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FRAT R B SE AR S RE AP RYME EL K AR 5 0

LN BT R BT S5 B K2 350, FIA Cauchy-Riemann 752

ou_ov ou_ 100
oxr 0Oy dp  pOy
o _ou Yo 1o
oxr Oy dp  pOy
SR H R I B SR
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v ou .
1. E%D U = u(x,y), EE % = _@ j{'dj

c(y; C) = /0’(y) dy +C

4. HLEE v =v(z,y;C) 5 f(2) = u(x,y) +iv(z, y; C).

OISR o(x,y) = C. %5 olz,y) NHREE, WA = ¢(z,y) FIRE f(2).
V2 #£0, M u=F(¢)

oo (2) e

022 ox 012
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B = F(¢;C1,Cy) = f(2) = u(x,y; Cy, Cy) +iv(z, y; C1, Cs)




2%

2 u(z,y), K f(2) =u+iv.

1. u(z,y) = 2% — y?
f(z) = 2> +iC
_ ooy _
2. u= T (00) =0 1
fl2) =5
3. u=e"siny
f(z) =¢e*+iC
4. u=-e"(xcosy —ysiny), f(0) =0
f(z) = ze?
5. u=Inp, f(1)=0
f(z)=Inz
6. u=¢, f(1)=0
f(z) =—ilnz
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CHEEHLH 2?4+ > = C, KEH.

f(z) =2C1Inz+ Cy +1iC;
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Eg.1 Taylor FH

1. fE 2o = 0 KISFIAE f(2) = e JEIT.
oo Zk:
F=3 5 (<o
2. 1E 29 = 0 MIABIHAE f(2) = sinz Ml g(2) = cos 2z JEIT.

sinz = i (=1)" 22 cosz = i (_1)kz2k (]z] < o0)
= (2k +1)! = (2k)!

3. fE 2o = 0 WIARIAE f(2) = sin? 2 BIT.

' o) (_1)k+122k—1
Sln22: ZW’ZWC (|Z| < OO)

4. 1F 2o = 0 WIABIBAE f(2) = cos? 2 JRIT.
5. 1E 2z =1 BIARIIE f(2) = sinz JBIT.
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6. 4 7 (-~ 1) IERALTE
(quz:Hg(_lfﬁ#@—l)k (2= 11 <2)
7Moo (e - 1) ERR.
— :1_§]§(_1>’“(2_1)k (=1 <3)
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8. ¥ 2‘31 Wi (2 +1) MIERRIH.

z—1 & k> 45k +4

= —kX;; 5+ (z+1<1)
Eg.2 Laurent R
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(a) z =0 HILRIER

(b) LAz =0 A~
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) 2k -1
%W (2] > 2)
(c) 7 KIS ATS 1
(z—1)(z—2)
(d) BAFAF SRR ,
G-1(-2)
2 M g 16 2= o B,
) < > = °A s
3. ¥ CENEED)E PL 2 =0 N ORI

(k+2

> <2k+1 - 1) 2F (2] < 1)
k=0

z * k42 1

k
= 2° + 1<zl <2
(Z— 1)(Z—2)2 I;) 2k+1 Zk+1 ( | | )
© 1 _ 2k (k‘ + 1)2k+1
];) s ht2 (Iz[ > 2)
22245
1% = - £ 1< |2| <2 BIT.

(22+1)(2—2)




3 WEEM

B EIEKEER Y

BOA X3 D 15 C oy BOGT (e B b & 28, 25 BRATBRAMISLAT A by Ab, f(2) 4
D WHgEHT, 7£ D &EZE, W

&lgf(z)dz—Qnizn:resf(bk) (k=1,---,n)

k=1

He f(2) 18 by, AR ECA
res f(by) = &(_kf

res (1) = lim(z ~ D) (2

m kRSt EEE

1 dm—l

ves f(b) = (m — 1)l dzm—1

[(z =0)"f(2)].—

EFHNEHEE

i f(z) EETE C W TAERZNIGLE S by, (k= 1,--- ,n) FMEAERET, W f(2) /£ C
R IRAL AT R B EORT 0, BD

res f(o0) + zn:res f(bg) =0
k=1

dz 1
1. E— T R 2 _ 90 —2y=0.
7§(Z2+1)(z—1)2 T LAt Yyt 2w =2y

2. yg tanmz dz = —4ni.
|z|=n

dz
3. %(2_3)(25_1),1.&;:2.

dz
4. — |22 2 =921,
%gz4+1’ Y v
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lim [ f(z)dz =ik(6s — ;)

5 f(2) £ Ula,d) WiESE, HAE 6, <arg(z—a) <6, 1, %4 |z —a| = 01, (z2—a)f(2) = k,

KEIN 5|32

H

i f(z) 1E oo INABIGESE, 1E 0; < arg(z) <6 T, 3 |z| = oo B, 2f(2) = K, I

R—o00

lim / f(z)dz =iK (0 — 6,)

Jordan 5|IE

HIE 0 <argz < m iBHEW, 2 |2 = 0o, Q(2) =0, W

lim / Q(2)e?*dz=0 (p>0)
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Hrr Cp ZAVVRFONE G, B2 R H EERL

22—1 22+1

) =1
Hrr R & sin 6, cos 0 HIZ ARG B IR EL. #7 R 1E [0, 2] L RELLH, W

R(sinf,cosf) = R (

2iz

[:/wR(Sing’cosﬁ)dQ: f(z 2n2res{f )}
0

|z|=1 IZ |z|=1 <

I_Qanes{ }—i—cmres{ }

|z[=1

A RAE(0,2n] EAIRS, W f(2) 18 2] = 1 EA® R HIZETT R B, 20— Hrks, T
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1. ,0<e <.
/0 1—1—5005;5 V1—g?
g
2. / ,a> 0.
o a?+sin’zx a?+1

3 —
/0 1+00529 = V.




A / d6 n -
: = a .
o a+sin®0 22+ a’

# f(2) 16 LA IHIRR T A PR ANIRSLET A by, SMENT, 76508 L6721, HIE 0 <argz <m
TEHEN, 2 2] = oo, 2f(2) = 0,

/_00 f(z)dz = 2nizk:res f(b)

T o "N

1 /°° dx m(2n — 2)!

a > 0.

/°° dz _\/5313
0 xt

+at 43’

&= RERNTITRS

# f(z) fELFHBR T RZAIGLE 5 by, M, fESLHh EEA R, HAE 0 <argz <mn
JEEIAN, 3 |2] — oo, f(2) =0, N

/00 f(z)cosprdex = Re{ZJ‘ci zk: res {f(z)eipz}zzbk}

l/j:fxx>snlpxd$::I““{2ni§;res{f(zkﬂn}zbk}

&9

o0

cosmx JT

1'/ ——5de=-¢e""a>0,m>0.
0o T°+a 2a

* rsinmz Tm
2./ S apdr=—e""a>0,m>0.
0 (Cl +z )2 4a
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AR HIE EA AR ¢, TH XN A AR Z AN IOLE R b, T
/c: flx)dx = Qnizk:resf(bk) - ‘lsii%/cé f(z)dz — ]%1_{20 . f(z)dz
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{1 a<xzg<b

0 otherwise

=4S E) PR & R

S(r — 1) = 8(x — 20)d(y — 40)0(2 — 20)

Eg.1 mEfHEZBGIE

(70, Yo, 20) ALH FHAT ¢, HA V(x,y, 2) WA TN

14 qd(x — 0)0(y — y0)0(2 — 2)

2 - 1 -
V V($7y7z) - 80 - 80
& BRI E AR MR
1. &8(x) IR EL, & (x) AR
0 z< 0 dH(t)
2. H = .
(x {1 T > 0 ) dz

3. W T NAE (—o0, 00) HIHE (r), A

/ f(m)d(r — 7o) dr = f(70)

4. =SR]
/ Fr)S(r — ro) d*r = F(ro)

1
/ / / 5 08 x+z)6(w,y—1,z+2)dxdydz:—50082

Eg.2 EERRR

L JREEE pn = md(r — )
2. HLTHE po = Qd(r — 1)
3. BERN )1 F = I8(t — to)

4. BRI i(t) = qd(t — to)
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o ERBHIFHIERR

IHERES R f(2), A

/ " F@)8™ (@ — a)dz = (~1)" f®(a)

5 ESERHMR

6 BRELL o(x) s, WA

o om N e(x) = 0 MEM.  PE 5 — @) — — [S(w—a)+8(z+a) —
1

30| [0(x —a) + d(x + a)l.

5 ERBAAERUIE IR

8(z) BY Fourier Tt

&5

1. iFRA

2. FIH Fourier 484 B

3. H1 8(x) BRI, K
F {em} = 2nd(a — w)

F{cosax} =mn[d(a —w)+ d(a+w)]
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F {sinaxr} = ai[d(a +w) — d(a — w)]

QM FHEZEAN

/ ¢ dk = 2m6(x)

/ ek dk = (2m)°5(r)

o0

&9 :

CET Yy (r) = (25571)%

e®PT AIFAf

/ 8 (1) () d¥r = 8(p — p)

o0
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FUTTRES TR KA 0 A

5 TR, STUCGUA AN O B

FIRE N2
82 2
Ou _ L0
ot? ox?
u‘z:O = u‘z:l =0
ou
u‘t:O = ¢([L’), a, = ¢<5U)
ot -0
X// T// X// + /\X =0
wz,t) = X(@)T(t) = XT" - ’X'"T=0= "= —— =)A=
X a*T T// + /\a2T =0

A=0=X=Az+B=A=B=0

A<= X =AeV N L Be V=2 — A =B =0
nmat
I

2 t
A>0=—= X=08, smnTm )\n:<nl:rc> :>T(t):cncosm;a + d,, sin

> t t
= u(z,t) =) (C’ cos m;a + D, sin m;a > sin mlw:

ulio = Y Cpsin ”lﬂ = ¢(z) / o(x sm Y e
n=1
ou nia ni
= =22, D, = il
3|, , nz:l l sin =Y(z) = - w( ) sin l dz

Rmk 55z iR N 7> B AR R 5 77 U0R sl T RERISREL. ZEAS RO
BRI — AL A A FE ARLAE 5 AR E — B — ARG 2 PH i E & 2

WA FR AR Laplace H1z

Pu 1ou 1w
Op*  pdp  pPOp*
u(p, @) = u(p, ¢ + 2m)
P+ AP =0= P = a,,cosmp + by sinmy (A=m?* m e N)
u= R(p)P(y) = CmpP™ Fdpmp™™ mF#0

PR+ pR — m?R = 0 == R =
C(]‘i‘d(]hl[) m=20

= u=Cy+ Dolnp+ > (A cosmp + By sinmep)p™ + (Cp, cosmp + Dy, sinmep)p™™

m=1

uly—o = ABRME = u = Co+ D _ (A cosmep + By, sinmep)p™

m=1
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Eg.1 SFEH

FE2I55 FL I 3 H T I A28 o BTERRK B AR IR AT, SRAE A AL 55 A

2

u; =0 uQ:Doln/—)—Eopcosgo—l—an—cong
a P

Eg.2 HAREHE

AR T EE BT IR o FITERRACH Y RIBAE (XA BN &), RAEA
ARSI (BE ulpm0 = 0)
2Eq g —1_ a?

Er-l-lpCOS(p ugz—EOpcosgo-l—Er_l_lEo%cosgo

10 ( ,0u 1 9 (. ou 1 O

r2or (r E) + 72 sin 6 90 <s1n0@> + 2 sin? 6 D2 =0
u(rf,0)=Rm)O@O)2(p) 1 d (rQ @) 1 d (Sin 9@> 1 (12_45 _
R P sin? 0 dp?

do

F&(rE)=+y) sinfd (. dO 1 d%9 Ly
— 0—- ——+I(l+1 0=
o g \snf3p +€l'>dg02+(+ ) sin 0
1d%0 2
Taz=™" sinfd (., dO .9 9
il g 1 —
— 5 I <81n9d9>+l(l—l— )sin“ 0 =m
x=cos 2 dzy dy m?
(1 —2")— — 22—+ |[{(I+1) — =0
y(x)=6(cos 0) . )dl’2 xda: + [ ( + ) 1— a2 4
1d 2dR o r=et _ l —(I+1)
}—%5 (T 5>—l(l+1>:>R—alT +blT
1 d%¢

Ed_<p2 =-m? = & =cpcosmp+dy,sinme (m=0,1,2,--)

m = 0, HXFR:

U= lz (Alrl + Blr_(l“)) P;(cos0)
=0

m # 0, AEFIXTFR:

U= Z (A cos mp+ By™ sin mep) P (cos 0) (D) (C]" cos mp+ D" sinmep) P (cos 6)
1=0

m=0
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AEFF RO AEFRIRL

T BARR

=t

‘/_, =33 N
6 AT, ST SAM 77 B2
X MBI ARIEE S ARIER#
AT AAEAE 7[R ASAIE BR 3 n
2
u|x:0 = u|a::l =0 )\n - <nln> Xn(x) = Bn Sinnlﬂ n € N*
ou ou ni 2 nmwx
ol I = L )\n_<l> X, (2) = Ay cos T neN
U|p—p = u =0 |\, = [(n +1/2) ] Xn(z) = By sin —(n + 1/2)me neN
ox| _, l [
0
au =ulp— =0 |\, = (n+1/2) Xn(x):AncosM neN
oz|, _, l l
EFFIRFIZRIFTIR: Fourier RELE
Pu 0%
o "o =
u|$:0 = Ulat:l =0 — %ﬁ\
0 N
oo = ai; =0 = FK
t=0
= Z T,,(t) sin nlﬂ
Z fn(t)sin w

/ f(z,t)sin me dx

0%u 5, 0%u
a
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(am)ulm=0 = (ax)u|m=l =0 — FX
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AEFF RO AEFRIRL

T BARR

v 0%
2 Cop Y
- (ax)v|x:0 = (aa:)v|ac:l =0
ov
U|t:T - 07 E . - f(l’,T)
. HizJitE ) .
ou 20U
o o /@0
(ax>u|w:0 = ( )U|ac =0 — FFR
ul—g = 0 — K
v 0%
o o "
= 1 (02)v]e=0 = (02)v|s=1 = 0
U|t:’r = f(va)

EFFRBFFZERTTR: R ECE
o2 022
_ O )W p—o = p(t
(0p)t| g0 = p(t), (Op)t|s=y = v(t) u=vtw {Ea ;w: 0 M(( ))
ou )W | oy = V(T
uli—o = ¢(), En - = ()
w(x,t) = A(t)r + B(t) or w(x,t) = At)r* + B(t)r + C(t)
v L0Pv  Pw | 0w
w2 Tor T o TV o
— (am)v|z:0 = (aa:)v‘r:l =0
tlico = 6(a) — wleco, o0 =) - o

&0

AR 1, 2R, WIAGIREEDY 0°C MIBIAAINT, « = | SmfREF 0°C, 2 = 0 Smif FERE
P2t ETE, B ul,—o = cf, RAF ERSREE 73 A u(x, t).

<e—(

2cl?

o0
) b
n3m3a?

x)+z

l n=1

u(x,t) = ct (
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7 IKPAEL
/2] 21 — 2k)! >
Pilw) = ,;)(_1)k2lk!(z(— k)!(l>— 2k)!$l '
B . (2n — 1
. P2, (0) = (=1) e
Py 41(0) = 0
1 da o, !
Pu2) = g ( - 1)

T

:1/07[ (x—HVl—x%osgo)l de :>{

Pi(x)
S5

2
20+1

/_1 Pl(x)Pk(m) d[E = 6kl

I~X Fourier BFF

ro =3 et fi="50 [ @

Bkig Laplace 5123 #R 18

> 1
u(r,0) =>_ (A”«l + Bl7nl+1) P(cos )

=0

Eg.1 1354 REk

L2558 E = Ege, FRAIIZINTER, H42 ro, MRS AHEL e, SRIEERA ST LS.

v2ul =0 VQUQ =0 U1|T’:T0 - u2|7“:ro
8U1 8U2
Us|r—0 = AIRAE Us|r 00 = —Foz = —Egrcos 0 €rW = o .
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BRpR &K

e —1
Eyr cos S
€r+2 ol COS (%) €r+2

1
U = — r3Fo— cos @ — Egr cos 6
0 OTQ 0

Eg.2 $ESAEk

JEON B FRER, SRAFERA S AL 5.

V2ul =0 V2u2 =0 u1|7"=7‘0 = u2|7“:r0 =0
aul
wlrmo = AMRM | uofrsoe = —Egreosd | 57| =0
g1
u; =0 Uy = Eoro—2 cos @ — Eyr cos 6
r

Legendre %IN3\H)EHER %

. fira )
. > " r'Py(cos 6) (r<1)
=
V1 —2rcosf + r2 = 1
g mPl(cos ) (r>1)
o JEHELA7BR z
>
. g R Pi(cos@) (r < R)

T ) o) l
VR 2rRcosf +r Zipl(ms@) (r > R)

I+1
=0 "

o WIHESC AL TR R ACRI AT ¢ = 4mey PAERTHLSEON

1
‘= VR2+12—2rRcosf

Eg.3 &SRk

FE RV dmeoq PR TIRNFE SAAER, 12 o, BROS RO HIER r, SRIEHR S
fi. (V3u #£0)

Vi =0
q _ q
u= +o Vlr=a =
\/7’%+a2—2r1a6080 \/r%+a2—27"1acos¢9

Ulr—)oo =0

e 20+1 1

q a
up =0 Uy = — Z q————P(cos0)
\/7“% a2 —2racosf = it
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Eg.4 1359 Biik

NI 2190 K, SRAF B3I A

q

Uy = + v _
\/7‘% + a? — 2riacosf Vi, =0 Utr=a = Uz|r=q
q 6U1 8’&2
\/r% +a? — 2riacosf r " lr=a
q - (1 — &gl !
uyp = +> r'Pi(cos 0)
\/7"% a2 —2racosf i (&l + 1+ Dt
o0 1 — . l 2014+1 1
Ug = d (1 =ergla Pi(cos )

\/7“% +a2—2racosf i (el 14+ 1)rett

%E# Legendre R

P (z) = (1 — 2?3 P (x)

JERHXT R AR

u=> > [(Alm cos M + By, sinme) vt + (O, cos me + Dy, sinme) P (cos 6)

1+1
=0 m=0 r

Eg.5 IEMIRRGHRIEL

1. BN rg WIBRIEIX S8k N 380 FeL A7, BRTE L HL 35 wg sin? 0 sin o cos o, SRARERIE N
34
Viu=0

Uy—r, = g sin? fsin ¢ cos

u|r:0 - ﬁlﬁﬁ
U= ﬂ7"2P2(cos 6) sin 2¢
6r3 ?

2. fEFARN 7o WIERIRAMER AR

Viu =0
ou . . 1
o . = U (51n2 fsin® ¢ — §>
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1
5 uorg 1,
u= u;;‘) —13 P3(cos ) cos 2 + 9 13 P5(cosf)
r
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