s=1, 11T s~ s7 NMTEMERASIEA C(s +s71) = C(#2 +t73). &k
[C(t) : C(t%)] = 3, [C(t*) : C(#* +t73)] = 2, BIKEL 6 = | D3|, 5 Artin 5B —%2.

Show that the automorphisms o(t) = (t +1)/(t —i) and 7(t) = (it —1)/(t + 1) of C(t)

generate a group isomorphic to the alternating group A4, and determine the fixed field

of this group.

S T
FEEE: A CH) FHRANERM ot) = (t+i)/(t—i) 5 7(t) = (it —i)/(t + 1) R
—ANERRE Ay FRIBORE, FER B A B
SEEANUAEN SRR 5.2 M, 20

Let K = Q(v/2,v/3,v/5). Determine [K : Q], prove that K is a Galois extension of Q,

and determine its Galois group.

Mg SRR 6.2

WEEFE: X K =Q(v2,V3,V5). K [K:Q], IFH K & Q ) Galois 5k, F#f e H
Galois Bf.
SENAEN @ 6.2 AHE, fRE W .

Let K D L D F be a chain of extension fields of degree 2. Show that K can be generated

over I by the root of an irreducible quartic polynomial of the form z* 4 bz? + c.

mE S 6.3
BMBEEFE: % KD LD F ZRECN 2 My ket WEH K 7l F _BIEW o4+ ba? +c
HIAS AT 290G IR 22 T =X AR AR .

HENUAEN S 6.3 #6815, &N .

How many intermediate fields L with [L : F] = 2 are there when K/F is a Galois
extension with Galois group (a) the alternating group A4, (b) the dihedral group D4?
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2 T

B EEE: W K/F & Galois #8 NN Galois ¥75K, M2 [L: F) = 2 B9 [a]3k
L B2/ (a) 28 Ay, (b) ZTHAEE D,y
S NIREN )8 7.3 #HIE, f#2 W B

Let K/F be a Galois extension whose Galois group is the symmetric group S3. Is K

the splitting field of an irreducible cubic polynomial over F'?

fRE W 7.6
REEEE: W K/F M Galois #ENXIREE S5 W K 21N F EIEANAT L) =K 2 0
A7 27
7S UAE 2 7.6 AR, R L S

(a) Determine the irreducible polynomial for i + v/2 over Q. (b) Prove that the set
{1,1,v/2,iv/2} is a basis for Q(i, v/2) over Q.

Mg SIEm 7.7

FEBE() kit V2 E Q FNATHEHRA. (b) EWES {11 v2,iv2) 2
Qi,v2) 78 Q LH—H%k.
SN UAE L S 7.7 AR, MR L

Let K/F be a Galois extension with Galois group G, and let H be a subgroup of G.

Prove that there exists an element § € K whose stabilizer is equal to H.

fE SR 7.10

A EEFE: W K/F /2 Galois #4 G | Galois §75K, H /& G W—>T7H. IEWIAAAE
TR fe K HHRETRET H.
HENRAEN > 7.10 AHTE, A W,

Let f(x) be an irreducible cubic polynomial over Q whose Galois group is S3. Determine

the possible Galois groups of the polynomial (23 — 1) f(z).
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mE WM 7.5
TEENFE: W f(r) & Q L Galois BN Ss FIAR A =k Z . KL (22 —1)f(z)
A HEH) Galois Bf.

HENUAEN S 7.5 H8IH, AN .

Let @ = /2, B = V/3, and v = a + . Let L be the field Q(a, 3), and let K be the
splitting field of the polynomial (23 — 2)(z? — 3) over Q. (a) Determine the irreducible
polynomial f for v over Q, and its roots in C. (b) Determine the Galois group of K/Q.

mE S 7.11

MEFE: Ba=V2,8=V3y=a+8 2 L=Q(x,f), K 2K (27 -2)(+*-3)
£ Q L3k, (a) 3k v £ Q ERIAR A 20z f KHAE C . (b) 3k K/Q
1) Galois #f.

HENUAENL S 7.11 A, fR2 0 e

i}

i 8.2

Determine the Galois groups of the following polynomials over Q: (a) z3 — 2, (b)
r3+3x+14, (c) 23 =322 +1, (d) 2> =21z +7, (e) 2 +2* -2z — 1, (f) 23 + 2> — 2z + 1.

fBE S 8.2
BB EE: R A 20 Q L Galois Bf: (a) 22 —2, (b) 23+3x+14, (c) 23 —322+1,
(d) 23 =21z + 7, (e) 2* + 2* — 2z — 1, () 2® + 2? — 22 + 1.

HEERUARN ) 8.2 AHF, % W B3

S 8.4

H

Let K = Q(«), where « is a root of the polynomial 23+ 2z +1, and let g(x) = 23+ +1.
Does g(z) have a root in K?

S T
BEEE X K=Q(a), HY a 22X 22 + 20+ 1 R, & g(z) =23 + 2+ 1. I
g(z) £ K HREAR?

S SR ST B 8.4 AHTE], MR FC.
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