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B A, B R 5 Todd-Coxeter 53

B
A

Ay X IET Jiarui Fei FJEREF (Free Groups, Presentations, and the Todd-Coxeter Algo-
rithm) #85, XHZRAE =AFBETEA R IT: 5804 3 HEE (free group), Hot
R TR LI AT 5B 5 A HEE R (presentation), #id H IERLT
FE B AR SR ¢ R 5 =50 /44 Todd—Coxeter FEEEMAS (coset enumeration),
—MNHER RERI SR, AT B IR 5 TAE RG], v AL
(R B E P AHGRAL TR R E S TR AR A 5
sk B, BIPE B IR TE S DS S AR 93, N4 — AR L.

5| Fa)R

B R

G:<LE1,"',In|7ﬁ1:1,"'77ﬁk:1>

. ERITERAAY EREAR? ERGE - DAENEE? FATEE S A E L RNTT
ERPIANTREFRFE A TTR?

H AL IR AR AT 18 15— AN DL PARGR Y 1R LEoC &, PR SRS W e ]
B IRITEIE.

D SEATE SRR R, TR, RS E, (RS R, BRI SR R A E B AR AN
(WEEILHER ), Fral /& Lagrange ¥ |G| = [G : H||H| S51EAFM R, 15 5%
WRTFF 3 (S) Rt T4 S AN TR, 9] RoanooER g WP, (G- H] Rox T8 H £
G "WIFEEL, N <G Fom N & G IEMTBE, b 18 XN [z, y] = ayz 'ty
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REHE

o 7, A EAIEE 1
o FHEE SIEAH AL
o BG5S A

I

i

o E RIS PE (2 PEm) KR




I ¥, BER R 5 Todd-Coxeter 51k F 5444,

754

WS R MFIES. WA s e S SIN—DMERIFFS (formal inverse) s~1, &

= = gug.

St HILRMAERE w = 2129+ 2, BMA—DFE (word), HHPEA 2, € S*; TR
A (empty word), WA 1 IR m B w MKEE (length). MIERAHBFRF 55X
ss™t B s7ls MIERERRN—IRZIML (cancellation); ABERATAEMT L0 I FFR AL

(reduced word).

Eg.1 #idiE

S = {a,b,c}, M

w=abb ¢ tea™d ~ aa”'b ~ b

2N b MR, aba b7t CE AT, A H HBETRAE BAL T, RE T InAS
IR (commutativity relation) aba=1b~! = 1 Z J5 & BN HBALIT.

(vt tea 0} ——{aa 0} ——(1)

JR 7 WE L5l W aa™?!

10 F w=abb e lea b HIZIMLEE.

1: MBS A3

A aba™ 07" B PAERE LB RGE, BT 5 Z IR B S B, fE H e, mE—
IESER Py ERISUPS LA KA

Eg.2 MMARHALIERE

Fow = abb~tc7teb WILASEZIME bbL, WA AL e, TRRWEATT X, TERTA AT RE
MLz I, GRARE ab. IXIEULH T ORBEERE 1 M RAMALTEANETE
HRIR R TR




B A, BE RS Todd-Coxeter 51k L4k 2 e —

I K — 4k

Thm.1 AERABIME—E

G FEA M AL,
Pf  AEAEPER BN AR KA 2, BT 440 FF IR 1, #6111 45 5
AL T, T2 7 7E— LB R,

ME— P XFEFHASEE m H98. & w ©244, MIEAUEN. SAE w B HEn]
2%,

w:...xx_l.

W wy & w BFEANAWFHIRBIPMEELM0F. RATER, XA we 0TI E R T
rr~t XA S 2]
FAEE B AMNITHF, X — R e & RAE N — R 240 i, AT DAAEIX VR 2940 28 6 21 7 51 1)
BCHTTH: 7B TR AL ERTEIX A F B A, B R F I e RS 7, Seofl vt
o ts o ECEIEIE a2 S 2 <3
XN FREAR RN — X9 294k, BT we 22T, &P EDH —NMREWIE
AR T 24k, W R IX AN FREH R R — DN — IRk, IR R AAE T FI R =7 BF
ez —rh:

izt B zale

PIRIEIE T, LA AT 5 00 JER IR TRD 45 e AR R S rh a) o i

P A — x’l,

TR FBHE R G AN B TR 75T AR RBAE 2L, (8T IERT oo
XL,

EHIRAMZ G, TR m—2. dIAgMERBE, B 10 7 AME— 2, Bt w 1)
Fra 2 AR A ). O



HHAE, B ERY Todd-Coxeter H1J; FIEEN Gk A s

TR Tk A

Def.1 FHEFEMN

BT w5 v BOENM (equivalent), iEE u ~ v, HEMEMHFEAKLUTER. X
—MNEMRK AR (equivalence relation). F w N (equivalence class) it A [w].

Prop.1 STEHIMEEM

FHu~u Ho~o, M uw~u,

Pf ¥ u 5 v A RANT w5 vo. T wo SBLIMN uovy, ZJ5 RF NI
5 v AL, X o TEINFERERERE, BT o 50 Mu 5 o BHEFERAER, 7
B [F A wove. B wo 5 /v FAHFE LI O



HHAE, B ERY Todd-Coxeter H1J; H B A&

I AR A S

Def.1 HHE

S LW E HBEE (free group), IBfE F(S), & S* RS BRI E S, HIRiLE X
N

[u][v] = [uv].

el 1 BRI R E .

Thm.1 F(S) 28

F(S) BB, HHREREFHBMK, HH

[t120 - -]t = [zt - -2 2] Y] (5.1)

Pf 4iGHORE FHRNEGH:
([ull)[w] = [uv][w] = [(wo)w] = [u(vw)] = [u][vw] = [u]([v][w]).
P IEALTT, BUONPHEE A BCRIEMT . A,

Hi

(21 l’m)(l’;nl .. :Ufl)

MR [ AN 294k, e A4 2 7 10 R AR R RE L)1k, #0(5.1) FR 230 e B e 7
T TT. O

Eg.1 BERTHBEHE
W S = {a}. BANLNTFHIE an, Horb n 2HE— R KL
F(a) = (Z,4+), a «— n.

XFRERRT ML B 2 S E— ] S e i) B H .

Eg.2 WERTHBEHE

£ F(a,b) 1, F ab 5 ba ANF, BN H¥ALMTE HENFRBE S KHik
F(a,b) Z&3F Abel #f. F

aba™!, b~1a?b, [a,b] = aba™'b!

#WoA, Ky — 1 E3% T 1.




B B Af, FEE RS Todd-Coxeter 51k 5 EH R A i P

YRR WL A

W F(S) & S EREBHR. MESH G SEERE f: S — G, AAEME—HRAS
p:F(S)—> G
XA s € S AL p(s) = f(s).

Pf F f 2R FERE, 4

XFw=m21Tm, EX
D(w) = [(21) (@) -+ f(wm) € .

NP IR SR, B2 ss™ W @ AER, BN f(s)f(s) ™t =1; M2k s71s
I FE. RIS 7AE @ TAMARER, © TREERSEMIE LR R E -

|
[

A
p(lullv]) = p(fuv]) = B(uv) = D(u)®(v) = @([u])@([v]).

Wk, A ERGE 5 R f(s).
MYk F(S) M TEREE S 1R R AR TR, — MR

sit sy EEL f(s)T e fsm) ™
Hrp e, = 41, BtrE S EBUHRMER RS A GEH 1 O

Eg.1 HEEAFEPKE

W F(a,b) fE a,b L HH, G = S3, B
fla)=(123),  f(b) = (12).
ZHREH AL ¢ @ F(a,b) — Ss. il

e | =
e e [ A

Y

w(aba™ b)) = (123)(12)(132)(12),

KR (123) 5 (12) ££ Ss FRIEAL T, B HEERANT— B8 L SOt E, siat s
PRI T HIME.




Part IT

BHIN ey

Presentations

REHE

o KA, IEMME 5 R IEX.

o FRIREIRIWUR PR B 5 o BRI SB[ 2
o TEIREE, H i Abel B 5 THAREER RN
o RHJERE T




HHAE, B ERY Todd-Coxeter H1J; 3 2 5 A

S B ML L

KZ (relation) A FHEHLIEANHBAITCHIT. B R C F(S), € X R MIEM AR

(normal closure) A

(R) =({N<F(S): RC N} (7.1)

Prop.1 IE#FASHIME
(R) & F(S) & R B/ IERLT#E; S0, B HITEILPE (conjugate) ARk

(R) = (grg™" |g € F(S), r € R). (7.2)

Pf  ZEE(7.1) TR N #GE F(S) BIEM T, HARM A BT R 052 I
THE, Bl (R) R2BE R KIEM TR, FHEE TS R IR T8, #OvRNE.

WH={grgt|ge F(S), re R). — /M, # N<F(S) H RC N, WHIEMVE gr¢g~t € N
=Yl g,r WAL, 8 H C N, TR HC (R). H—hH, SEEM re RS ge F(9),
HIERBME grg™' € (RY), # (R) W& A ARG, Wi (R) D H. W& key
H(7.2). O

Rmk EHMERAFR: HEET r = 1, WEREANILYE grg=! WA 1, KONREH Z
FA. B R r =1 —Hjtihn, a8 5 2o, X 1E /& 0 ZU0E B P 1 R
AR R AL

11



B A, BE RS Todd-Coxeter 51k JETRIE X

W X

iﬁS:{LIfl,“' 7xn}>R:{r17”' ,Tk}gF(S) Haﬁzﬁiﬁs—lﬁa‘%/% lela”' 7rk:1
A IR E XN

(X1, x| 1, ey = F(S)/{r1, -, re)- (8.1)

— N PREXAN AT R RALT, ZHHNZHEATRATHRIERAGS. HME r;
MRNKZ T (velator), ZEME) x; FRONAERTT (generator).

12



HHAE, HERY Todd-Coxeter 53 &7~ I+

JE 73 A

Eg. 1 EINEE

Cn=(a]a").

Pf i 1, F(a) = (Z,+), HF " < k. H o" BB IER QX BN 58 nZ, 25
TR n AHEE,

{a|a®) =Z/nZ,
BATUHRLM o B 0 <i<n. HELHEAHNIIOEE, Xt n A C,. O

Eg.2 RIR{EAEF

Pf WHRXART, ERWAF N, B Fa) = (Z,+). O
Eg.3 #Z”EH Abel #

a, )y = 72,
(a,b | aba™'b") = 77

Pf K&F aba '~ =1 5N T ab=ba. —H a 5 b e, BAFHFTLLEHEN om0, E
X
0:(a,b|[a,0]) > 2%  0(a)=(1,0), 6(b)=(0,1).

R, WL (m,n) — o™t RE X, BUAREINKE RGHE Abel BE. K ML B
F4). O

1E n AT XS A FeR

D, = <r,s | ™, 52, srsr>.

Pf K& srsr=1%MT srs=r"1, 8 sr =r~'s. RENTFEHTUIES, G s &
BEIGIL: | |

rt B r's, 0<i<n.
AR BERZH 2n NIuxR. B, 1 n iWRRSERR RS RS CIX =R AR,
FAI A 2n B RE. HHAmRl 1, HYE RS 2% 2n B BE, e R 2 2n MITER, W
ZAA 2R, BRTEA. O

13



B B Af, FEE RS Todd-Coxeter 51k e R Gy ke i R

T A P IR Dot

Thm.1 FEABREMR

Wr:G — G /N REBY, Hb NG F p: G — G 2FEAKTH N C Kerg, NfF
FEME— K [F] 2
¢:G/N =G

P(gN) = p(g).

XJe R XA gN =hN, W h=tg e N C Kery, MifT o(h™'g) =1, # ¢(g9) = ¢(h). &
RS, B

9(gN - hN) = ¢(ghN) = p(gh) = ¢(g)p(h) = p(gN)p(hN).
Me—k: FAEEHEER 7(g) = gN, K1 por = ¢ 38 G(gN) = ¢(g). O

14



I ¥, BFJE7R S Todd-Coxeter 51k JE o BB I L0 [ A5

JEe 7y B 1) S0 1) 2

Prop.1 RARHESERERS

WGl TATLE vy, o, BT 1,0 1 XS RAERAER 9 1. WA
L RS
w:<xl7"' 7mn|rlu"' 7Tkt> — G

B ERTT v, BRABTTK 2, € G HHMCHREAAKITTRER G I, o &4

Pf HEBBERBEYER (e 1), TG A ST R4 B A 7T 2 10 R RE 36 Oy [F) 74
Flzy, - xn) = G BADRATIRE] 1, $OCR TR RN 20 R g

JiCGEHE 1), SRR R T R S, B W RAR TR A ) 1R, DR s i =
HAH BT G O

Def.1 FE&XZHHE

Al 1 o B, WIRRFTS R RO 54 < R 4L (complete set of relations). 5
Y, G WIFTE T ER Z 8] R 58 R AR AT A A8 50 & 7 HEH

Eg.1 MNE{AFIZE

DY AR e S R T i ieds ., y, 2 420, e

=1, y3:1, 22 =1, zyz = 1.

RIS (2,y, 2 | 23,93, 22, zyz) WS R T. BEAEHER & T, WAUIE BB A R i
AR & . Todd-Coxeter MEEFRME TIXAMEY] (WA 17 Y).

15



I ¥, BER R 5 Todd-Coxeter 51k N AR B R AR e

AR AR JE 715

JEo [ 5 e AR 4 22 4 ) R B 8 RS2 0 25— el At A= oo A i o (1 A Rl
Eg.1 ZAMNHEAFRRFIHEE 2

<:E,y,z | x3,y3,z2,xyz>

Hoage =175 2= ay 8 2 = ay RN 22 = 1, 135
(zy)? = zyay = 1.
T DU AR R S A T XUE T R
(z,y | 2%y wyzy).
XA IR AE I R Al 26 vhaz Ay 7 .

Eg.2 S; R

W= (123), y = (12) € Ss. I

FEANRREMT yoyr = 1. HI

Sy = (z,y | 2%, 4", yayr) .

Pf RARZEE yr =y = 2%y, MENFLN
1, x, 2% y, zy, 2%y
Z—. LR REZZ AR, B—HH, BARMER v = (123), y = (12) i /2iXLk

REAFHER Sy, Ja ANz, il 1, SEFEZN R S,  IHEZNPIuE,
AR, TR e % O

16



HHAE, B ERY Todd-Coxeter H1J; = i) B

i

Def.1 Z=F[o)&R

YR G = (S| R), FMH#l (word problem) H][H]: 5EF w € F(S), w BHEKR G
AT, B
w € (R)).

Rmk #57 @ A] i, WHER M RIS E, RN
w; = wy in G <— wlwglzlinG.

XN BR 7R, Todd-Coxeter M2 & i A S T HZ —.

17




Part ITI

Todd--Coxeter P B

Coset Enumeration

REHE

o PREER, W—HMERA TG

o kB anfrasEl, LU E S (coincidence).

o TEEBEHERL H B RN

o TAERBI: Sy, WTHMAHEES i 351617

o NP4 Todd-Coxeter BEIERHA IR IR, SLHTE .




B B AE, B JE RS Todd Coxeter 5k FE4E#R 5 ToddCoxeter ELAH

fs 4t 5 Todd--Coxeter S 41

_&
G:<x1,"' ,.’Ifn|7”1,"' 7Tk>
H H <G H\FLExAR. Todd—Coxeter HyEREM A H KA TG E
H, Hgg, Hgg,
Selldws 1,2,3,.... —kFidFhFRERITTIIIER:

BIW(i,x) = j <= (Hgi)z = Hy;.

Def.1 [PE&ER

‘& G = (;[;1,--- , Ty ‘ Pilgoee 771k>7 H<LG EE%%?EEEE ZQEB%;%K H7H92>Hg3a"' W
R 1,2,3,- -, FieFHREBTTHIER, 1FRIREER (coset table): I (i,2) = j
RN (Hgi)r = Hyg;.

YRGS, WA 21— FE (inverse consistency):

g1

i =) = ¥ =i
BN RKRRTLONEG—ATIEEE — RGBS & r=a a2y, W
i =14 XEE—AT KOL
o hose H ARG, WZE 1 AT 400 2
1" =1,

KN Hh = H.

19




B A, BE RS Todd-Coxeter 51k 2 o] 4ol 5 1)

4% E i 5 i i)

Eg.1 MXxZEMinI{E

BBIEENE i ATHIRR r = oyay = 1. BECH
i=a, a’=b iV =i

TR R B S R 2] ¢ MR RS b7 5 (b7)y BME. Sk SR 2 PR g [ I T
s

. a1 .
“=a, 7Y =i,

T 43 12 T R ) A o S o e 4% T .

VﬁATHE’JTﬁvﬁﬁ?U [l — AR S5 T MRS, WE I IMRS. ZERE
FHPRANE A (coincidence).

25 2. TEMHTHEHER

—MEREISE H AT REAE B TR AR R 5. T AN, RSk ) ) o H R R AR Al A1
HAA KA TN AT

Prop.1 E&XRAHTA

— iR TER BB R A HIE R 5E G EREH: (permutation), &N ITx N —A.
HENRATHMNEEEGREN, BN TRAESOTAE ES 11T, MEXKEE X
TR — N E#R R (permutation representation).

Pf SERRIEEANERIT v 5E TR 5HES {1,..., N} ER— DB 6 — i@ i —3%
PR, WHNZG R A B SRR 6 i XU, BI—ANEH. AT w S BIAH N B T

&, 338 F(S) BB Sy BIEZE: B0 HEREeE 2RSS BN RARTIERN
THEEE W, MOERPAE (r, - me) BT AR ROTE S 11T, (RIEfTAS
Eﬁﬁiﬁgiffﬁ?& mﬁﬁﬁﬁﬁﬁﬂiﬁa‘ﬁﬁi (B 1), ZFRETEANRRE G 2] Sy BIFRZE, J)
—NE 7K. O

20



FI BB, BF R Y Todd-Coxeter 511k TAHERM: S3 KR

TAFE AR S3 )

&
G= <x,y | x3,y2,yxya:>

Table 1: S; E/RIIFEER

BEAE | =y
1|21
2
3

FH R 1 B e
xr = (123), y = (23).

IR A
=1, =1, yryr=(23)(123)(23)(123) = 1.
MRS RS, BN y FERSSE EARF R, G oy # 1, BTBL H HIF Dy 2. 32 =
ISR, )
G| = |H|[G:H]=2-3=6.
BAREH 2 = (123), y = (23) &L S, T2

G = Ss.

21



B AE, BER R 5 Todd—Coxeter 512 TAERf: DU AR

LAF AR DY i PR

Al P XU s e DY T A J s
G= <x,y | x3,y3,xyxy>.

W H = (z). —{X Todd—Coxeter 24 HiPYAFE A A BT H:

Table 2: PUTHIA ARG SEE

BEAE | =y
1|1 2
2 |3 3
3 14 1
4 12 4

TR
xr = (234), y = (123).
e K ST
=1, Y’ =1, (zy)* = 1.
BT o AT 2,3,4 EAFN 3-5e40AE R, o fEJETER IR N 3, 8 [H| = 3. RAT DA
%, e
|G| =|H||[G:H|=3-4=12.
AL DY i A e e AR B O 12 HL A RIAE IR AR, IR e %, P BLHE R Ay,
SOV T AR AL A R T Ay

22



B B AE, B JE RS Todd Coxeter 5k — A R H ¥

— AN IR

KA BN A AT AR 2 SO — AN 5 &
G =(z,y| 24", yeyry)

W H = (y). SWUHAAERR vyry = 1 ML, KRR yryry = 1 FERFER P58 2 1) &
&, SN BRAEEE, BTl H = G.

BT Gy AH o° =1, TR E 208 3. EIFAPEENT JURE: FAER RS
G — Cs, r—1, y—y,
Horprg /2 Oy WAERUT. FE ERRT yoyoy BE) g5 = 1. B
G = Cs.

23



B HAE, BF RS ToddCoxeter 5k N4 Todd—Coxeter fEiFA PR B~

It 2 Todd--Coxeter fig JIE WA PR ) 75

W— MR B DR AE R K. ZiEERTE, RAFIEHERERZH K| Nt
= BEMFETERE AT H 518 (G H) MEBX— 5 HE—KREHE T H
Ik,

Gl = =G - ).

ARG 5 F, H = (x) BB 3, He2dss s 4, i |G| = 12. T sebrlU ik e b
FER DY 12 H b 2 58 RN Te A 3, MR 71 AR 280 DY T AR 1) A e 9 R

& 3 &b

Todd-Coxeter 5 K(EFHIETTRE. X HELL Rl FHEER:, FEMZETREAER K, Xt
TIRFEE T/, M A SUAREBELXIL. E&PAREZIET.

24



B AF, B RS Todd-Coxeter H1J; S ] B

DR

L EBENAE S EEIN TR H, 8% H— A4 Bon K.

2. % VATV TRA G Z B 5 1 AT,

3. CHAE S ITHE C AT IR B AR AR, A AT RS &4 .
4. NFE—ATIERPIA T AR R R T

5. B IR S HORGIESE, S IFEAT.

6. RKIe&n, {CAERTTHIBE N E .

7. %4 H Ko snt, B |G| = |H|[G : H].



Part IV

ISEARSE

Summary and Practice

REHE

o =AEENI NG

o TR KSEE.




F lAE, #E7r 5 Todd-Coxeter 51k RESISES

=
o
é4
ok

Table 3: =4~ F B M2

B TEEE

EfEERi TCEGE LI T ME— I AR AT QRTINS IR J5 i A2 s 2]
A AR AT T EL O — M S O [R5

KA JErs o2 H R R R T IEM M BRI RS, ol R 72N H, H
HAFIH A s N A

ek JETR AR BUAE AT AR BT A R AR T IO BAREE, RAREH
SN EIATS L)

Todd-Coxeter KRR THM2E THEAIFE SR, Se s BGERR S N AEUT E %, IF
HH SR

27



B H A, AR JE R 5 Todd-Coxeter 514 A5 8

A e p

JE&om & — AP BUW B

RS — HHH#E — $OR R
Z

1ol BB B 0 B 5 2 R 7 R B A B9 1 0K 5 SO IE
HLAEE: Todd-Coxoter NPEAENS 5/ AT LIRS FRS, H02 40 S (L A LA LG
i

B F(S) [Péﬁﬁ%‘? F(S)/((R))]

lhe ShiRe) TEZK JifnR %

K 2: SRR BUIG: AT 21 H H 2 .

28



B AF, #F19 )5 Todd-Coxeter 51 %]

2

L. UEW] (a,b ] a? 0% abab) = Cy x Co. $27R: KFR abab = 1 WW], 7£ o® = V* = 1 I
ab = (ab)™! = ba.

2. UEHT (r, s | 4, $%, srsr) IBIFAH )\ TR, HHEEEER T IEJT TR FREE.

3. fE F(a,b) F4L7

aba " tab™!, ab tba™1, aba" b7t

Forbmp e 254k, 9 7S 0

4. W G = (z,y | 2%y (vy)?). TG s = o, r = oy B Sy BUIEF 7R R

5. 4 G = (z,y | 2%, y°, zyzy), BEMNBHRE v = (234), y = (123) BIEFADN KR TFIL
TEH.

29



B B AE, B JE RS Todd Coxeter 5k o SRR

Z ey

%3 1. WG ={a,b|a*b*abab). Ha> =0V =11 a=a, b~ =0, 1l abab =1 27
ab= (ab)™t =b"ta"! = ba, W G & Abel ¥, HANITCEIEW o', 4,5 € {0,1}, ZZUIATT
E )

o (a,b|a® b? abab) — Cy x Ca,  ars (@,1), b (1,0)
RE X HH, R R Z U TR, MO R O

23 2. KRR srsr = 1 HMT sr = rls, MBENFAN risd A, 0 < i < 4,
je{0,1}, BZ)AILE. EHERIXFAEE Dy (B D, 1 n =4 B15K) B 4 KRS
B 8, MO IR G I E SO\ TR ER, RIIE 7 T I R O

23] 3. BT
aba"tab™' — ab(ata)b™! — abb”t — a,
ANTF B AT
ab~tba™t — a(b~'b)at — aat — 1,

2N BT aba 7 B4k, AT O
HI 4. B s=x,r=ay. WMao=sy=s"1r=sr ( s2=1). KERELHN

s? =1, (sr)3 =3 =1, r? = (ycy)2 =1.

WG = (s,r | 2,02, (sr)?). XAE Sy MR (BRI AR, HaRR Dy =40 H#): Bt
s=(12), r = (23) B sr = (123). Kt G = S;. O

23 5. 18 {1,2,3,4} Bib8: 23 = (234)° =1, 93 = (123)> = 1; 1
ry = (234)(123) = (13)(24),

W (zy)? = 1. = DRETHECF AEH. O
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WAL SOR S

A FIB TR IRE (Free Groups, Presentations, and the Todd-Coxeter Algorithm) ({E
#H Jiarui Fei) HZESCJEIC, HEX IR 3E.

Roadmap and guiding problem

Purpose. These notes explain how to build groups from symbols. Section 7.9 constructs
the free group: the group whose elements are reduced words in an alphabet and its formal
inverses. Section 7.10 adds relations by quotienting the free group by a normal subgroup.
Section 7.11 gives a practical finite-group test: enumerate cosets using the Todd-Coxeter
method.

The guiding problem. Suppose a group is described by
G=(x1,...,0p |1 =1,...,mp=1).

What are its elements? Is it finite? Is it a familiar group? Can we decide whether two words
in the generators represent the same element? The free group answers the first question
before relations are imposed; quotient groups encode the relations; coset enumeration often
answers the finite case.

Outline.

1. Free groups
2. Presentations
3. Todd-Coxeter enumeration

4. Summary and practice

1. Words and reduction

Let S be a set of symbols. For each s € S, introduce a formal inverse symbol s~!. Let
St=5uUSL

A word is a finite string w = @125 - - - x,,, with each z; € S*. The empty word is denoted
by 1. The length of w is m.

1

A cancellation is the deletion of adjacent symbols ss~! or s7's. A word is reduced if no

cancellation is possible. For example, with S = {a, b, ¢},
w=abb 'cleca™'d ~ aa”'b ~ b

The reduced word is b. In contrast, aba='b~" is already reduced. It is not the identity in
the free group, though it becomes the identity after imposing the commutativity relation

aba bt =1.
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Warning 1. A word such as aba='b~! looks algebraically familiar, but at this stage the
symbols do not commute. In a free group, the only cancellations are adjacent inverse
cancellations.

1. Words and reduction continued

Example 1 (Two different-looking reductions). The word
w = abb ¢ ch

can first cancel bb~! or first cancel ¢ 'c. Either way, after all possible cancellations, the
result is ab. This illustrates the key theorem: the final reduced word is independent of the
choices made during cancellation.

2. Uniqueness of reduced form

Theorem 2 (Uniqueness of reduced form). Every word has a unique reduced form.

Proof. Existence is immediate because every cancellation shortens the word by two letters,
so a sequence of cancellations must terminate. Termination gives at least one reduced word.

For uniqueness, use induction on the length m of the original word. If w is already reduced,
there is nothing to prove. Otherwise choose an adjacent cancellable pair in w, say

w:...xl‘_l...'

Let wg be any reduced word obtained from w by some sequence of cancellations. We show

that this same wy can be obtained by first cancelling the displayed pair zz~*.

If the displayed pair is eventually cancelled as a pair in the given reduction sequence, then
we may commute that cancellation to the front of the sequence: cancellations before it
occur away from the two letters or shorten unrelated parts of the word, and the same final
result is obtained after cancelling zx~! first.

If the two letters are not cancelled as a pair, then since wy is reduced, at least one of them
must eventually cancel with a neighboring inverse. The first cancellation involving either
of these two letters must occur inside a three-letter block of one of the forms

ez or xala

In either case, cancelling the neighboring pair gives exactly the same intermediate word as
cancelling the original middle pair. For example,

1

x et — 27t

whether one cancels the first two letters or the last two letters. Thus the reduction sequence
can again be modified so that the chosen pair zz~! is cancelled first.

After this first cancellation, the word has length m — 2. By the induction hypothesis, the
shorter word has a unique reduced form. Hence all reduced forms of w agree. [
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3. Equivalence of words

Define two words u and v to be equivalent, written v ~ v, if they have the same reduced
form. This is an equivalence relation. The equivalence class of a word w will be denoted
[w].

Proposition 1 (Compatibility with multiplication). If u ~ ' and v ~ v/, then
uv ~ u'v'.

Proof. Reduce u and v separately to reduced words uy and vg. Then the product uv
reduces first to ugvg, and after that only cancellations crossing the boundary between wuy
and vg remain. The same process applied to u'v’ reaches the same intermediate word wugvy,

because v’ and v have the same reduced forms as uv and v. Hence uv and «'v' have the
same reduced form. [

4. The free group

Definition 3. The free group on S, denoted F(S), is the set of equivalence classes of
words in S*, with multiplication
[u][v] = [wo].

The previous proposition says that this operation is well defined.

Theorem 4. F(S) is a group. Its identity is the class of the empty word, and

1

(129 2]t = [2))]

gty

Proof. Associativity follows from associativity of concatenation of words:

([u][v])]w] = fwv]fw] = [(w)w] = [u(vw)] = [u][vw] = [u]([v][w]).

The empty word acts as an identity because concatenating it changes nothing. Finally,

(21 xm)(lf;ll .. xl—l)

reduces completely to the empty word by cancelling from the middle outward; the reverse
product reduces similarly. Thus the displayed reverse word represents the inverse. []

Example 5 (Free group on one generator). Let S = {a}. Every reduced word is a"
for a unique integer n. Therefore

F(a) = (Z,+), a" < n.

This is the only free group that is abelian, apart from the trivial free group.

4. The free group continued

Example 6 (Free group on two generators). In F(a,b), the words ab and ba are
distinct because both are reduced and unequal as strings. Thus F'(a, b) is nonabelian. The

words
aba™!, b~ 'a?b, [a,b] = aba™'b"

are all reduced. No one of these is automatically equal to 1.
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5. Why the word “free'?

The free group has no relations except those forced by the group axioms. The precise
statement is a universal property.

Theorem 7 (Mapping property of free groups). Let F(S) be the free group on S.
For every group G and every function f : S — G, there is a unique group homomorphism

p:F(S)—d
such that ¢(s) = f(s) for all s € S.

6. Proof of the mapping property

Proof. Extend f to formal inverse letters by setting

fsT) = f(s)7"

For a word w = x; - - - x,,, define

O(w) = f(21)[f () -~ [(wm) € G.

1

If a word is changed by one cancellation, say ss™" is deleted, then ® does not change

because

f(s)f(s)™ = 1.
Similarly s™'s maps to 1. Therefore equivalent words have the same image under ®, so ¢
descends to a well-defined map on equivalence classes:

1

It is a homomorphism because

p([ullv]) = p(fuv]) = B(uv) = S(u)®(v) = @([u])@([v]).

It sends each generator s to f(s) by construction. For uniqueness, every element of F'(S)
is represented by a word in elements of S and their inverses. A homomorphism is forced
to send

SRR (CORRI OO

where ¢; = £1. Hence no other homomorphism can have the same values on S. [

6. Proof of the mapping property continued

Example 8 (Evaluation into a concrete group). Let F'(a,b) be free on a,b, and let
G = S5. Choose

fla) =(123),  f(b) = (12).

Then the universal property gives a homomorphism ¢ : F'(a,b) — S3. For instance,
wlaba b)) = (123)(12)(132)(12).

This is the commutator of (123) and (12) in S3. Thus free groups allow us to evaluate
formal words in any group once we assign values to the generators.
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7. Relations as a normal subgroup

A relation is a word that we want to become the identity. If R C F(S) is a set of words,
define its normal closure

((R)) ={N < F(S): RC N},

It is the smallest normal subgroup of F'(S) containing R. Equivalently, it is generated by
all conjugates
grg”t, g€ F(S), reR

Normality is essential: if 7 = 1 in a quotient group, then every conjugate grg~! must also
be 1.

8. Presentations

Definition 9. Let S = {z1,...,z,} andlet R = {ry,...,r } C F(S). The group generated
by S with relations ry =1,...,r, = 11is

(X1, ooy |11y mi) = F(S)/{((r1, .., Tk)).

A word represents the identity in this presented group exactly when it lies in the normal
closure of the relators.

Example 10 (Cyclic groups).
Cn = {(ala").

Indeed, F(a) = Z, and quotienting by the normal subgroup generated by a" identifies
exponents modulo n. Every element has the form o' with 0 <i < n.

8. Presentations continued

Example 11 (The infinite cyclic group).

There are no relators, so the normal closure is trivial and the group is just F'(a).

Example 12 (The free abelian group of rank two).
{a,b|aba™ bty = 72,

The relation aba='b~! = 1 is equivalent to ab = ba. Once a and b commute, every word
can be rearranged to a™b". Define

0:(a,b]a.b]) = 2%  6(a)=(1,0), 6(b)=(0,1).

The map is surjective. The inverse sends (m,n) to a™b", and this is well defined because
the group is abelian after imposing the relation. Hence the two groups are isomorphic.

35



B A, BE RS Todd-Coxeter 51k PR S

8. Presentations continued
Example 13 (Dihedral group). The symmetry group of a regular n-gon has presentation

D, = (r,s|r", s* srsr).

1

The relation srsr = 1 is equivalent to srs = r=!, or sr = r~ts. Therefore every word can

be rewritten with all s’s on the right:

rt or r's, 0<i<n.

So the presented group has at most 2n elements. The actual rotations and reflections of a
regular n-gon satisfy the three relations and form a group of order 2n, so the presentation
is complete.

9. Mapping property of quotient groups

Theorem 14 (Quotient mapping property). Let 7 : G’ — G’/N be the quotient map,
where N < G'. If ¢ : G' — G is a homomorphism and N C ker ¢, then there is a unique
homomorphism

¢:G /N =G
such that pom = .

Proof. Define

P(gN) = ¢(9)-
This is well defined: if gN = hN, then h™'g € N C keryp, hence p(h™'g) = 1, so
©(g) = p(h). It is a homomorphism because

o(gN - hN) = ¢(ghN) = p(gh) = ¢(g)p(h) = p(gN)p(hN).

Uniqueness follows because every coset has the form m(g) = g/N, and the condition por = ¢
forces p(gN) = ¢(g). O

10. Presentations map to groups

Proposition 2 (Canonical map from a presentation). Let G be a group containing
elements x4, ..., x,, and suppose the words ry, ..., r, become the identity when evaluated
at these elements. Then there is a canonical homomorphism

Ty, .y [T, T — G

sending the abstract generator x; to the concrete element x; € G. It is surjective exactly
when the concrete elements generate G.

Proof. By the mapping property of the free group, the assignment of the abstract gen-
erators to the concrete elements extends to a homomorphism F(zy,...,z,) — G. Each
relator maps to 1, so the normal closure of the relators lies in the kernel. The quotient
mapping property gives the desired map from the presented group. Its image is precisely
the subgroup of GG generated by the concrete elements. [
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10. Presentations map to groups continued
If 4 is also injective, the displayed relations are called a complete set of relations. Equiv-
alently, every relation among the chosen elements of GG follows from the listed relators.

Example 15 (Tetrahedral setup). The rotational symmetry group 7' of a regular
tetrahedron is generated by rotations z,y, z satisfying

=1 y =1 =2z2=1, ayz=1

The presentation

(z,y, 2| 2°,y°, 2%, wyz)
therefore maps onto T'. To prove that it is exactly T, one must prove no additional hidden
relations are present. Todd—Coxeter enumeration supplies this proof.

11. Changing presentations without changing the group

Some transformations of presentations are safe. The most useful for computations is elim-
inating a generator that is explicitly determined by the others.

Example 16 (Eliminating z in the tetrahedral presentation). Start with
<','C? y? z ’ x?’? y37 227 xy'z)'

=y 'l Since 22 = 1, it is also common in this
= z and xyz = 1. Substituting z = 2y into 2% = 1

The relation zyz = 1 implies 2z = (zy) !
example to write z = zy after using z~*
gives

(zy)? = zyry = 1.

Thus the tetrahedral presentation is equivalent to

(z,y | 2°,y°, zyzy).

This two-generator presentation is much easier to use in coset enumeration.

11. Changing presentations without changing the group contin-
ued

Example 17 (A presentation for S3). Let x = (123) and y = (12) in S5. Then
2=1, y*=1, yry=a"
The third relation is equivalent to yryx = 1. Hence
S = (,y | 2%, y*, yayr).
To see this, the relations imply yx = =1y = 2%y, so every word reduces to one of

1, z, 2%, y, zy, 2%y.

Thus the presented group has at most six elements. Since the concrete permutations above
satisfy the relations and generate a six-element group, the presentation is complete.
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12. The word problem

For a presentation G = (S | R), the word problem asks whether a given word w € F(S)
represents the identity in G, i.e. whether

w € ((R)).
If we can solve the word problem, then we can decide equality of arbitrary words because
wy = Wy in G < wlwglzlinG.

For small finite presentations, Todd—Coxeter enumeration is one of the most useful practical
tools.

13. Coset tables and the Todd--Coxeter idea

Let
G=(x1,....,¢n | T1,...,Tk)

and let H < G be generated by some words. The Todd-Coxeter algorithm tries to enu-

merate the right cosets
H, Hgg, Hgg,...

by assigning them labels 1,2,3,.... A table records right multiplication by generators:
entry (i,z) = j <= (Hg;)x = Hyg,.
When inverse columns are included, the table must satisfy inverse consistency:
= = =
Each relator must trace a closed path from every row. If r = z;, --- x;,, then

1" =1 for every row i.

13. Coset tables and the Todd--Coxeter idea continued
If h is a subgroup generator for H, then row 1 must satisfy
1 =1,

because Hh = H.

14. How entries are forced

Suppose the relation r = zyzy = 1 is being read from row 7. If the table already tells us
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then the remaining letters force b* and (b)Y in a way compatible with returning to 7. In
practice one works from both ends of a relation. For instance, if

then the partial path may force an unknown middle entry to be j. If two different deduc-
tions force the same coset label to equal two labels, one merges the labels. Such a merge
is called a coincidence.

Warning 2 (The main computational danger). A single wrong entry can make the
table collapse incorrectly. In hand computations, every forced entry should be checked
against inverse columns and every relator should be read from every row.

14. How entries are forced continued

Proposition 3 (What a completed table gives). A completed coset table gives per-
mutations of the set of coset labels, one permutation for each generator. If every relator
acts as the identity permutation and every subgroup generator fixes row 1, then the table
defines a permutation representation of the presented group.

15. Worked example: the S3 presentation

Consider
G = (w,y | 2%y yryz)
and let H = (y). Since y? = 1, the subgroup H has order at most 2. We enumerate right

cosets of H. Row 1 represents H itself, so 1¥ = 1. The relation 2® = 1 suggests a cycle
under x. The completed table is

coset | x vy

The corresponding permutations on {1,2,3} are
x = (123), y = (23).
Check the relations:
2t =1, y? =1, yryr = (23)(123)(23)(123) = 1.
Thus the table is compatible with the presentation.

Because y acts nontrivially on the cosets, ¥y # 1 in G, so H has order 2. The table has
three cosets, so

|G| = |HI||G: H =2-3=6.
The concrete permutations x = (123) and y = (23) generate Ss, so

G = Ss.
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16. Worked example: tetrahedral group
Use the two-generator tetrahedral presentation
G = (z,y|2°,y°, xyxy).

Let H = (x). A Todd-Coxeter enumeration gives four cosets with generator action

coset | x vy
1 1 2
2 3 3
3 4 1
4 2 4

Thus
xr = (234), y = (123).

These permutations satisfy
3 =1, P =1, (zy)? = 1.

Since x acts as a 3-cycle on the labels 2, 3,4, x has order 3 in the presented group. Hence
|H| = 3. The table has four cosets, so

G| = |H|[G: H =3-4=12,

The rotational symmetry group of a tetrahedron also has order 12 and satisfies the same
relations, so this proves that the presentation is complete. The displayed permutations
generate Ay, so this also identifies the tetrahedral rotation group with Ay.

17. A collapse example
Small changes in relations can change a group dramatically. Consider

G = (z,y | 2°, v, yzyzy)

and let H = (y). Compare this with the tetrahedral relation zyxy = 1. The relation
yxyxy = 1 forces strong coincidences in the coset table. The enumeration collapses to a
single coset, so H = G.

Since G is generated by y and y* = 1, the group has order at most 3. It is not forced to
be trivial: there is a surjective homomorphism

G — Cs, =1, y—17,
where 7 is a generator of (3. Indeed, the relator yzyxry maps to > = 1. Therefore
G = (.
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18. Why Todd--Coxeter proves finite presentations

Suppose a presentation maps onto a known finite group K. To prove the presentation
is complete, it is enough to prove the presented group has at most |K| elements. Coset
enumeration does this by finding a subgroup H and an index [G : H|. If the same table
also proves the order of H, then

G| = |H|[G : H].

In the tetrahedral example, H = (x) has order 3 and the enumeration gives index 4, hence
|G| = 12. Since the actual tetrahedral rotation group has order 12 and is generated by
elements satisfying the relations, the surjection from the presented group to the tetrahedral
group must be an isomorphism.

Warning 3 (Termination). Todd-Coxeter is powerful but not magic. For some presen-
tations or subgroup choices, a hand enumeration may be very long, and for infinite-index
subgroups it will not terminate with a finite table. The completed finite table is the
certificate.

19. Practical checklist

When doing a Todd-Coxeter computation by hand:

Choose a subgroup H whose order is easy to control, often generated by one generator.
Start row 1 with all subgroup-generator words fixing row 1.

Add new coset names only when a generator sends a known row somewhere unknown.
Read every relator from every row, both forwards and backwards.

Whenever two labels are forced equal, merge them everywhere.

When the table is complete, translate generator columns into permutations.

Use |G| = |H||G : H] when H has known order.

Nt =
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20. Summary of the three sections

Topic Main idea

Free group Elements are reduced words. The only cancellations are ad-
jacent inverse pairs. The mapping property says that any as-
signment of generators to a group extends uniquely to a homo-
morphism.

Relations A presentation is a quotient of a free group by the normal
closure of the relators. Listed relators become true, and all
their conjugates become true automatically.

Completeness A presented group maps onto any concrete group whose gen-
erators satisfy the relators. The relations are complete exactly
when this map is injective.

Todd—Coxeter Enumerate cosets of a subgroup using the relators. A com-
pleted coset table gives generator permutations and often com-
putes the order of the group.

21. Further examples for practice

1. Prove that
{a,b| a* b*, abab) = Cy x Cy.
Hint: The relation abab = 1 says ab = (ab)™! = ba once a* = b* = 1.

2. Show that

2

(r,s | rt, s , STST)

has exactly eight elements and identify it with the symmetry group of a square.
3. In F(a,b), reduce the words

abatab™1, ab a1, aba"tb7t.

Which of these reduce to the empty word?
4. Let
G=(z,y|2* 9 (zy)*).

Use the substitution s = x, r = xy to compare this with the usual presentation of Ss.

21. Further examples for practice continued

5. For
G = (z,y|2°,y°, zyxy),

verify directly from the permutation table x = (234), y = (123) that each relator acts
trivially.
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22. Conceptual takeaway
A presentation is a two-stage object:
symbols — free group — quotient by relations.

The free group stage remembers every word distinctly unless cancellation forces equality.
The quotient stage imposes exactly the listed relations and their normal consequences.
Todd—Coxeter then turns the abstract quotient into a finite permutation calculation when-
ever a manageable coset table can be completed.
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WP S

AT S5t _F R VR 1 4 SO SCRH PR B D SR T SRR, B A A TS Y
PR, H IR IR & DU S ARy E T R A4 (W1 Jiarui Fei, Todd—Coxeter) —f R
HE S

B2 5 5] 5 v

BH. XLE LR W TSGR, 28 7.9 TG E A (free group): Hot 2B
TR E 21167 (reduced word). 2 7.10 5ilit FHIEM F# (normal subgroup)
X E BRI I OE R (relation). 28 7.11 WA H —MSEH AR H Todd-
Coxeter JTVEMZEREEE (coset).

SISElRE. w— M
G={(r1,...,ep |1 =1,....rp,=1)
R, BRI ER R AT EERE? TR A RGERIEEG? JATRE G A E A T A
FREZRFA—NITR? HERAERINC R Z AT % 78— AR B 1 X5
2 BEEMCA R BE R H IR 52
AN.
. HHEE
. RN (presentation)
. Todd-Coxeter #z&
ISR |

ELEN

S =M TES. WNED s e S, IIN—DMERWFFS (formal inverse symbol) s~

= W N

e

o 5

SF=5uUS
— A7 (word) REMRS w = z125 - - - T, FeHEA 2, € ST FF (empty word) i A 1.
w MK (length) A m.

234k (cancellation) ZMIBRAHLFT S ss™ 8L s7ls. H—DNFAFREF LM, WFRH LML
F (reduced word). 40, B S = {a,b, c},

w=abb'clca’d ~ aa'b ~ b
26T b MR, abatbTt BE LM T. EAEH HBEET A RAIIT (identity), RETE
JEINAZ 5 & (commutativity relation) aba=1b~! = 1 Z J5 & N AL IT.

EEH 1. 1% aba bt R TFE RS FIRAZE, EIH B 5 IS, /£ 8
A Z0 A A SRS AL
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1. FHEL (87)
il 1 (FFENRRMLW). T
w = abb e teh

AR oot WA LAl e, TRMRR T3, R I REMZILZ A, 4R A2
ab. XU T RBEEH: HANLMLT HANERE P EETe k.

2. EMLI S HE—

I 2 (HUFRMME—TE). TG ZTER,

SERR. fAAERE R BLARRY, TR A A TR BT B, BT IR S R I,
h B ST

P RPRFHARE m S, % w S2M, WTEIATE. FE w dki—A AT
YRt

w:...ml-*l...

W wo e w B@FEANZMCTFINE BT 2T. RATUESH, XA we AT LS L40 BT o
1wt XS 2.
A1 FIT 7R [ 3R — X A 25 58 LI T F1) B 2 2R 9 — R e 246 1, WU AT DA IR 20 4k 52 H
B H AT B AT AR AR IR AT BEZ A, 8GR G R R4y, a2l vt
ZJEAAR EIAR R ) e 4 45 R
FOIX AN FREA RN — X8 294k, W T we 22T, ENHEDE —NRENIY
AR T 24k, W R IX A FRE R R — DN — IR, IR R AAE T FI I Fh =7 B
oz —r:

et ay, xr e

TR, LIRS 204 B R A TaD X 25 Y 58 4 AR R 0 e el . 4,

R x_l,

TRSRLMTT A T BHE R ]G A7 B TR A5 A A RAE 2, (T IE X ca!
T2tk

FERIRERANZ 5, TR m — 2. AR, BIE A 2E0 Dt
w FFTE 24— O

=
3. FHF
E XN FE u 5 v A (equivalent), 18E u ~ v, HENTEMHEIMNLMLER. XE—5%
MR (equivalence relation). F w I (equivalence class) 164 [w].
il 1 (5FENEEM). Hu~u Ho~o, W u ~dv.

JERR. 8 u 5 v LM ARZINT: ug 5 vy. TR wo SLZMN ugvy, 25 R FITEE
B ug 5 vy WHRMZI4E. X 0 FEIFEFERERE, 2 2EAE R R T ugvy, BN o 5
Vw5 v BHEIRZMER. B w 5 W BHEEIRZ40ER. O
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4. B A
BN 3. S EMIEMEE T F(S), B St R MA R, TR
][v] = [uo].

— R XA IE B R E Y (well defined).
I 4. F(S) 22— M. HBATREFENSE, H

At Ek

1

(129 1) = [

oy )
TERR. 45 Ak E T PHEIS

(ul[w])[w] = [wv]w] = [(wo)w] = [u(vw)] = [ulfvw] = [u]([v][w]).
BEFY AT, B PHET AR R, 8BS,

\

(21 J;m)(x:nl .. 331_1)

N R N C P A et ot S ot S LA 2 AE N (V6L e A PR N o R TN U BULN A B S AW Ui o
U

5 5 (BERKT ERBREE). X S = {a}. BPMANFHRE o, Hd n ZE—1REL
It
F(a) = (Z,+), a" < n.

KRR L E HRE A — m] S e ) R

4. B HAF (5E)

5l 6 (WERTLWBERE). /£ Fla,b) 1, F ab 5§ ba AR, BN ZFHH LW HEEN
FREAME. HE F(a,b) &3E Abel # (nonabelian). ¥

aba™!, b~1a?D, [a,b] = aba™ b

#wWo. efhEa A EZET L

5. I amh B

H EH R 1A BT am ] A AR L 0% R 2 AN HoAth o) & SRR IR R — M2 R (uni-

versal property).

EIR 7 (BHBARRETMER). W F(S) 22 S B E bR XM G 58 R f S —
G, FAAEME—EERIA (homomorphism)

p: F(S) =G

XA s e S #HAH o(s) = f(s).
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6. WL R Y E
IERR. {8 f IR BE AR, 4

fs™h) = f(s)7h
WFw=x1 T, EX

O(w) = f(z1) f(22) - flam) € G.

A DT IR AT, B2 ss—t, W & AR, By

fl)f(s)™ =1.
z’?uﬂﬁ, s7hs B 1. AN © NAMERIME, T2 ¢ FERISEMNE LR e Lt

ERFL, BN
p([ullv]) = @([uv]) = E(uv) = S(u)@(v) = @([ul)p([v])-

iyt e ERUC s BE f(s). ME—1E: F(S) MR ICERAH S HycR AILUA
B PR, — N RS HEA T

siheeessm IRE] f(s) e fsm)Tm,
Hr e, = £1. AW gEA HALRZSAE S EBUHFEKE. O

6. WA PR R FIIED] (58)
il 8 (TEEIABEPKIE). & F(a,b) 1 a,b FHH, & G =S5 B
fla)=(123),  f(b) = (12).
THRZEFRA AL ¢ Fla,b) — Ss. filln,
w(aba b)) = (123)(12)(132)(12).

XA (123) 5 (12) 78 Sy AL T (commutator). Kk, — HenAEplonitfE, B st
FRVFRATEAE SR R A

7. RBRAF N IERT7

KA (relation) FANAEILBNANITTHIT. & R C F(S) 2T MES, & L IEMH

£l (normal closure)

Il
&

Y

(R)) = (YN < F(S): RC N},
B F(S) PSR Bs/MIIERTRE. SE4rih, & BT A LT (conjugate)
grg~', geF(S), reR

AR IERUE AT A AERHEE (quotient group) H r = 1, WIEEANSLYE grg—! L2
1.
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8. B )RR

EX 9. WS = {r,...,2,}, R = {r1,....,m} C F(S). HERMIIT S 5XKA r =
L., =1 AWK
(X1, xp |11,y = F(S)/{({r1, ..., k).

—MNFERXANJEIREE (presented group) HEERIREALIT, HHAHEA TR R T (relator)
FR IERR A

5 10 (TBINE%).
C, = (a]a™).

HE b Fla) @ Z, Sl o™ AR IEN TG, 88085 n %, BN IORBEA o 1
e, H 0 <i <n.

8. BFR R (8E)

] 11 (FPRIGERES).

112

(a|) = Z.
BARERT, PrELER AT ML, B2 F(a).

il 12 (Fk—BH Abel #).
{a,b|aba b)) = 72

KR aba b ' =1F M T ab=ba. —H a 5 b 4, HANFEOTLLEHA a™b". E X
0: {a,b|[a,b]) — Z°, 0(a) = (1,0), 6(b) = (0,1).

W AT, W (m,n) IEF] a™b", BT NS ARG RS Abel B, 1X 72 R 2 LY.
PRI L Al A )

8. REHI R (28)
f5 13 (ZmEAEf). IE n WEHNFREEG BN
D, = (r,s | r", s* srsr).
RER srsr =1 BMT srs =", Ror =r's. WD FHAUES, EHH s MEH
. rtoOEC s, 0<i<n.

FRULERERZ A 20 IR, 1L n IERISERReds 5 B X =R &, R
2n BT, DRI FE R 2 SE 45 1.

9. VAT HE

EIE 14 (FEREIMR). % 7n: G — G'/N RS, b NaG. & o G — G 2RSS
H N C ker o, WAFAEME— KA

¢:G /N =G
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73 gor = .
JERR. & X
P(gN) = »(g).
XA RENW: & gN =hN, W h=lg € N C kerp, Bt o(h™g) =1, # ¢(g) = o(h).
BRE, BN
(9N - hN) = ¢(ghN) = p(gh) = v(g)p(h) = ¢(gN)@(hN).
ME—PE: BB (coset) FRAALK n(g) = gN, %M oom = ¢ B ¢(gN) = ¢(g). O

10. Ji&7r WA 21 5F
Rl 2 (R/RHVELSEARET). B G & EICK 1, ..., x, WIFE, JFIORT 7, ..o 1 FERXEETT
FALSRABI BN AL TC. WAFAE BLYETRIZS (canonical homomorphism)
VT, .y | T, — G
I RAERTT v BB RAETTER v, € G B HACHIREBATTRER G I E RN

WERR. B R BRI R, SEHh R SO g R TT R MIRIRE N F (2, ..., 2)
B G MRS, BNRATHRE L, JrelR R TN T (kernel) 1. RSV J5
20t A JEE AR H R iR LS. B 8 BARST R A G TR O

10. JE&/~ WG BIRE (5)
o AR, W H O RFRNTE AR R (complete set of relations). &4 HL, G BIAF
1% 76 3% Z (B AL RS 8 R AR AT LT 51 5¢ R FHE .
Bl 15 (HEAANZE). EVUHEAR LN HREE T B o, y, 2 AR, W2
3 =1, y3:1, 22 =1, ryz = 1.

K] fE s
(z,y,2 | 2°,y°, 2%, zyz)

TR T, BAEH BRI T, YINIEHALFERIMA R E R . Todd-Coxeter FASHEAIE
TIXAMIERA.

11 AR R

J TR B LA it 22 A (1), SR oA F R ¥ 25— A el H A AR e BRI o 1 AR T,
Bl 16 (EUEAERRPIHEE 2). M
(x,y,2 | 2% 9%, 2%, wy2)
AR RRoyz =148 2= (oy) L=y to7l. BT 22 =1, APHIHFWERH 1 =2 5
ryz=1%5 z=ay. & 2 =2y RN 22 =1, 153
(ry)? = xyay = 1.

[A]H DY i A R o AN T
(z,y | 2%, 9%, zyxy).
TXAN KA S TC e /R TE R SR M s B 25 G Al
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11 ARZARZ R (88)

5 17 (S5 BI—1BR). ¥ 2 = (123), y = (12) € S3. NI

333:

BEARRENT yoyr = 1. B

;v =1 yay=al,

—_

Sy = (x,y | 2°, v, yayz).
BEHIX— A, RRES yr = a2y = 2%y, FTIENTZH L1 N
1, z, 2°, vy, vy, 2’y

Rt R ELZE NN ICER. BT LR R B i 2 X ek R — 7S
ﬁ, @/TXEJD%E’J.

2. F I
MR G = (S| R), FI@ (word problem) #iH]: £EMT w e F(S) BHFXR G FIH
AT, A2
w € ((R)).
AR AR I R, W REHE AT B HIARSEE, BN

w; = Wy in G < wlwglzlinG.

XN R 7R, Todd-Coxeter #4s 2 A HMSEH THZ —.

13. fEEFRE Todd--Coxeter B4R

-‘l/}i
G=(x1,...;¢n | T1,...,7%)

Ft H < G T4 R, Todd-Coxeter HIEAKIEL A ENIgwS 1,2,3,... KNEL
(RS
H, ng, Hgg,...
— 5k R F e LUAE T N A 3R
RIi(i,x) =j <= (Hg))r = Hg;.
LA E BN, R R —BE (inverse consistency):
= = 7 =i
BN RARTLIONEG—ATIEE —KHAGHE. & r=x - x,, W

i =i XR—AT.
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13. F58EFRE Todd--Coxeter B AH (@2’)
i h & H WFRARTT, WEE 147 D200 2

1" =1

Y

KN Hh = H.

14. 55 E 30 9 7 1

BBIEAE NS @ TR ¢ = ayoy = 1. FROLHIFRA

) 4 B B B 0 AR5 RG] b 5 (0%)Y FME. SR S 2 K9 i R i A
flan, #

. 1 .
Zx:a7 jy =1,

YU 73 B% A% PT B sk SE A AR FN ) R IR 2% B ST 5. A PN AN [ (R 41 3 R ) 5] — AN B SR A
FETNMRS, WEFHZXWMRS. ZEREHONES (coincidence).

E5 2 (EEMITERR). BAOIRIEH ATRERERIb R, THA, AR
2k HENAS B3, RS R AR T HP R A — 4T 3L

14. 5% B gl (£%)

il 3 (EEMRGBEHMA). —KEANHERS HBER SEES LRES (permuta-
tion), BRI A BHEAD KR THAFVESE BHAT A, HAAS T4 ool bl € 2
147, WIXgkRE T R — N E#EERR (permutation representation).

15. TAEA): S3 B9 &

e

G = (z,y | 2°, v, yzyz)
Ik H = (y). BT =1, T8 HWNMEZ N 2. AIME H WAREE. 53 117868
H ARG FrLL 1V =1. RAR 22 =1 $#R87E « VA M. S8R E

BEEE | =y
1|21
2 |3
3

FH R 1 B ey
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I A
=1, y® =1, yryr = (23)(123)(23)(123) = 1.

R 1R 5 s A
BN y 7ERSE LR LHMER, G Ay # 1, BTbL H B A 2. /A =AM, Frbd
G| = |H|[G: H] =23 =6.
BB v = (123) 5 y = (23) 4/ S;, AL
G S,

16. TAFR: M m AR

it OUAE RS DY T A Jg s
G = (x,y |2’ v’ wyzy).
W H = (x). —IX Todd-Coxeter #2525 VU A M A oo/ E A

FE4E | o Y

1|1 2

2 3 3

3 141

4 2 4
T

x=(234),  y=(123).

X L B R 2

=1, Y’ =1, (zy)* = 1.

HT o fEbn's 2,3,4 EAEN 3-BAE M, o fERAREFH RPN 3. BRIk |H| = 3. #AHVIA
BEEE, FTEA
G| = |H|[G: H] =3-4=12,

AF DY AR R R AR Ry 12 I 2 FAFEOC R, DIIEIZUE I s 2 e s 1. B i
BHAR Ay, P AT DY T A e e B 5 A T A,

17. —A>H 35 A1
S Z /N B T LUBI B A — A BE.

G = (z,y | 2°, v, yzyzy)

H& H = (y). BESNUIERR cyry = 1 LR KR yoyry = 1 FEREER P 5m 2
WE . MRS, UL H = G.

MY Gl oy Bl H ¢ =1, B EZ N 3. EIAPEEI T FURE: AR RIS
G — Cs, r—1, y—uy,
Horprg 72 Oy WAERUT. FE L, RET yayoy BF] 7 = 1. Bk
G = Cs.
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18. I+ 4 Todd--Coxeter AETE A PR BT

BB — MR S BI C A IR K. B R &, ARIEMERSHEZH (K| D
ToE. BRI H 51840 (G - H] M3IX— R B —KREIEH T H 1)
Fir, )

|G| = |H[[G - H].
FEVEAS] T, H = () BIBA 3, MR RS 4, L |G) = 12, H1 3 SERr DU A e
FERFHIEN N 12 Ho b3 2 R R I e AL, MR 2 DU T AT B0 S 4 N R

ZE 3 (&1IEM). Todd-Coxeter 5 AAHIFIEBEAR. X H Ll /R Bl 7 HEF, FHAA T
e K, X EIRIBE FRE, EASIARERL L. BE&NARERZIE.

19. 5 1 5
FH Todd Coxeter 1151

1. BP0 78 H, 8% H— N A OGAE R

2. % VATV TR BT E S 1 AT TR

3. ACHAE R TTH CAMTIE BIR FAL I, A WS IR EE 44 .
4. WEE—ATIE R TT 0 SR R R T

5. BEHMAIR S HREIAE S, ALE IR EA].

6. Ry )a, LAERTTIIRIE N E .

7.4 H Ko, 58 |G = |H||G - H.

20. Z I ES

3 A
R T RLNT. W[ R ATA R WUE R U, 2R G
ST LT T Mk (20— B A 415 9 125
7 R [ BN 6 R T MU 7. B R TN, B
4 BAL 0 228 L
S T B S AT AT PR TE 26 B T LR 24 LAY
AL B 5 R
Todd Coxeter FI2: 2 THOE TREMIBEAE. 56 % MR AR T4 th A T Bk, 36
LR
21. AW E 01
1. WFHY

{a,b|a® b* abab) = Cy x Cs.
PERRAR abab =1 WM, —H &> =0? =1, i ab= (ab)™" = ba.
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2. FHH

(r,s ]r4,32,srsr)

WA\ TE R FF K 3L R T IE 7 T R R
3. 7F Fla,b) hLILF

aba™tab™?, ab tba !, aba" b7t

Hrr R 2y 4h 2= 527
4. %
G = (z,y | 2% 9" (xy)?).
R s =2, r =2y BES S; HIIES BN ILE.

21. G A E Z T ()

5. Xt
G = (z,y|2°, v, zyxy),

HENEIHE 2= (234), y = (123) BIEFAN KR TFIEH.

22, BT
RN B
B s FIEBE — e R,
BRI B 2L R S 2 R B R B KA B AT 41 4 7% 26 % TE L

. B RENE SE B KT B BT SRR I, Todd Coxeter UL R H# L AH BRI E
Bt 5
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