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e e grie i

Def.1 X%

ETES S 1 Cartesius B S x S FI—NMEFFHE W #A8 S EFI—N 270K R (binary
relation), 1ILfE ~. X T (a,0) € Sx S, # (a,b) e W, WF a S50 H W KR, Wl a~b; &
Wy, FRREAH W REA.

Def.2 FMNXH

HEEG S ER—1MZIORR ~ e
1. &M (reflexive): a ~ a, Va € S;
2. XFRME (symmetric): a ~ b= b~ a;
3. fEiE M (transitive): a ~ b, b~ c=a ~ ¢,

MFK ~ & S EM—NENM KR (equivalence relation).

W~ RES S EH—MEMRR, WTFE—ac S, Kol ={becS|b~a} Na
FIEEM IR (equivalence class). [a] & S BI—NFE. R [ao] FHE—TTEAN [o] BFIRE

(representation).

HERE S WRNL - EWEHAALEE TR, B S =, U, UnU; = 2, U; # 2,
NFRIR L AR MRS {Ui} N S B— 7 (partition).

Def.5 FMNESXH

HH8EG S EAENRR, WG ENRMRIESE S B— M. k2, HaEsk
& S Ao, WRTBLEE S E#AN—ANEO R R, M%7 2t Fr A S SR .

Def.6 &

W~ RES S EH—NFEMKR, TAEENMEBMBNES, KN S M—A %, ik
G
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1 AFi

1.1 AF
1.1.1  HMIEARES

Def.1 B

WG RN ETES. £ G EEX N uREGsH - FROAEEIRIE, 101E o b, BUERCE
ab, 45 &

1. 4564 (associative law): (ab)c = a(be);

2. HHALIE (identity element): Je € G, s.t. eg = ge = g, Vg € G;

3. BNILRAIWIT (inverse element): Vg € G, g7t € G, s.t. g lg=gg ! =,

MFE G Z&—AH#E (group), 7TIEME (G, ).

# G HIEALTHE—, B TUER A THE—.

Prop.2 jHXE

FEafey LT RV 2218, B ab = ac BY ba = ca FIHEH b= c.

Pf AR TR BT T

Def.2 Abel &

FHE G PIBETRVEE R HE (commutative law), B Va,b € G, ab = ba, WK G 2&—1
Abel #f (abelian group).

Def.3 BB

G REARZA R, WK G 2—MEREE (finite group), #f G HIBR NN G
IFT (order), 1efE |G|. & G BB ZANIER, WFK G A—DTEREE (infinite group).

Def.4 ERITERMNH

W ge G, & Ine N st g" = e, MIHAE g = e BITR/ADNIEBEEN g BIBY, 184E |g]. &
Vn € N*, g" # e, WFK g ZTCFRHH.
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Eg.1 —MRE&MESIREIERE

I F ERTA n BYATRE R B SRS, N T RE R SRIE O — N, FRON— IREMERF (gen-
eral linear group), 1tfE GL,(F). AT det = 1 19 n A FEM RLITIEE G, X T FE 3R 25 %
HN—AHE, FRNFRR GRS (special linear group), iefE SL,, (F).

Eg.2 IEXBSHIRIEREE

Eg.3 AIEBS4FRAIEE
SHI C LA n B X IEFHREMRIES, M TREFERERCN— AN, KO8 n B L IERE,
1BME U,. BT det = 1 19 n B K IEAEFERIRRIMAE &, KT AR REIRVE SN —ANBE, BN n B
KRR L IEBE, 181E SU,.

Eg.4 =F#f

SRR A TR ATJA = J, FOh J kR A, T — (_0 ;) PR 2n W

FERER ISR 15, X T HERERIE Oy — AN, FK 2n B, 101E Spy,, (F).

Pf ATJA=J, BYJB =J, = (AB)TJ(AB) = BY(ATJA)B = J, X} Feikdt 4. f71EH
BLTE Ly, det(ATJA) = (det A)2 =det J =1, = det A = +£1 £ 0, T 40 FEH AT

— )

WAHREE G = {91, - ,9x}, G BHIRIEAT T RAX G

g1 g2 - Gn
g1 | 9191 G192 - GiGn
g2 | 9291 G292 - g20n
9n | Gnd1 Gng2 - Gndn

WA G IR

1.1.2 FBF

Def.5 HB544E

FHEE S HAE— MRS AEMNEE - MK (S, ) fEiZsHE T — 8 (semigroup).
B HALTCHIERERR Y L 2B RE (monoid).

Rmk #7e Rififd Vs € S, es=s, 1M se # s, WHK e AL TG, [FFE, 0] € LA HBALIT.
M oe AR S WA AHRALTCH, AR e A S BIRALIG, NI S BEA— L3¢
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A TR A W TCI L RO — AN
Rmk XIT seS, 47 s Rifid s's = eg, M ss’ #eg, WK s’ N s AT . FHE, 7]E
N os AW T, Y s BN s A Ao, A5 s N s Bdic.

3

(N*, +) MR — 2P (N, x) MR — > LR

3

FEEES X BT RIS, EMS IR S B KRR, RN ESEAL
#e idy.

Prop.4 Bm¥IzE

FHE G RN — G TR LRATT, BRI TR AT,
Rmk 9 ZE” éa&)ﬁn E‘n ﬂ_jtﬁij, ,fgn _E_E» Z:&E—L

Pf 9 = 9 ElﬁE

Prop.5 BHIFIZE

B GO s G A IR EL I 2.

Pf

Prop.6 WJ#TE

LR S PR T IR S U(S) &M, B8 U(S) AR TTHE (group of units).
Rmk eg € U(S), #h U(S) —wIEL.

1.1.3 Mi3AE

Def.6 1B Ef

G PN IuREEEERN g € G MEEUREREA, /)
G={¢"|keZ}

MFR G J3—AMEHEE (cyclic group), & g 1 G AT (generator), IIE G A (g).
# IneN,st. g" =e, WK (g) = {e, g, -+, g" '} A—NERIEIHE (finite cyclic group),
1ME C,. g MIEITT RN ¢" % 0 <k <n.

# Vn e N*, g" #£ e, WFR (g) A—DTLIRIEHEF (infinite cyclic group), 1E4F Cx.
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Eg.7 & m [EHRMEE
BRI (Z,+) £ —DLRMEAEE. B om FRINEE (Z,,, +) 22— m PEIREE.

Eg.8
RERE L NIRRT

PEIBE— € & Abel #E.

k4] _associative | L

Pf ¢ =g

Prop.8 fEIEERIFIZE
FIRE G RIEHEE < Jg € G, s.t. |g] =G

Pf ‘=7 B G = (g) A n WA W g7 = e, Hon ARANERL W 9| = 0“7 B
9l = |G| = n, W SIUEATE e # g # - # "' W {e.g,- 9" '} S G A n PITH, N
ﬁﬁ G = {6797"' agn_l}‘

Prop.9

W gl =mn, M g™ = e <= n|m.

q

Pf  XF m i R ERE.

Thm.1 RBIFRENSLEE
¥ G NERMEREE, N G = (Z,+). 5 G N m WEHREE, N G = (Z,,, +).

Pf )it bt o7 — G = <g>, k— gk_ A2 ¢(m_|_n) _ gm+n = ¢"g" = ¢(m)¢(n)’
WA G = {g" | ke Z}, \Ili ¢: (Z,+) » G NHERSE. Kerop={ke€Z|g"=e}=nZ %
n=0,GNERMEAEE, B G=Z. 5 n=meN,GhmWEARE B G=2/mL =17,

iﬁ G17G2 y\ﬁﬁ%ﬁ, G1 = G2 a—— |G1| = |G2|
Rmk 1 BME#E C; = {0}.

BREE my,me > 2, W (Zn, © Ly, +) NIERAEE <= (m1,m2) = 1, B my,my HER.
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1.1.4  MBEES O AY
Def.7 £%#gF, B, MHRE

ETEE 2 B EH S BIFTA RN RINEEILME So, ik So M — M, #7802 ER4
AFHHE (full transformation group).

40 NE n DIUERARESE, B So HHIS N 2 ER— n JEH (permutation),
R Q2 BB n XA (symmetric group), 124E S,,.

)

L

J

w Q:{lv ,’I’L}, a(k)zlka ] o€ Sy ﬂ%ﬂ—‘_\‘y‘j

T
g =
B oo G co0

i, i N1 n A n JeHRA.

Prop.10 XJFREFRUBN 2K

|Sk| = nl.

Def.8 #p#r

FroeS, i, BN i, iy BN G, k=1, ,r— 1, HRITTEARE, WK o H—A r-i
# (cycle), 1IE1E (iy,- -+ ,i,). 2-BeH NHOART . AR A AR, WFRHAAEZL.

Prop.11 #HAYIHM

ANAHZZ RPN P A2

1.1.5 B AEM
Def.9 EREFH

W GS5H G MGExG NG5 G BEM (direct product), 1I8fE G x G'. ZiE, G x G’
XTIz H

(91, 91)(92, 92) = (9192, 1.95)
WRCA—EE. HEBALTTA (e,¢). (9,9) WHEITLH (9,9) L = (971, g7 Y).
Gy X - X G RTBE (21, 20) W1, yn) = (@141, Tayn) BON—DHE, TN
Gy, ,G, FEF.

WU ¢: G x G' = G x G, (9,9) = (¢',9) &—DHIFM, AT Gx G =G xG.

10
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G=Gx{}, G ={e} xG.

Def. 10 HEF

W H K <G, # HxK =G, JFEWMHA (b k) — bk, WEEE G WETH H 5 K K
WEH (inner direct product), A[1E{E G = H x K. K G FH8—AJuFK g # 0] DIME—H
FNg=hk,he HkeK.

Thm.3 KHNEMFIE

BWHK<G GHNHYEKKANER < LT FIFRIN AL

1. G=HK;
2. HNK = {e};

3. hk=kh,Vhe H ke K.

1.2 FHEH A
1.2.1 1B

iRt G ARS8 H T G WisFEWEOy— 14, B

1. FeskH A Ya,be H, ab e H;
2. MALIC: eq € H;
3. Wyt: Vhe H, h™t € H,

MFR H N G B—T 8 (subgroup), 1 H < G.
Rmk {e} 5 G WA G KFLT8E (trivial subgroup).

Prop.14 FEHI¥IE

= FHE HCG 2 GW—NTH < Va,be H,ab™! € H.

Pf “=":Vabc H,ab'c H =ab ' cH “: Wb=a, He=a'c H W
a=e, Hbl=eb e H;b=0"",f abe H, i THEMHE XM

Prop.15 SRIRFEHIFIE

WHK<G HK 2L {hk|he Hke K}, W HK < G < HK = KH.

11
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Pf "=" Vhk € HK, hk = (W) ' (k)L = (k"'h"))"! € KH, = HK C KH; [,
SF KH C HK, = HK = KH. <" Yhiky, hoks € HK, (hiky)(hoks)™" = hykiky " hy';
——

eK
HK =KH = E'hgkg = (klkgl)hg_l, s.t. (hlkl)(thQ)_l = (hlhg)kg € HK, = HK <(.

&9

Spop(F) < SLon(F) < GLo(F), SOu(R) < O,(R) < GLy(R), SU,(C) < U,(C) < GL,(C).

Eg. 10 EHMEFHFE

WmeN, mZ={mn|neZ}<(Z+), H Z WA FEZZM mZ.

Eg. 11 IFTESLHUSRIARFTEF

{£1},Q*,Q*,R* < (R*, x), H R* =R\ {0}.

Eg.12 E#B5Tindt
n JCWHREE S, WAL —FREFKCA n CEIEE. ESES X LS WBE Sy TR
Pl X LA .

1.2.2 AR TBEf

Def. 12 45K FEf

BAFE TR S C G, MIrAEE S KT RZN S I THE, iBfF (S).

(&) = {ﬂH | S C HZ}

Rmk (S) NOE S ME/hTH#.

Prop.16 S FRIAVHIE

WS ={s, 8, | neN} N <S)={Hs§"i|3¢65,mi€Z}.

i=1

BN S = {5 | s € S}, MAHME N (S) = {ﬁ 5| 2 € SU s}

=1

12
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1.2.3 i

Def. 13 [Z&

T ge G, 7 H <G WMEFRESE (left coset) N gH = {gh | h € H}. Fflhh HREEE
(right coset) N Hg = {hg | h € H}. EREESABESIRAREE, X g ARBERRET.

Prop.17 [EEHEZENHIE

aH =bH < a 'be H

Rmk Vb€ aH, bH = aH, BIEEPEN TR A A LS E .

Pf a'bcH, <3hecH, st.altb=h,b=ah, =bcaH,bH CaH. [F¥, a=0bh"1,
=ac€bH, aH CbH, I\l aH = bH.

gH=H <= gc H

WabeG HLSG, MEX aHNbH =@, B4 aH = bH.

EENL—NEMKR ~a~be b lac H N
a={zcGlz~al={r€G|atz=hecH}={ah|hc H} =aH
FH~a~besabte H N

a={reG|lz~a}={z€G|ra'=heH}={ha|h€ H} = Ha

lgH| = |Hg| = |H|

13
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s
S
e
i

Def.14 . AEFE

H KT A R EMBRE S G B—A R0, B8 G KT TR H BRI (left quotient
set), iItfE (G/H).. ITEAREEMEINESRZ G A0, A G XT 78 H WA
F4E (right quotient set), 1e/E (G/H)g.

Prop.18 ZEZABMEHEH

((G/H)L| = [(G/H)g]

Pf #ES N f:(G/H), — (G/H)g, gH + Hg™'.

Def.15 $E#

M |(G/H)Ll = |(G/H)r| 9 H f£ G THI4RE (index), 1e1F [G : H].

Prop.19 [E&ED#E

¥ [G: H] =k, WFE HoaH, - a1 H BEAHZ, H
G:HUGqHU"'UCkalH
[FIEE, G WA EN k DNEAFZA BRI
k—1

Rmk AZZH (disjoint union) 124k G = | | a;H, ag = eq.

=0

Eg.13 EBHMEAEES R

7= ml__|1(z +mZ), [Z : mZ] = m.

=0

1.2.5 Lagrange &M

Thm.4 Lagrange EIE

o GRAREE H <G,

G| =[G - H]|H]

Pf RYEZEBEENR, |G| = |H| + |aH| + -+ + a1 H| = k|H| = [G : H]|H|.

# K<H H<G W [G:K|]=I|G: H|[H : K].

14
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B9 NAMREE G HE—TTEK, W |g| | |G|, B g9 =e.

RN BE—E RGN,
Pf XT p BB ITER g # eq, |9l =p = |G|, B G = (g).

1.2.6 TR

Def. 16 IFIFEF
# H<Gi#eVgeG

gH = Hg

MFR H & G FIIEMFH# (normal subgroup), 1t/ H < G.
Rmk {e}, G ¥ G BIERTH#F, B LIEM-FHf (trivial normal group).

Prop.20 IEMFEHIMR

TH# H<GzEGHENTH < VgeG, gHg ' =H.

Pf VgeG,gH=Hg, < (9gH)g ' = (Hg)g ' =H(g99™") = H.

Prop.21 IEMFEMFIE

WTHEH<G, #VgeG,he H ghgo' € H, M H«G.

Pf Vge Ghe€ H ghg' € H = gHg ' CH. ¢g'H(g)'CH,=g¢g'Hg CH,

——
. cgHg—!
=g(9g'Hg)g™' CgHg',= H CgHg™ " = gHg' = H.

Abel #FHFMEE TR AIEMFH#.

WH<G N<G, W HN <G, HNN<H.

Pf VYhn € HN, hn = (hnh™')h € NH, = HN C NH. ZKflih, BiF NH C HN,

N
€
= HON = NH, = HN < G. %iF HNN < H,VYh € H,n € NN H, hnh™ € H,

eEN

=hnh e HNN,Ht HNN<H.

15
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N<G <= Va,be N, aN -bN = abN.

Pf aN-bN = a(Nb)N = a(bN)N = abN.

Def. 17 It4iFEf

FTH H<GVgeG,gHg'={ghg ' |ge H} & G W—""TH8, ¥ gHg* N H I
— /M EHEF B (conjugate subgroup).

1.2.7  JAEFTRE

TEERBE G = (g) AE—TFREATLA (g'), 1 € N, T2 0E3FRE.

WG N n MEREE, XMT keN, k|n, W GFAEME—K kB TH#.
Rmk X MATBRAE, %4518 A ROL.

1.2.8 Wkt

B NaG, W (G/N). = (G/N)r =L G/N. BiF, G/N %t FiEH VYa,b € G

(aN)(bN) = (ab)N

BN — N, FRONEE G 0T HIERF# N FREEE (quotient group).
HEBAIICA N, gN B TEN (gN) ™t =g 'N.

Pf 561 [(aH)(bH)|(cH) = (abH)(cH) = (ab)cH = a(bc)H = (aH)[(bH)(cH)].
BA76: N(aN) = (eN)(aN) = (ea)N = aN = (ae)H = (aN)N.
Wt (gN)(g7'N) = (997 )N =N = (¢7'g)N = (g7 N)(gN).

16
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1.3 BmAS
1.3.1 BFEESAE M

Def. 19 BREISERET

FHWA ¢ - G — G W Va,b e G
¢(ab) = ¢(a)g(b)

MFK ¢ 28 G 2B G B— MRS (homomorphism). G 2| G A% RIS R4
£k Hom(G, G).

#(G) =Im ¢ FRA ¢ ME (image), H Im < G'.

A oG G R, WRERZE, ¢: G — G s, MAKREHFRZ.

Prop.23 EHREZSEMR

W o:G— G 2 ERZE, W
L ¢(e) =¢€;
2. ¢(g7") = ¢(9)', Vg € G;
3. H <G 1 ¢ TR o(H) < G, 455 Tm ¢ < G

1. #FXF g€ G, gl =n, [6(g)| = ', W ' | m.

pPf

Def. 20 #f[FI4RBRES

FHFRE 6 : G — G XA, WK ¢ 28 G B G W— DRSS (isomorphism), FR
G 5 G’ ZFH (isomorphic), idfE G = G'.
Rmk ¢! tH2HEFM.

Prop.24 EEHRIMER

W ¢:G— G R MHRD, MRS =80, L % g G 2ARMITER,
W gl = o(g)|. # g RERMITE, W ¢(g) tEAETLRH TR,

b GL— Go, b : Gy — G WHEERAR, W Yoo : Gi — Gy WARREDS, BfFF ¢ 5 v
[ B S e

17
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Prop.25 BRZGS4A¥E# & BRIWE

B G EArkE ASRNES Hom(G,G) B— %k G F4thkE A RS
oA —ANBE, BN L FAEE, 121E Aut(G).

Eg.14 f5%Ak5t
exp : (R, +) — (RY, x) NHEF.

1.3.2 BERAAZ

Def.21 BHRSHIZ
B 6:G o & R BRS¢ 15 ¢ FIRREN ¢ 08 (kemel), iaff

Kerg ={g€ G| ¢(g) =€}

Prop. 26
W o:G— G MRS, W Kergp<G.

Pf Va,b € Kerg, ¢p(ab™t) = ¢(a)p(b)™ =€t =€, = ab™! € Kerp, = Kerg € G.
Vg € G,a € Kerg, ¢(gag™") = ¢(g) ¢(a) 6(g9)™" = ¢/, = gag™" € Kerd, = (gag™')g €

(Ker ¢)
=e/ =gacg(Ker
(Ker¢)g, = g(Ker¢) C (Kerg)g; Vb € Kero, ¢(g 'bg) = ¢, = bg € g(Kerg), =
~—~
€(Ker ¢)g

—~

Ker ¢)g C g(Ker ¢), = g(Ker¢) = (Ker ¢)g, = Kerp < G.

THE N <G AEMTHE < FAERAS ¢: G — G st. Kerg = N.

Prop.27 BEEZEFIE
BRI ¢: G- G NS < Kero = {e}.

Pf

1.3.3 BHA%NA

Def.22 BARARER
WIEM TR N <« G, PRIt

m:G—G/N g—gN

B G 2R G/N WEAFES (natural homomorphism) B{#LYE [ (canonical hom).

18
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Prop.28 BARISHIMR

HAFRZL m: G — G/N 22— M#AZE, H Kerm = N.

Pf VgN € G/N, 3g € G, s.t. 7(g) = gN; w(ab) = (aN)(bN) = (ab)N = m(ab), Kt =
RWAZ. Kerr={z|m(z)=N}={z|zN=N}={x |z € N} = N.

1.3.4  AFFIAER

Thm.6 FHESREKEIE
W o:G— G = NEREZE, N

G/Ker¢ = Im¢

Pf % ¢:G/Ker¢p — Imo, gKero — ¢(g). & g1, 92 JBTH—FEEE g1 Ker ¢ = gy Ker ¢,
& (92'91) Ker ¢ = Ker g, & g5 'g1 € Ker ¢, & 6(g591) = 6(92) '0(g1) = ¢, & d(g1) = 6(g2),
W AR N, Hog— AR

Vé(g) € Im ¢, IgKer ¢ € G/ Ker ¢, s.t. Y(gKer¢) = ¢(g), # v £&—AWs, i —14
XU . ¢[(g1 Ker ¢) (g2 Ker ¢)] = ¥[(9192) Ker o] = ¢(g192) = 6(91)(g2) = ¥ (g1 Ker ¢)ib(gz Ker ),
W R ABEFEZS, W2 — RN, B G/ Ker ¢ = Im ¢.

#FHo:G—» G N G/Kerp =G

Thm.7 FE—EEHEE
wH<G, NaG, N

H/(HNN) = HN/N

Thm.8 F_EHREWEIE
W N<G, N<H, | (H/N)<(G/N), A

(G/N)/(H/N) = G/H

Thm.9 FEXINEER
WA ¢ G — G &AL T —/NAUF T

{H<G|Ker¢ CH}+— {H' <G}

£ n BrEREF B AW T (Z,, ).
TR AT (Z,+).
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Prop.29 ZHMEf

B RIEAAE

1.4 FFEN
1.4.1 BHESA EMER

Def.23 BEES LRIER

WG R, X RS, Y
p:GxX =X (g,x)—gox

iﬁj/@ v.glaQQ € G7 reX

1. (g192) o = g1 0 (go 0 T);
2. egox =z,

M#Fx G £ X EH—"MEH (action), B ¢ ® X T G X X IFEA.

G X X BIERMREIER S G B Sx B[RS B 5 B A7 AL XUR X L

{¢: G x X — X |action} «— {¢ : G — Sx | hom, ,(z) = ¢(g,x)}

Def.24 1ERM#%, E32/ER

G 5t X HE X REERZS o B Kery = {g € G | (g) = idx }, FNTER K.
HIER MR LK, B Kery = {e}, ¥ : G — Sx NEFZ, WFRIZIEHANLIEH
(faithful action).

Rmk # NESAER, M G hAFRICREES X EREAZSERIARE.

Def. 25 #XIFEHIER

HH G MRS X A—NMMEH, WMEARBFH-IMUREE P(X) ’IEM. & U C X, B
UeP(X), EX geGXURIEARN

goU={gou|ueU}
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1.4.2 FHMPUE S FE T

G WS X FER AT UL DS SRR, ings i — 7).

Pf ®EX_JtkZ: Mo Hy ARR WMo~y if g€ G, st. y=gox. H G HHRNAL
TG, BN TCEA WG, 4558 A ] e R S PR SRR, AR e T ~ BN — NS
R &.

Def.26 G-#E

SN K ~ TSNS T HN « B GBIl (G-orbit).

G(r) = {yy(z) =goz | g€ G}

HEH |G (x)] BN G-BUERIKEE (length).
Rmk X FFTHIH G-HUEBEMALIF, B X = | |G(z). HF {2} WNENAF

i€l

G-BIE T 7 BB — N IC R BRI 5E 2R R (complete set of representatives).

Pf Gz)=7={yeG|3g€qG, st. y=goz}={gox]|ge G}

Thm.11 HESEAR
WS NAEWREE, {vitie AHTERER, W

|5 = >_1G (@)l = 3 IG : Ga]

iel i€l

HE GRS X ERMEMARA 1 %508, WK G £ X LR RLER (transitive),
X N G H—AFM2 1A (homogeneous space). B Vo,y € X, 3g € G, st. y =gox.

Def.28 FREFE (XKMETE)

G HIREF 2 AEIIFTA RN EGIEE G, ={g e G |goxz =2} HiE G, <G, &
Nz FETH#E (stabilizer subgroup) B EN T, FRFREE M FHF (isotropy subgroup).

Pf corx=x2,=ecG,. VgeG,, =g loxr=glo(gox)=1x,9g"' € G, VYg1,9 € Gy,
(glggl)ox:x, =195 €G,. = G, <G.
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Thm.12 HE-FRE FEE (counting formula)

B G WMES X A MEM, W vz e G

|G(2)] =[G = Gl

Pf EXKFRE ¢ : (G/Go)r = G(z), Gy = gox. 1Gr = oGy & g3 ' g1 € Gy, e
(95 ) oz =x & grox=gyox, B ¢ BUWE. MM |G(x)| = [(G/G.)L| =[G : G.l.

GOV IREE,

Pf H Lagrange &P r[15.

Eg.15 IERARINEEEE

IEAEA 6 N (face), G(f) = 6, @ —ANHEIPER A 4 Fh (0°,90°,180°,270°), Gy = 4,
BRI |G = 6x4 = 24. FAEH T AL (vertex) Bl (edge), A |G| = |G(v)||G,| = 8x3 = 24,
1G] = |G(e)||Ge| =12 x 2 = 24.

Wl G SRS X WERRERK, U Ve c X, BN 6: G/G, = X, gG, — gom.
Rmk MIH G/G, — G(x).

1.4.3 A VPHAENE Cayley EPE

Def.29 B G & G EBYE. BFERB

EMXHE G AE G ERER A Ve € G
GXxG—G (g,2)— Ly(z) =gz

MENHE G £ G EWAEF# (left translation). X L, : G — G N g YO M PR
[FEE, "0 XA G x G — G, (g,2) — Ry(x) = zg 5HVPBEZHR R, G — G.

EFPREIERFER L: G — Sq, At G=ImL < Sg.
Rmk 7 VPR N ESEAEH.

Pf Ker L = {e}.
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Thm.13 Cayley EIZ

EE—MHRE G #AMT G A S BRI
Rmk ) (R G AR TR G X _ERAGRE

Pf WAVFBAE. BUEEESERH G x X — X Alf3 G AT Sy BIZEEATH#.

EE AR FEL T E & LA B
Rmk ) (R DA RBALFEA TR — R LR E BT

Def.30 # G EE@% (G/H), LMEFH

wH<G, N
Gx(G/H), — (G/H)., (g9,xH)— gzH

NG A1 (G/H), EW—MEM, #8083 G #£ (G/H)L ERETF#.

Rmk #f G fEAr%E (G/H), LA FRAERZLIER, B) (G/H), Z& G BIFFHE= .
SHE— xH € (G/H)y, e F# Gy = vHo L.

Pf VazH,yH € (G/H)L, W g=ya™', A yH = gz H.

1.4.4 SHHe M HAFHHOG
Def.31 B G £ G EMHIIER (HEBEIER)

ENFEEGTE G ERER AN V2 e G
GxG—=G (g,2)— ady(z) = grg !

MEARE G £ G ERIEFIMER (conjugation action) BUfEREIEH (adjoint action).

Pf Vgi,92 € G, (g1g2) o & = q192295 ' 91" = gi(g2 0 2)g7' = g1 0 (g2 0 ), eox = x.

Def. 32 HH[EH

ady : G — G N G 2B S —AFER LS, A2 G B—A 3 [FH, #K ad, NH g RER
W H [ (inner automorphism). G _LFr A W H RIS, KT B () ek o —
ANEE, FONN B RIREE, 1Id/E Inn(G).

Rmk 5, Inn(G) = Imad < Aut(G) < Se.

Pf HILHAEHSEMFELS ad : G — Se B1E Imad < Sg, Ml ad, N G EHIXUR.
ad,(zy) = gz(g7g)yg~" = ad,(z) ad,(y), M ad, € Aut(G).
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Prop. 30

Inn(G) < Aut(G).

Pf V¢ € Aut(G), (pady ¢~ ")z = ¢lg(¢~'w)g™"] = d(9) (9~ )zg(g) ™" = adg(g) ().
Def. 33 EEtHyL

5# G HArA G RK A AR TR E S, FKO8 G B G (center), B

Z(G)={g € G| gx = xg,Vx € G}

Prop.31 HIEERBI#Z

Kerad = Z(GQ), I\ifi Z(G) < G.

Pf Vz e G, ad,(z) =id(z) & gz = zg.

Inn(G) = G/Z(G)

1

Pf i fE RS R A E B Al 15

1.4.5 0L

Def.34 3

KRR H— SRR, IHEPERR: y~2 < Jg € G, st grgt =y,
LR R T BN B NILHEZE (conjugacy class).

G(z) = {ady(z) | g € G} ={gag™' | g € G}

G(z) ={z} < z € Z(QG).

Rmk % G RERE, NG G = 2(G) U [|_| G(xj)]. Hoh {23),m0, 9 G HFEFLTE
L
2RI e A B R, !

Pf Vge G, grg ! =ux, ie gz =19 & z€ZG).

Thm.15 BIRENEFIE

Gl = 1Z(G)| + Z |G(z;)] (1G(z;)] > 1)

J=1
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Def.35 HulMELF

R G EEE G MILEERT, M2 e G WRETH G, N« £ G HHH LT

(centralizer).

Ca(z) ={g9 € G| gz = 29}

Rmk G HH0 Z2(G) A G PrE TR LT 2L, BT Z(G) = () Ca(x).

z€G

Z(G) < Ca(w), Mifil |Z(G)] | |Ca(x)]-

i G NAWRE, WA |G(z)| =[G : Ca(z)].

Pf  HHUE-TRE T BT 45,

1.4.6 BERIAZ) M

Wt G eSS X LE—MEA, A—2% G-PulE L v,y € X BIFaE TR b IL5E, Jp
G, = 9G,g ', BB EUER |G| = |G,

% GHUE G(x,) HHTE TROBE TR, 5T G B, B G ()]G = G,

WSS r = = 3 |G,
|G| xeG

Pf 5| B5 A FREEPIE-F € 7€ B 5 L AUIE LS.

Def.36 @&

R ge G, # v e X, 18 gox =, W z N g FIABIE (fixed point).
Rmk W& XN G WA 2: Vg e G, goxr =2. A G(x) = {z}, G, =G.

Def.37 A@isgE

4 g€ G, TH g AR — 1N ES, FRN g BIABIS4E (fixed point set), 1E1F
Flg9)={x e X |gox =2z}

Rmk FJE LEANEE G AR E F(G)={re X |Vge G,gox=a}= () F(g).

geG
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Thm.16 Burnside 5|3

BARE G EARES X EA—MEH, W X B G-BUER & E0N

- ﬁ S [F(9)

geG

r

Pt FIFHTE TRAIAS) AR IRHENE. € X725 S ={(g,2) | goz =2} CG x X.
Ex€G, H IS =) |G =7|Gl; EE g€ G, A [S| = |F(g)|. HILARHIE.

zeX geG

1.4.7 p-Bf

Def. 38 p-8f
LA RBEMIBY N p TR, B |G| =p", n € N, WK G ~A—A p-BE (p-group).

o p-#f G EARES X EA—MEM, W

[F(G)| = [X|(mod p)

r

Pf % |G| =p", |G(2:)] = |G|/|Gs,] = p", 1 < 5; < m. |[X| = [F(G)| + > |G(ai)|, it

i=1
:p 3

X 5 [F(G)] 5 p FIR.

Prop.35 p-8g0il
p-# G —EHA IO Z(G) # {e}, H |Z(G)|=p™, 1 <m < n.

Pf EREPMERT, |Z(G)| = p" = 0(mod p), M p | |Z(G)|. B Lagrange TE |Z(G)| |
p", B |Z(G)| = p™.

1.4.8 Sylow EM

W n=pm, (m,p) =1,

FG) el

N G W) Sylow p-F .

Def.39 Sylow p-F&f
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Thm.17 Sylow £—FIE

WNF1<k<I GURGEEDL—A pf T, HEA pP M TFREBSEE T HEA Sylow
p-THE.

Pf BT G 0 p* ETFHRMRINES |X| = {S C G| |IS] =} 1X] = (1).
WS = {s1, s}, EXBHER (9.9) = goS = {gs1. - ,gsu}, WH X = | |G(S)),
i=1
X = D] 1G(Sy)]. m#E-FaE T5EH, |G| = [G(9)I|Gs, |- p' |Gl BF p* g () = [X],
=1
UL EDH — 4B G(S)) WAL p =11 |G(S))], AT |G,

> p*.

Thm.18 Sylow $£_FH

G WAERE A Sylow p-T-BEE G L.

HIREE G 1 Sylow p-TFHNIEMT# <— G R A —1 Sylow p-T#.

Thm.19 Sylow £=FH&

B G 1) Sylow p-THERIANECHN », W

r = 1(mod p) r|lm

1.4.9 BHIFOR

There is an exact correspondence between groups actions on a set S and homomorphism
from G to the symmetric groups of S. Let Perm(S) denoted the group of all bijections from to
itself. If |S| = n, then Perm(S) = S,,.

An action of G on S defines a homomorphism p : G — Perm(S). Conversely, and homo-

morphism p : G — Perm(S) defines an action of G on S.

Pf Give an action, for each g € G, we def a map m, : S — S by my(s) = gos. The
axioms of an action implies m; = idg and mgy(s) = (gh) o s = go (ho s) = my(my(s)). So
the map p : G — Perm(S) given by p(g) = my is a homomorphism. Conversely, if we have
a homomorphism p, we def the action by g o s = p(g)(s). The homomorphism properties

immediately verify the two axioms.
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The kernel of permutation representation p is the set of elements in G acting trivially on
all of S.
Kerp={g€G|gos=sVseS}=[)G,

sES

Every finite group of order n is isomorphism to a subgroup of S,,.

Pf Let G acts on itself by left multi, my(x) = gox. If g € Kerp, then my(1) = 1,
= g = 1. Thus, the homomorphism p is injective, and G = Im p < .5,,.

1.4.10 Finite Subgroups of the Rotation Group SO(3)

Every finite subgroup of SO(3) is isomorphism of the following

1. C,: The cyclic group of rotations about a single axis;

2. D, : The dihedral group;

3. T The tetrahedral group (sym of a regular tetrahedron), |T'| = 12;
4. O: The octahedral group (sym of a cube/octahedron), |O| = 24;

5. I: The icosahedral group (sym of a dodecahedron/icosahedron), |I| = 60.

1.5 BEMREES 5K
1.5.1 Bf

Def.41 HEE¥
HEE S RATFIWIEMTHE {e), S, WA S N—A#EE (simple group).

Thm.22 Abel BE
Abel BER B — S NEBNTEINEE.
Rmk B L ATEIATE.

Thm.23 3F Abel B8
Ak Abel HBE AANT] fREE.
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Thm.24 HBIREEDEEIR (Classification of Finite Simple Groups, CFSG)

T4 PR B A SR FIAG F LA R DK —
1. BB EIREE Cp;
2. LB A, Hh n > 5;
3. 3£ 16 &M Lie B 5L,
4. 26 MELFERRRE.

1.5.2 5 (BALTHF)

Def.42 H{i[F

Waz,yeG WYy FALF (commutator) & XN [z,y] = zyx~ly~L
Rmk zy=yr < [z,y] =c.

Def. 43 S8 (BLIFH)

B G A AL TR FEAERM TR, 8 G S8 (derived group) B+ Ff
(commutator group), It/ G % [G, G].

60 = (floal | vy € 6 = {TT0" | 5 € sl | o € Gl € Zon e

=1

TR GO MIHACE GO LIS, GBI SEEdE G,

Prop.36 ETSEH Abel E¥IE
G N Abel B <= GV = {e}.

Pf Vo,yc€ G, oy=yr & Vz,yl € GY, [z,y] =e, ie. GV = (e) = {e}.

Prop.37 SERIMR
GV <« G. WHETNFF (derived series) G>GW .- p GE DGR ..

|

Pf Vge G, 2ecGW, grgla=t € GV, GV < G = gegla~la = gzg~! € GV, \ifi
GW4aG.

Prop. 38 EREZSHIE Abelian BFIE

WHEERAS ¢ : G — G, W Im ¢ A Abel # < G C Ker ¢.

Pf Im¢abelian < Vo(z), 6(y) € Im ¢, ¢(2)d(y) = ¢(y)d(x) & Va,y € G, d(ayz~y™") =
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eqr, ie. xyr~ly' € Kerg, {zyz 'y ! |2,y € G} C Kergp. G NEE S W/ TEE,

=S
Kerp G, = G C Ker ¢.

w N <G, W G/N AN Abel #f «— G C N.
Pf M¢:G—G Nn:G—G/N,Kerm =N, \ifi Im7 = G/N abelian < G C N.
G/GW Ny Abel Bf. At GE-1/GW Jy Abel #.
Rmk G/GWY 2 G H KM Abel FHHF.
Pf N =GW.

1.5.3 7] fiRbE
Def. 44 TFIfREf

HRTE ke N* 15 G® = {e}, WFK G ATTERE (solvable group). &M, FRAA AT A
(non-solvable group).

Rmk XIF Abel B G, G = {e}. Kt Abel B AT IREE.

Def. 45 XIEF

I

G I — AN FE T RS
G=G01>Gll>"'[>GT={€}

AN G BI—MNKIE#F (subnormal series). F#FH {Gr_1/Gr | k=1, , 7} FRANRIER
B 7R, HA RN r FRONIRIEMAI K.

Thm. 25 FAIRFERFIE
B G ONAMREE < G FEREMNI G = Gov Gio -G, = {e}, BHPEANHETH
Gr_1/Gr $24 Abel B

Pf ‘=7 QAR WA G = GO b G0 .5 GE-D 5 G® — {e}, G- /GO Jy Abel B,
i=1, k.
“4=": Gy Gy, Go/Gy abelian, W1k GfY € Gy, Wi GF =[G, GIV] € [G1,Gy) = G,
Gy < Gy, Go /Gy abelian, FHik G € GV C G,.
Bt GO C Gy, HIE GUHY C Gy, RIEFCEAAGNERE, BRI, Fk GO = {e}.
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WAfERE G R GW = {e}, BHALS ¢: G — G, M ¢(GY) = (Im¢)D, Hri=1,--- k.

Pf Vi,y € G, ¢lr,y] = ¢layz™y™") = o(x)oy)o(x) oY) = [o(x), d(y)], Hik
P(GW) C (Im @)W [AEZIE (Tm @)D C o(GW), MiT ¢(GD) = (Imp), H ¢ £ GV <G
EHIRRE] ¢lo) : G — (Im @)V HAHFE.

KM ATE H(GP) = (Tm o). TR FHEE A GNEAEHE.

Prop.39 FAIMEEFAIEISE
A fERE G IIRERIZS IR Tm ¢ BN R,

Pf G® = {e} = (Imp)¥ = ¢(GW) = ¢({e}) = {¢'}.
Prop.40 TWJfREER0FEE

FfERE G IR THE H Y09 AT

Pf W GW = {e}, Xt G M H 53 5ES51:

G > G(l) > G(z) > e D G(k)
Ul Ul Ul Ul
H > HY » H®O » ... » H®

W H® = {e}, Kt H AT,

FERE G MITERE G/N & ] i

Pf Wo:G—-G Nn:G—G/N, Imnr=G/N Nl

Thm. 26 RIFERFRY SKEFEETE

W N<G, & N5 G/N YRNTfERe, W G Nl g
Rmk % (G/N)® ={N}, NO = {e}, W GEH) = {e}.

Pf 4 7:G— G/N, n(GY)=(G/N)W.
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1.5.4 Jordan-Holder EME

Def. 46 &%

WG =GypGi>->G, ={e} A GW—NKRIERS. HHENHTH G /Gr R
B, k=1,---,r, W G 2 —1EHF] (composition series).

AR E DD E S

Pf & G NHEEE, W G {e} NHERF.

WG AR, WAL Ny <G 25 Ny AR BEE, WAL Ny a Ny -+ IR
OEF URERL 8, AT — DN EEBHIRKIEMS] G = Go>Gi> -+ > G = {e}.

B KK ERIRIEMS G = Go> G- G, = {e}. BMREARREES], M Gr/CGrr A
SEHE A B LI H/Gry1 < Gr/Gryr, TRA Gy < H Gy WS TEEE IR IEM
Bl G =Gy G- >G> Ho Gy > > Gy = {e}, WBUPE. #FTHUR KK B R IE M5
BN G A RS

AR G I = G FE DGR, BEAE TR Abel .
Rmk “Efrih, G AAE—DNRIEMS, BEABF SOy = B mE .

Thm. 27 Jordan-Ho6lder EIE
HIRBEFATE A A FEIN. BIPE4cA A BEAR R, DR -3 20 [R) A7 78 XU G 2, HL
X I FET PR A L -7 3 (R
Rmk JRBY, B FREER S RAILE FIR 1 = SR ME—.

1.5.5 AEMYK
A — AN AT R —A Abel BER EAEY TKAZ 21
CFSG 4t T I A BREEE, AT o] — AN BB 250 7T Eh O 2 e 5k 9759 ).
1.6 4dlARHE
1.6.1 HHMAF
1.6.2 EplocH KK &

1.6.3 Group Presentation
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2 ZIsie

2.1 — WA

2.2 AL %I

Def.1 AAIZ4%ZINZ

B f(x) € Flz], deg f(z) > 0. & f(z) f£ Flz] PHRRARGEXRZHAYE f(z) BT,
WFR f(z) A F ER—DATLHZ 0.

2.2.1 ZEIKEMATL LK E—r % ) AR
2.2.2  JHIR EMA L) £ DK — e & I s At
2.2.3 AEEIR AT 4 ik

Thm.1 Eisenstein F|3|EIE

WAIRZI f(z) = apna™ + -+ + a17 + ag, deg f(z) > 0. HAAE—NEL p, 115
1.pla,i=0,1,--- ,n—1;
2. p1ag;
3. p* 1 ay,

TWFR f(x) £ Q EATH.
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3 ik

3.1 WAL
3.1.1 BENX

WAET LS R, & XN (addition) 5y (multiplication) Pz, FEim 2
1. i Va,b € R, a+b=0b+a;
2. IVEZE & Va,b,ce R, (a+b)+c=a+ (b+c);
3. AZFJ6: 0 ER, st.Vae R, a+0=0+a=a;
4. BMILEANIG: Va € R, I(—a) € R, s.t. a+ (—a)=(—a)+a=0
5. FeVhLi &8 Va,b,c € R, (ab)c = a(be);

6. /LA BeE (left /right distributive law):
Va,b,c € R, a(b+¢) = ab+ ac, (b+ ¢)a = ba + ca,

MFK R —A¥E (ring). R MET S8 TEMFTHE . EXHE o — b= a+ (—b).

Def.2 A3f, 32#RIF, @k, TR

1. # 31 e R, st.Vae R, al =1la=a, WF 1 A R BLATT, K R Z2— 1L R
AN T HE—

2. # R HISREH AT HAE, WIFR R &2 —MAHIF (commutative ring).

3. T aceR, & Ja ' €ER,st. ae ' =ata=e, W a &—PDAHIG, K at Na
PTG, R PR TGER K e —.

4. #5 e=0, Ml R ={0}, Bx R NER (zero ring). BRING HRALTTHIFS e £ 0.

I R T HIMER—A Abel B, 121k (R, +).

Va € R, Oa = a0 = 0.

Pf 0a=(0+0)a=0a+0a, = 0= 0a—0a=0a+ 0a— 0a=0a. R, FiE a0 =0.
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Va,b; e R,i=1,---,n,j€l,---,m

Def.3 FEETF

MEERT. £ AFR TR ER T

T aeR, # (#0) €R, st. ab=0, W a &—NMEEHT; & ba =0, W a Z—

Prop. 4

R AL, W R KFRT AR

Def.4 %3If

"-U
4

ERHAI R WHAEENERT, WK R R,

Prop.5 HE®E

IR R, W EEOL, B Va,b,c, & ab=ac H a #0, N b=c.

3.1.2 MR
Def.5 IfRIEFN

W Ry~ , Ry BN, 7E Ry x - -+ x Ry & ML SHIEN

(alu'” ’a’s)(bh'” 7bs) = (albla"' Jasbs)

(017 T 708)7 01 S Rz

(a17”. 7a’s)+(b17"' Jbs):(a1+b17"' 7a8+b$)

ZE Ry x - x Ry BCN—D, AR Ry,--- R, WHEAMN, iA/E PR

Prop.6 E{iIjT
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3.1.3 B m FALEH

Def.6 & m E&

B —ANKT L BE m, WATEAEREEEE 7 FRESL—AME m FIRKR. 45 a,b € N
m BRJERBOHE, WK o 5 b B m FR, i2/E a = b(mod m).

a=bmodm)<=m|a—1>

o

a = b(mod m), ¢ = d(mod m), N

a+ ¢ = b+ d(mod m) ac = bd(mod m)

Def.7 1& m KA

3.1.4 £

Def.8 —itHIHRIF

Thm.1 HRBEE

W f(x),g9(x) € Rlz], H g(x) # 0, WAFFEME— q(x),r(x), F15
f(x) = q(z)g(x) +r(z) degr(z) <degg(z)

B f (o) BRI, g(x) BRI, g(x) AR, () R

Def.9 RKAJRIE

WS = MNEHRAIC 15(# 0s) FIZZEHIN, FFEE ¢ R — S, T s € S, fFEME—FIIR[A
A &: R[z] - S £8

1. Vr € R, &(r) = ¢(r), B @|g = ¢;

2. ¢(x) =s.

P <z:l:0 aixif(t)> = Z(ﬁ(ai)si €S (é(a;),s €9)

n
=0
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3.2 I
3.2.1 FUMEXL

#HIA R B—NEETFHE R X T R WIMESTIEEBCN—, WK R, & R —F
¥4 (subring), A[1E/E Ry < R.

Prop.9 MWEFEE

(Ry,+) N (R, +) BIINET B

Prop.10 FIEI¥IE

I RWAET T4 R BT < R X R KL S RiEE A, B Va,b € Ry, a—b,ab € R;.

Pf “=" Wabe R, [ <R =ab€ Ry; (R, +) < (R, +),=a—-be R,

Eg.1 Z BIFH

Vm €N, mZ = {mn |n € Z} <7, H Z FFEZFIRHEW mZ.

FELL R A R B3R

R EefELR B RNES C(R) N, HiINE5REE XN Vo e R, f,g € C(R),

(f+9)(@) = flz) + g(x), (fg)(x) = f(z)g(z).
C(R) <CY{R) <--- < CFR) <--- < C®(R).

3.2.2 MAEME X

Def.11 ¥8%8

HH R BI—ANEE P8 T R ek, BA L. G, BN Vie Ir e R, ir,ri € 1,
WFK T & R M—AEEAE (ideal), AIIE/E T < R.

AR F AR AT FR UL ERAR . 2 N RIS, Bl Vi e Jr € R, rj € J, WER J N—AK
HEAR, Bl A4 ERAR.

Rmk FRAEMHAIE: T # 2, (or 0 € I); MyEE A, XU

X R MHAE T 2 R K—ATIF.

Pf WA, Vi, j e 1, ij € I, # 1 X R WsRizEH, Kk I /& R 17 IF.
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Def. 12 FIBEBS5HIF

MTFAEE—NH R, {0} 5 R ¥4 R WA FOFNEAE. & R RAF LR, TFR
R N—/NHIE,

Prop.12 & HATAYEE

W I N R WA, 5 R WEALIG 1 e I, W—EH [ =R, Bl T -F FLEAE.

Pt YreR r=rl=1rel,=RCI =1=R.

S

Ji

J

¢l IT+#R, M IKNRKEHME

H
Na
5

Eg.3 7 BYyIE7E

mZ N7 B— AN H mZ, m e N B Z F45BE 48,

3.2.3 W
Def.13 @&, 12 I FAHRE

W RS RIIEME, fE R/ I={r+1|rec R} FENEH
(ri+1)(ro+1)=rirg+1

W R/I A R A3, %Oy R XFEAR T M. KooK r+ 1 FOE T FARK

Eg.4 7 "hEOSH

BHIKZ H, Z/mZ = {k+mZ |k € Z} NZ K— R,

Prop.13 FIfRUIEE

BT A R ANEAE, WA R/T WP EEMRINES N

{J)T| J<R,IC J}
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3.2.4 VU H5HIMCE

WRY SHINERAT (1g 5 15) B, & Si1(< S) WA HEAT 15, BE R HFEH, N
S N R BPI—NT I (ring extension), ¥ R AA4E S BI—NF3F.

Def. 15 KM=

W R ZE—NAHBALIG 1(#£ 0) BIASHIE, LK S A R I—N 3. B ae S, MK S+
A RU{a} MFHRZA, FNIE R I o (adjoin an element) 732§, SR
o £ R FAERKTH, idfE Rlal.

Prop. 14

Rla] = {ap + aya + -+ - + a,a™ | a; € R,n € N}

3.3 LAY

3.3.1 WM&

Def. 16 If[EIZSHRET

L ¢ R — R 2
1. ¢(a+b) = ¢(a) + ¢(b), Va,b € R;
2. ¢(ab) = ¢(a)p(b), Va,b € R;
3. d(e) =¢,

WFR ¢ A R 2| R H— A RIZS B

R 3 R B[RS WME (R, +) B (R, +) HIRFZ.

Def.17 RE7FSEIA

WHED ¢: R— R, Ker ¢ fEARFAZ (R, +) — (R, +) B, B FZSKZ.

Ker¢ ={r e R| ¢(r) =0}
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3.3.2 M

Def.18 If[E)HIBRET

HIHER ¢ R— R — XU, WK ¢ N R B R — KRS, X R 5 R £[F
I, idfE R~ R,

3.3.3 AANNHE

Def. 19 HARKEZ

W I N R I — AR, IR
7mT:R— R/l r—r+1

M R 2| R/I B HRMFE.

Prop.16 BAFESHIMER

HARFERE 7: R — R/I 2—M#EAZ, H Kerr = 1.

Pf #HFRE 7 (R,+) = (R/L,+),r—r+ T Z&WAEZE, H Kern=1.

3.3.4 R KT

Thm.2 FEEEAREE

WIAFEE o R— R, Nl Ker¢p< R, H.

R/ Ker¢ = Im¢

Thm.3 FE—IFEHIEE

Thm.4 FB-HEHEE

I|
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3.4 UM

3.4.1 FHM

Def. 20 HFE4%HIIEIE

WS A RI— N EEZ T, R R IFTAEE S FEERAZE, Nl S A MHHEAE (ideal
generated by S), itfE (S). % S AHRES, WK (S) NEMREM (finitely generated).
5 S ={s1, -, 8u ), W (S) 1EME (51, , 50).

Rmk (S5) v R HALE S K/ AR

Eg.5 iRAMRRIERIETE

(S) = (51, ,8n) = {Zrisi |7 € R, s; € S}-

=1
Def. 21 FIF4E

B RHH—NICER o BB A (principle ideal), 1IE/E (a).

Prop.17 ZA3F, 2R, 3T A FIRTE

H R ONLIE, M
(a) = {Z rias; | ri, s; € R}

i=1
i R ONTHIA, N
(a)={ra+mna|reR neN}
A R NZHL3F, N
(a) ={ra|r € R} = Ra

Eg.6 Z HEvEIRE

Z =AM LIR, mZ B (m), IIfi Z/mZ B Z/(m), TRE Z/(m) = L,

Eg.7 Flz] RYIE4E

B F B — o2 AR Fla] 22— D5H L3, K

(p(x)) = p(z)Flz] = {p(x) f(z) | f(z) € Flz]}

Fla] RAFEASE R E 548, ALk (0) 195 FAERT 8 — S TR AR,
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3.4.2 MAEMEH

Def.22 Fn5f

B S, T &3 R KW EE T4, & X5

S+T={s+t|seSteT}

ST = {Zsztz | n €N s €585t ET}

=1

Prop.18 B, 2.
1, J NI R WM, W T+ J,InJ, IJ %8 R 3R, H

IJCINJCI+J

Pf

1. I+Jideal: 0=04+0€ I +J, =1+ Viy+ jiis+jo € L+ J, (i1 + 1) — (is + jo) =
(iy —i9) + (j1 —j2) € I+ J, XWEH W, Vi+je I+ Jr e Ryr(i+j)=ri+rjel+J,
FEEL (i +j)r € I+ J, B

2. IJ ideal: 0 = 00 € IJ, = IJ # @; Sab; — X ¢5d; € 1J, RPIEH M v ab; =
Si(ra)b; € IJ, (32 aib)r =Y a,(bir) € 1J, XL R

3. VZZaZbZEIJ, Zlazbl EI, Zlalbze J,ézlalbz GIﬂJ, VCEIQJ,C:C—FOEI‘FJ,
€ER €ER
=INJCI+J.

Thm.5 BHEMZTEEN
W I, J, K 08 R WEAE, NIFE

1. Igss et

Faed = ¢ 4

2. IE4i&1
(I+J)+K=I+(J+K)

3. VL&
(INK = I(JK)

4. Feh o
I(J+K)=I1IJ+IK

(J+K) =JI+KI
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3.4.3 MEPHH

Def.23 EBZ
W R NEBRAITHI, [,J 8 R R &

I+J=R

WFK 15 J HER.

Prop. 19
W R NBHEANIG e 3K, I,J, K N RWHME & I,JHE K BEX WIJ 5 K WHX.

Pf i € I,] S J,kl,kz S K, s.t. ’l+k1 = €, j—|—]€2 =e, = €= (Z+k’1)(]+k2) =
ij + ik + kij + kike, > e € IJ+ K, HT IJ+ K NEBRA T IJ+ K = R.

eK

3.4.4 BT FR

Def.24 # I E&
W I N RB—AHME ST a,be R, 45

a—bel

WK« 5 b8 T [FR, iBfF a = b(mod I).

Def. 25 #1# [ E&%E
GERE T R R ER— N5 ER, r € R EMEA

[rl={z€eR|z=r(mod )} ={z€R|zc—r=iclt={r+iliel}=r+1

WAR » + 1 9B T [FIARK.

Def. 26 & I E&EHF
BT FARISE {r+1|rc R} BIFE3F R/I.

B R ONEBALTHA, HEEE L, L WWEER, WA

R/ﬁ]i = ESBR/L
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3.4.5 W [EFRER

Thm.7 HEFKEE

-& my, - ,Ms € N>1 %W‘jﬁ%, Vbla toe 7b57 —‘"{Klﬁ‘l//%ji%jféﬂ

x = by(mod my)

x = be(mod my)

x = bs(mod my)

E 7 HEmM, Hh— N )
a= by [[m

=1 I

oo

w

-

=N

B

BE

3
E'¢

Def.27 1878

W R Z—MHBEATG e(#£ 0) MRZEIF, PN R BFI—AEME H P+ R (HHEME). Wi
X Va,be R, & abe P, W ae P u be P, M P &—ANEREM (prime ideal).

Eg.8 7Z HrIEIEE

BAOA Z b, 28 p AR (p) 8 Z MEREE. H Z 2R EED {(0),(p)}

N’
5

Thm.8 EHIAREIIEE

BUOA 7 (AR A B R ECE R B AR,

B P AR A R M—ANEE, WA R/P REN «— P R WERHEE

3.4.7 MR

~¢
¢

Def.28 R AIE4E

B M Z% RN HEEE (M #R), H8& M WHEERAE M MR, WK M N RIK—
AR AR,

AEALIC e(# 0) KU R 91, bIRFFAEMNCRERAE.
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Thm.11 HEHE

B M A HLLIT e(# 0) KIAZHIA R H—ADEAR, W M 2 R R KEE — &3 R/M
RS — N

Eg.9 Z BRAIEIE

#p AFEC N (p) A Z WKL

Eg.10 Flz] B9t AIEIE

W plz] € Flz], degp(z) > 0, W p(x) BATAZIN < (p(z)) ~KEAE.
WM< Flz], W Fla]/M &—Mg «— M = (p(x)), HH (p(x)) A— DAL T,

3.5 #If
I < ME— RIS < FFRAHEEILN < BEuclid 38 < BRIF < 15

3.5.1 BUMIEAMLS

Eg.11 Gauss ZBHIf

Z[i] = {a +bi| a,b € Z}

Zz)/(x* + 1) 2 Z[i]

3.5.2 TR

Def. 29 FIBFEEIR

G R B EARHGE FEAR, AR R y—A FRAREEIA,

3.6 R

Def.30 PFRIR

AL R WAREUE AT T, AR

Prop. 20

B U N R TR A ARF AT s IS, W U X+ R KsREM S — M.

ZHFRIA NI, AR B BRI k.

45



ik

3.6.1 Hamilton MY cZuk

HERIA S WA RS, WK S f&—MA (skew field).

Def.32 MTt#

— MY EH b
h=a+bi+c+dk (a,bc,deR)

Ho i, 5,k 2
?=j=k’=ijk=—1

fj=—ji=k jk=-ki=i ki=—ik=]

A DU ook i £ 5 e 1F HL

VUeHsE H R M.

IR AR C FMT A 2 BracsEBer 74

=)

PUoCssE H R T4 2 YR AERER 75

{54
_6 a
Rz 7 BBl H. f 5k
L H A Mayo(C) AT

a,bER}

a,BE(C}

o — (10
2. H & HALIT (0 1);

3. H A3 #Hif,

=®

4. HHHAEEF T A= ( O% ) A, Hoy

- a
_ 1 a —p
At ——|(Z
laf* + 151" (ﬁ a)

PRI A RN, ARO9 Y e,
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4 Wi

41 BRIIEARS
B Dcr.1 i

B F L, &5 F pi— N AERuAE T, MK F 2 — 8 (field).

Prop.1 IHAYIE#E

W F R—ANHLIR, N F 2— Mk «— F FHEERA 0) 5 (1), HF (0) = {0} %
HAE (1) =F AEAS, B F IFFLEAE.

4.1.1 BRI E &S A

Def. 2 HES

¢ F— F 22— HRE, Bl Va,be F

¢(a+b) = d(a) +o(b)  olab) = ¢(a)p(b)

His2 ¢(1p) = 1pr, WAK ¢ £ MEFAZ, EFEFESHRNESICE Hom(F, F).

SR F) A — e L U

Pf Ker¢ A F MFEAE, # Ker¢p = {0} 8k F. & Kerp = F, W ¢ FZEWE, Ak 2 32k 7]
BE L. B Ker ¢ = {0}, ¢ & H45).

Def.3 13[E)4
FIWEE ¢ F — F' 22— NS, DSR2 — XU, WFR ¢ A—ANEM, e F = F.

Eg. 1 B[EfEf

61 F = FFCH F (ERE. % o MK, WK ¢ R K. F LR R R0ES
M Aut(F). SHiE Aut(F) M — AN, RN F I E R

4.1.2 TIH5Y K

Def.4 T
FIF W—NF30 Fyoi, WER By o8 F —A1

"
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Prop.2 THAIFIZE

= THE LN F T < B 5T F B s MRz 555 1.

i F e EW— 718, Wik E & F B—9 18 (extension field).

Def.6 BRI ENX

LAE—NMRAS ¢ - F - E, MWK E N F (8. 8k E A F ER—DNEP 7%
(field extension), IfE E/F, "4 F #MAE E BJ—A73.

Pf ¢:F —Im¢ NEEK, & B, =Ime, | B, = F.

'

Eg.2 #us

2ok K AR A0 C 73, B A#EEE Q i,

Def.7 “HpFi

Bk E/F, FETHR S C E, K EHIAEE FUS WTEZR, 8 F i
S BB MTFI, 8K S 7E F FARKTIE, Id/E F(S). HARE S = {s1,--,s.}, U
F(S)=F(s1, " ,8n)-

Rmk F(S) R~ E HTEE& FUS B/,

4.1.3 FIKGIKFIFALE

Def.8 Z15

FRANELEATATHEF FL T3k 3 R 3.
Rmk &I

Def.9 IERY4EF{E

W F FISALITA e. 45 Yn € N, ne # 0, AR F FRFIEA 0, 1E4E char F = 0; A A7AE
—ANEH p, 15 pe =0, H VI <peN*, le+£0, MFR F KFEEN p, iC/E char F = p.

# char F =0, | Va € F, pa = 0.

Thm.1 FRMNLEEEE

F—FE—ERAWT Q BIEA F.
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Thm.2 SAFHEEIE

W IR F AERE. & 12Q, W char F=0. # II 2TF,, U] char F = p.

4.1.4 573k

Def.10 ZXESHA
W R MR, HHAE—NN R B F BRRFEZ (, 815 F PEDSTTRBTEN
v(a)e(b)~t (FFT ab™t), a € R,b € R, )ﬂﬁ F A R 1433203k (fraction field), A ab™!
TEHE T BRI RS R Fro 1— HEEFE R B4y 308, F AU (embedding).

Prop.4 EIFAJHERA

B RAFN F HITIRALE F .

N )

RIEHBYIA Z MG A B0 Q 753, W ¥ R Mg 703 F.

1. BVEMRR: ENESET=RxR ={(a,b)|a € Rbe R*={z € R|z#0}}.
T EEL—"NJtKA (a,b) ~ (c,d) & ad = be. HT ~ i

(a) Y(a,b) € T, ab = ba, = (a,b) ~ (a,b) (RHM);

(b) V(a,b),(c,d) € T, (a,b) ~ (c,d), = ad = be, = cb = da, = (c,d) ~ (a,b) (FFFK
P);

() (fEite),
~ NT EHF—DENRR.
2. MR IR (a,b) MM EH % EREE T/ ~ N F = {% la,be R,b+ o}, X F

ANy RSE BEys|
a c ad + be g ¢ _ac
b dT b < d " bd
=t o g o s SRk
m%*éﬁi%ﬂﬁiﬁia%%ae SiE F RNk %%/zﬁﬁf%%ﬁ '3)%}5%13% ey Xt Iy i 43
R, HETC 3 = 0, BATEEA T —5 = ‘T“ HEHRTE 2 = 1, AT
i (4 Tl a0 El PR
b a
3. MG AWML & X

t:R—F aw— —
Ir
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= — X — =
1p 1z 1p

L R— F R—IE, R ESHEA

=ab L.

LA U o 5 1i &, TRE g
R

GriE o s — T, HAR—ANE, AT Kere = {0z}, HT

L(lR) = g =1
Wa+b) = “;;b - % — u(a) + u(b)
fab) =2 =% X )

R/Kert= R/{0g} & R~ TIm. = {1i | aeR}
R

Thm.3 HRERFEME—EEE

B R AN, BERRBIECT, R 897> 82—,

4.2 YK
4.2.1 Pk

Def.11 Bi# 3k

5K (simple extension).

HEF K E/F ALEEAE F REIN—A R o B2, WK E = F(a) N F ER—A$Y

Prop.5 I8 sKaY 5%

Wiy ik E/F, o, ,a,, € B, N

Flay, - ,a,) = F(ay) - (ay)

Pf A9 S n =1 BIROT.

%ﬁlu"' 76m€E7 )I_UJ

Flay, -+ om, B, Bn) = Flon, -+ an)(Br, -+
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4.2.2 KKK

i EONF Wy, W E N F ERZMESE, 5ROy FP-4efh%E).

Pf

Def.12 3RS IKAVE

B E/F, N EAFN P28 4ERL, 708 E X F Y KakE, 121k [E: F] 8L |E/F|.
EAE)y P-2RIEZ IR —AN 3, AR NI 5% B/F —AJ.

Def. 13 BRI K5 KR53k

A [E:Fl=neN WK E/F NERYIK, 3 n R 5K BN, FRNTRT K.

Def. 14 a5

WEY K E/K, E & K WiE—F F ¥4 E/K WA (intermediate field).

Thm.4 EEIE

WHEAEWE K CFCE WFEFRNE/K MR, W E/K AARY K < E/F, F/K
BN BRY 7.

Thm.5 XEFMEEIE

% E/F, F/K, W
[E/K] = [E/F|[F/K]

W [E/F)|[E/K] H [F/K] | [E/K].

3

[C:R]=2,C K R-#EN {1,i}. [R,Q] = 0.

4.2.3 FHHIEY IR

)

1

Yy

L X F ERE —ATAZIN p(e), B Fla]/(p(x)) RIAA—AE
2. ¢: F — Flz]/(p(x)), a— a+ (p(x)) N—PTHEBHEZR, 7K o 5 a+ (p(z)) 5FHE.

3. ¥4 & R 2+ (p(2)) TEHE o, W {1, ,---am | 0 = deg p(x)} 9 Flal/(p(x)) 1
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—/NE VB € Flz)/(p(x)) AIME—HIZRIR A
B=cy+cia+- - +cy1a™?

H a4 p(z) £ Fla]/(p(x)) B—MR.

Thm.6 FEIFGEY EEE

W F, N q=p Mo am AR, Hd p AR, r e N & m(z) = ag+arz+- - +a,z”
N Flz] FRIATTZZ IR, W F,[z]/(m(z)) H—NE ¢° DIz

B a—7 =2+ (m@), a BE mla) =0, B F[z]/(m() BEATETE—HEN

1

o+ o+ -+

B {1, a,--- ,a" '} N Flz]/(m(x)) FI—AN3E.

Eg.4 EHEMME

1o2%+1 AR, BIh Rlz] HAT L2, MGy 5
Rlz]/(z* +1) = {f(z) + (z* + 1) | f(z) € R[]}
2. X f(x) i RERE
f(@) = (2> +1)g(z) + r(z) degr(z) <2

3. W r(z)=c+cir, co,c1 €R, TRTE f(z)+ (22 +1) A
(2 + 1)g(2) +co + 1 + (2 +1) = [eo + (22 + )] + [e1 + (2 + D]z + (2? +1)]

R RN NEA NGRS
¢:R—=Rlz]/(z*+1) a—a+ (z*+1)

AR o 5 a+ (22 +1) R, Id a =2+ (22 + 1), M
Rlz]/(z® + 1) = {co + c1a | cp, 1 € R}

a e a?2+1=0.

4. & RN R FR
Y Rlx]/(2* +1) = C ¢+ cra v o+ ¢y

Gyl o DA, Bt
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Rlz]/(z*+ 1) = C

&9

WpeNZNRE W (p) N Z BNCKRHE, FIk F, = Z/pZ #E—& p DMITHEK

B,
&

A f(x) € Flo] N F PRATAZIE, W (f(2) NRKEE, KL Flz]/(f(x)) #8k
Mk

4.2.4 REY %
Def.15 ¥ TS5HEHIT

# ase Flo) PE—IEFZ K m(z) PR, WK o A F _EFMREUT (algebraic element).
it AR Flo] PMEAEHER 2 R, WAK ¢ 8 F ERERG.

Thm.7 SHRIMKEITTIET BETE

W F =N B SN F =3, B)F ERARE0T a e S, W Flo] 22—, H
Fla] = Fla]/(m(x))

Hhm(z) N a £ F LN Z T
H o £ F LR 20N

m(x) = xr+br_1l’r+ +b1x+bo

H m(z) /£ F EATZY,

Prop.6 M EEEFNE

Def.16 XEF 3k

NTEY K E/F, % E PR REN F ERRB0S, WK E/F 93K

Thm.8 HRY KA 3K

# E/F AAIRYSK, W E/F SRET K.
Rmk W am@ASBOL, AR 5K A TE R 5K,
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Pf W[E:Fl=nVaecE MW 1a- - ,a" &£ F _L&EMERL NTTEALRN 0 H—H
JLE ag,ay,-- a4, € F, 1§ f(a) = a0+ aia+ -+ a,0™ =0, i f(z) € Flz] 4EZF, FIit
a N F EREUT, E/F HAREd kK.

Def. 17 BRI K
B F B F ER—ETT o BEINEY K Fa)/F AREE 5K, 7R F(a)/F AHEAR
k.

Thm.9 BRI KEE
WYk BE/F, ac E N F LAIREUC, o 78 F LRI Z TN m(z), WE

[F(a) : F] = degm(z) = deg(a, F') = dim F(«)

HA{l,a,--- 0"} N F(a)/F FI—N%.

Prop.7 RKETHFIZE
a N F EWRET < F(a)/F AERY %K.

B [E/F]=neN, ac B, Wl a N F LIREUT, A deg(a, F) | n.

Prop.8 F(a) B9%
o N F ERREOT, & deg(a, F) =n, W {1,a,---,a" '} A F(a) BN F-2HE235 01

— L,

Def. 18 #H/NZINR
1. f(z) € F[z] AL o NRIIRESALR E — 2 0.

2.
3.

4. FH5H—Lh a ARMZ I g(z) € Flz] W2 f | g.

Prop.9

W E/F,ae ERNF EWREUT, f Ao F ERIRADAZT, M ¢ : Flz]/(f) = Flo]
NIEFEIR, H Flo] B E—NME, B Flo] = F(a).

oo, o € EXONF ERARBOT, W Flag, - o] = Floa, -+, o).
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\—/

q

W E/F,a€ E & F FrfR%ut.
L HE o BIRIR, HEUEH At 4 G515 B/ 2 1.
2. FEMADZ AR o, o, W f(z) = (2 —aq) - (7 — ag).

Prop. 10

B o, 88 F ERREOT, H deg(a, F) = dy, deg(8, F) = dy, W dydy DNZI o7 5K
—A dydy 4EW) P21 08] Fa, ), 2 0<i < dy, 0 < j < ds.

4.2.5 @B K

Thm.10 EEBi#d KEE

4.2.6 ARk

B F A=A q Brig, W F A es N o1 — o BIR.

19—z AR F, FIATARAA Flo] AL Z TR, HILKEBOER .

B F A=A q Brik, ARZTOHRRISRIERE F* 89— ¢ — 1 I E3AEE.

Prop. 14

FITA q Briskas A 4.

P BrREE A PP BT = k|
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Prop. 16

£ F BRI 8 L, 27 — o #BRAER.

W char F =p, g =p", WHE L2 WA Flz,y] F, (z +y)g =27 + y*

4.2.7 ARFpE

Def. 19 XRETTE

W E/F, % E = F(a), Bl E AN TRMATUA F HEITTEM o A R RE IR
FRAFE), WA o N E/F B)—ARJFEICR (primitive element).

W charF =0, E = F(a,3). WX TBRARZANLUSMNITE ce F,y=8+ca N ELEF
FRIARFEICE.

Thm.12 KETEEE

% char F = 0, WAL —3&F 5Kk E/F HEE&—MARFEITE.

Prop. 18

W E/F, % [E: F]=n,Vy € E, & deg(v, F) = degm,(z) = n, W v ARFITR.
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4.3 Galois it

4.3.1 Symmetric Polynomials

The roots of a polynomial are closely related to its coefficients via symmetric polynomials.

Let R be a ring and consider R[uy,--- ,u,|. The symmetric groups acts on this ring by
permutation the variables. For any ¢ € S,, and any polynomial p € Rluy, - - ,u,|, we def
U(p(uh T 7un)) = p(ua(l)a T 7ucr(n))

Def.20 Symmetric Polynomials

A polynomial p € Rfuy, -+ ,u,] is called symmetric if o(p) = p, Vo € S,. The set of all

symmetric polynomial forms a subring of Rlus, -+ ,uy,].

Eg.7 Elementary Symmetric Polynomials

S1=uUp + -+ uy

So = Z U; Uy

1<i<j<n

S3 = Z U U U
1<i<j<k<n

Sp = Up* - Up

Consider a monic polynomial of deg n

f(@) = (z —w)(x —ug) - (x = un)

Expand f(z) = 2" — s12™" ! + s92™"" 2 + - -+ + (—1)"s,,, where s; are precisely the elementary

symmetric polynomials.

Thm.13 Fundamental Theorem of Symmetric Polynomial

Let R be a ring. Every symmetric polynomial in R[uy, -+ ,u,] can be written uniquely as

a polynomial in the elementary polynomials s, - - - , s, with coefficient in R.
Rmk The theorem says that elementary sym polynomials form a “basis” in the sense of

commutative algebra for Ruy,- -, u,]

For example, n = 2. s(u1, us) = u? + ui = s? — 25y, where s; = uy + Uy, Sy = Ujus.

Pf We use lexicographic (dictionary) ordering on the monomials u{*us? - - - uf. We say
the exponent sequence (aq,---,a,) > (b, -+ ,b,) if the first non-zero difference a; — b; is
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positive. Let p(uy,---,u,) be a non-zero symmetric polynomial and let cui'---ul" be its

leading term. Since p is symmetric, all permutations of this term also appear in p. This implies

a; > ag > -+ > ay, because of a; < a;y1, swapping u; and wu;;1 (contradiction). Consider
the polynomials ¢ = cs7' ™ *?s527* - - - 5%, The leading term of sy is ujus - - - u. Therefore, the

leading term of q is c¢(uq)® 2 (ugug)*? 93 -

s (ug - up)® = cuttug? - - ulr. Thus, the difference
p1 = p — q is a symmetric polynomial whose leading term is strictly smaller than that of p. By
repeating this process, we eventually reach the zero polynomial (since anu strictly decreasing
sequence of exponent sequence of a given total degree must terminate). This proves existence.
Uniqueness: p(s1,--+,8,) = q(S1,--+ ,S,) for p # q. Let h = p — ¢. Since any monomial has
distinct lead term, there must be a unique “maximal” leading term in h that cannot be canceled

by others. Hence h(sy, -+ ,s,) # 0.

Suppose that f(z) = 2" — ayz" ! + - - & a, has coefficient in a field F', and that it splits
completely in an extension K with roots aq, -+, ay,. Let glug, - ,u,) € Flug, -, u,]%".

Then g(ay,- -+ , ) is an element of F'

Pf By FTSP, g is a polynomial in elementary sym poly. g(uy, -« ,u,) = G(s1,-- , Sn)
where G is a polynomial in F'. When we evaluate at u = a, we get s1(a) = a; € F. Since the
coeff of G are in F', G(a) € F.

4.3.2 Discriminant

Let f(z) = (x —uy) -+ - (x — u,) be a poly with roots uy,- - ,u,. We wish to determinant

if f(x) has multiple roots.

We def the element A € R[ug, - ,u,| by

A= ] (w—w)

1<i<j>n

The discriminant of f, denoted D, is defined as D = AZ2.

D = [J(ui — uy)?

1<j

Notice that for any transposition (k,l) € S,, we have (k,l) - A = —A. A poly with this
property is called alternating. Recall D = A?, so D is a sym poly in roots uy,--- ,u,. By cor,

D canbe expressed as a poly in the coeffs in sy, s, of f(z)
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Eg.8 deg 2

f(x) = 2% — 512 + so having roots uy, us.

S1 = Up + U9

2 2 2 2 2

= D = (u3 —ug)” = uj — 2uqug + uz = (ug + ug)” — dugug = sy — 489
S2 = U1U2

b
Iff(a:):aw2+bx+c=a<x2+ax+§>,D: .

Eg.9 Cubic Equations (deg 3)

f(z) = 23 + px + ¢, roots sum to zero. The discriminant in terms of p and ¢ evaluates to

D = —4p® — 274

4.3.3 rEk

Def.22 S35

W f(z) € Flz], deg f(z) =n > 0. HAAAE—NBY K E/F #HL f(x) £ Elz] HEEDfEN
—IRFEHXZR
fl@)=alz—a)- - (z—an)
;H\:EP oy € E, E
E=F(a, )

WFR E N f(x) /£ F _ER—A473 248 (splitting field).

Thm.14 SHEBHPEFEENE

fEE—MNE F, % f(z) € Flz], deg f(x) = n > 0, WA EFTE f(z) /£ F ER—r3.

Pt Fez a9k

B Cor.5

# E AN f(x) e Flz]) /£ F L4248, H deg f(x) =n >0, ] [E: F] < nl.

S Lom. 4

BN ¢ F = F', § FCE F'CFE. aeBNF EHRHTL, KNEHAN

m(z) =Y bia', ik m/(x) = o(b)a’. W ¢ GeME—HIFIEARFES ¢ : Flo) = F
=0 =0

m/(x) £ E' FHR.
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Pf “=7 gl = 6, m/(4(a)) ias =¥ (Zba) = $(0) = 0, Bk v(a)
N m’( ) 7 E’ R — MR “<:” W m( ) £ B PEH MR B, ARAWES o5 - Fla] —
Zalx — g(B) = Zgb a))B. m'(B) = 0/ = m(z) € Kerog. Kerog < Fla],

Flo ] PID, = Keroy — (h(:v)). @) € (h(x), = h(z) | m(x), LB m(z)  F ERTT
21, h(z) = m(x), = Kerog = (m(z)), = Flz]/(m(z)) = Imos & F(a). EX[FM 65 :
F[l']/(m( )) —>Im% g9(x) + (m(x)) = os(g(x)) = ¢'(8). WM 7: F(a) — F[z]/(m(x)),

r—1

Zcza = h(u) =Y cu', u=xz+ (m(z). TRERM 75 =6507: Fla) = Imoy,

=0
r—1
ho) o o (Zcix t (s ))) — W(B), F Fla) RS Zcza Mz, H
1=0
Va € F, 13(a) = ¢(a), = 73lr = ¢, Bt ¢ 7 TU\ﬁ%flﬁﬁ/ﬁfﬂ . Fla) — E', H

m5(a) = 8. W& ¢ WEEHIREN ¢ : F(a) — E', ZiE Vh(a) € F(a), 1/)(]1(04)) = 75(h(a)), Ftk
Y = 15, NITZITRME—.

Thm.15 HZEEMFIAEE

WENfx)=) aa' € Flz| f£ F EM3RIE, deg f(z) =n > 0, HHFEWM ¢ : F = F/,

i f(e) = §¢(ai>x e Flle), H f(0) f F' LA~ B, 1 o WTBIFH o Ry

isolqﬁ 1solw
F —— F'l2] 3 f(z) —2> E'

HZM R < [E: F), BHMNE f/(x) £ E BRI R EEE.

Pf Xt [B: F] 3Rk L (B Fl=18,E=F, 5iE F' BN f(a) f£ F' EM
— AR, NI B = F, IR Ay SRS, B (B F) < m @5 USST, m o> 1.

# B E' B1R f(z) € Flz] f£ F B2, W E = B, HAAERFEG ¢« E = FE/, ff
3 Y|p = idp. B RURAERIFG R SCT 2 ME—)

Pf W F=F, N ¢=idp, ¢ THHFNBFK ¢ : E - FE' |r =idp.
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% E,E' YN f(x) € Fla] £ F BR324, H¥OE L 1973, W E = E'.

Pf B f(a Hx—azzan B), o € B, B e B, BT BB C L, =

HYIN Lzl Eﬁlﬁﬁj\ﬁ%, EEI:‘EWJ\%&F“’E Y, (B, 80) = olar,-- ,an), 0 € S, Bk
E= F<a17 T n) - (517 7671) -

Wiy ik E/F 5 E'/F, A  : E =5 E', & Ya € F, ¥(a) = a, B ¢|p = idp, M
PR N—A> F-[AR (F-isomorphism).
M E=FE WK, ¢ #RA—A F-BFRH (F-automorphism).

Prop.19 #ZUdi#E F-BEMETHRE
YK L/F BRI E N f(x) € Flo] 76 F _ERI4288, WA L 09— F-E M o,
Ul BN E 01— FER.

Pf (E) A f(x) 7 F EMHFE: % E=Fla, -, o), H
D(f( (Z ajo ) > w(ay)(as) = iaﬂb(ai)j = f(¥(ai)) = ¥(0) =0

BIA L TR, E =¢(E), Y|p =idg, Bl ¥|p N E K F-ARA.

4.3.4 EMYIK

Def.24 I1E#M¥ 5K

WREY 5k E/F, # Flx] ¥ —1E E PARMATLHZ I, WATIE Elx] B —
WHRXZB, MFK E/F A—IEMY 5K (normal extension).

¥ E N f(z) € Fla] 7 F LB~ A28, W) E/F HERT .

Thm. 16 BRIEM 3K
ARy 5K E/F NIEHY K < E N f(z) € Flz] £ F _E—N5r 2438,
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4.3.5 WHPK

Def. 25 ZIAKITA 514

i Flz) WAL Z I p(x) £ F BRI IEER, WK p(x) 750, & f(z) € Fla]
£ Flz] HHIEE—DATAR XIS F 5, WK f(x) 75

Def. 26 A[534 5K
wBY K E/F, &/ E TEAGRE F LR 2 7, WK E/F R 295K

(separable extension).

LAWY K E/F ARG 5K, W Flz] FAE—1E E PERBATLAZ IR p(o), B
£ Elz] oA E RN —IRE R R,

4.3.6 Aok

Def.27 A @it

B E B FWEEN G = Aut(E),

Inv(G) = E¢ ={a € E |V € G,9¥(a) = a}

IR — AN, BN E 1 G-Ashik, 8iFRA G AN (invariant field or fixed field).

Prop. 20

Inv(@) A E HI— T,

Pf Vo,5 € lnv(G), ¢ € G, (o= ) = ¢(a) = ¥(8) = a =5, P(ah) = ()¢ (8) = af,
Yo =y t=at = a—5a8, € Inv(G).

B G E M IRA R, T

(B Tnv(G)] < |G
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4.3.7 Galois AF

Def. 28 Galois &f

BII 5K E/F, E KA F-HRAAREE S

Gal(E/F) = {¢ € Aut(E) | ¢[p = idp}

XTSI 2 A BA— 1B, KA E £ F LB Galois # (Galois group).

Prop.21 Galois BRI 3

A EN Flz] B 20 f(o) £ F ERR8E, N

IGal(E/F)| = [E : F]

Pf & f(x) € Fla] BFREEMRA f(2) _anp, ), X fole _aHpZ ), 0l E

N folz) B 248, {pi}tici .. s BIF 5, BRI pi(x) £E T E R B, AT fo(z ) T FE HiRE R,
= |Gal(B/F)| = |E: F].

F —— Flz] > f(x) LN 5
lid Fautlw

spl

F —— F'[z] 5 fo(x) —— E

F CInv(Gal(E/F)).

Pf VYae F, ¢Y(a) =vY|p(a) =id(a) = a.

B K E/F, RN f(z) € Fla] £ E FHrARMBRIES, W ¢ € Gal(E/F) A R £
— A EH.

4.3.8 Galois ¥k

Def. 29 Galois ¥ 5k

HEY K E/F W2

F =Inv(Gal(E/F))

MF E/F H—A Galois #5K.
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Thm.17 AR Galois # 5k

XTIk B/F, Tk s
1. E/F NABR Galois #5K;
2. E/F NAMRA 5 ERY 7%;
3. EN Fla] H—AH3 2T f(z) £ F _ERIRE.

W H A E WARA FREEE, N E/Inv(H) NHR Galois 77k, H

Gal(E/Inv(H)) = H

Prop. 24

W E/F NAR Galois #75K, K N E/F WAE—iEEk, N E/K 754 Galois #75k, H
Gal(E/K) < Gal(E/F), I\ifi Inv(Gal(E/K)) = K.

4.3.9 Galois EATH

Def.30 Galois M55 Ehisi &t

BAIRY K E/F, i S N Gal(E/F) M TRMRINES, T N E/F KA e
BSEE. THEFE X Galois MRS gal 5AZNIRBUS inv:

gal: Z - S gal(K) = Gal(E/K)

inv:S -7 inv(H)=Inv(H)

1. )[/& Hl,Hg < Gal(E/F), )I_\”J H, C H) <— IHV(HQ) - II]V(Hl);

2. W Ky, Ky A E/F [, W Ky C Ky <= Gal(E/K,) C Gal(E/K)).

Thm. 18 Galois EAEIE

W E/F N—NAR Galois ¥73K, G = Gal(E/F),

1. gal 55 inv MRS, B B/F KA T 5 G TR S [EARE— BT
N, #rA Galois XM

gal ' =inv inv! = gal

H Inv(Gal(E/K)) = K, Gal(E/Inv(H)) = H.
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2. MMIE H <G, AHEXR

|Gal(E/ Inv(H))| = [E : Inv(H)] G : H]=[Inv(H) : F|

3. HaG <= Inv(H)/F NIEMY 3K, i

Gal(Inv(H)/F) = G/H

#FX H < Gal(E/F), % K =Inv(H), Il galoinv = ids, M inv NHEIF, gal AT

Eg.10 Galois Theory for a Cubic

Let K be a splitting field of an irreducible cubic polynomial f over F', let D be the discrim-
inant of f, and let G be the Galois group of K/F.

1. If D is a square in F, the [K : F] = 3 and G is the alternating group As.

2. If D is not a square in F', then [K : F] = 6 and G is the symmetric group Ss.

4.3.10  JyAEARSU AT

Def.31 RAAAE

® f(z) € Flz] &—, deg f(z) >0, f(z) £ F LRSS A E. HHE F YR LD E,
Ak L/F AT e
F=FRCkKRC.---CF,=L

H Fi = Fi(dy), H di" € F;, WTFE f(x) = 0 fE8k F EARFUAT .
Rmk d; BX F ORI n; 0733 ERTHEERN F X L — M RATHE.

Thm.19 FERATEERYF B AN

FHEAN 0 I F LM f(z) = 0 MAAME < Gal(E/F) AW HEEE, K E X
f(x) € Flz] B 5EL.

W f(z) =0 RNk F L) n IR— 52
flx)=2" —tig" '+ + (=1, € Fty, - ,t,)[7]

HAp by, tn N n DIRAETT. & f(z) £ F(t,--- ,t,) ERRREON E, N f(x) £
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E i n MREESR, H
Gal(E/F(t1, - ,t,)) = S,

Thm. 21 Abel-Ruffini EIE

RHIER 0 3R F BB n IR—MHFE f(z) = 0 1E n > 5 BIASZ AR AT AR
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5 Bt
5.1 Fibypi
5.1.1 FRE X

Def.1 If ERUIR

W M &— Abel IVERE, R 22— MHABAIT 1(£0) BIP. &G B
RxM — M (r,m)—rm

Bt Ym, mi,me € M, r,71,79 € R
1. FrEFIEXBINERI B r(my + ma) = rmy + rmy;

2. WnEIFRVEXNMINER A (ry + ro)m = rim + rom;

3. GiEH: (rirg)m = ri(rom);

4. BALTTHIMER: 1m = m,

WFR M N R BRI —ANFERR, iR R (left R-module).

FABhHh, AT A R

W RE—NHBAIT 1(£0) FIZEIF, M 22— N R, # Vm e M,r € R, mr = rm,
WM Wt —Ma R, TR M i2—1 R4

Eg.1 ZM=g

$ef L PR B £ 12 2 ).

Eg.2 ZIEN R-1%

HHEAIT 1 0) M3 R BIINERE (R, +) /&2 R EW—ANEB BRI R B S IERE
AR FRONAEIEN] R-A5E.

Prop.1 EXIZEHN

W M A—NE R W Ym,m; e M, r,r;, ER, B
1. 70 =0r =0;

2. r(—m) = (—r)m = —rm;

3. TZmi = Zrmi, (Zn) m = Zrim.

67



S

5.1.2 FH5

Def.2 FF&

¥ N J%e RMEM B—ANAEZE TR, 2 N W M IR R B R dsh— A R,
MR N £ M T4
Rmk {0} 55 M 8%y M KITHL BT LT

Prop.2 THEAFIE

N A M BIF#H < N A M ENIEHN TR, HVYre R,ne N, 2 rn € N.

Eg.3 IENERFIE

FEETH R C R ZLIEN R R — T «—= R N R EHME.

5.1.3  FERYEAM

(1, xn) + (W1, ) = (@1 4+ Y1, T+ Un)

7“(.131,"' 7xn) = (7'.271,"‘ ,T.Tn)

5.1.4 ML

Def.3 iR

BN NE RAE M — AT, 7E Abel Fifif L2 SGAIIERIN Vr € R,m + N € M/N
r(m+N)=rm+ N

Sk Bk EE, H M/N WBo—A 7 R, B8 M 3T N TR

5.2 FES
5.2.1  FE) &5 A

W M5 M BRE R &H M B M AFE-DTER R BERZTHRIEERES ¢, B
Ym e M,r € R

¢(rm) = ro(m)
MFE ¢ N M 2 M' )—PMEFEZ, B0 R-FE. Bra N\ M 2] M B RIS RE S
iefE Homp(M, M').
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Def.5 1&E[E)4)

AR ¢ M — M 22— DR, WFR ¢ A— MR, 8K R-FIf, idfF M = M.

Def.6 1&E[EZAIZ

RERZ ¢« M — M AEONBE RIS %, FOVEIRIZS ¢ 8%, B

Kerg={me M | p(m)=07}

R N—AHLIN, W Homp(M, M') #Ip—A> RS

5.2.2 A5 AL E PR

Thm.1 FE—REHEE

W M— M N—MERZ, W Kerg &2 M HJ— N7, Im¢ j2 M' Kj— 74, H

M/ Ker¢ = Im¢

5.2.3 TR PEHE

Thm.2 FHEIINEER

BN A M BT, N M BT ¢ M — M OSTERIES, AU

{N|Ker¢ CN C M}« {N'| N C M}

M/N = M'/N'

5.3 F I

5.3.1 3k

Def.7 %

B S NE R M B~ DT, & S L
L M HEANTEER m HATRAN S PHRZANTRN R-EMEAS

m=ria; + -+ rs0g
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EEF' {ah'“ 7as}g57 T, 7T$€R7S€N*;

2. S WHE—BRTE S ={a, -, } & R-E&MTERH, BRI

riog +---+ro0p =0 —=r=---=r,=0

MFR S & M —3.

Def.8 HBHHZAEZ R-1&

ahe R M H—5, WHFK M YEBEA RAE (free left R-module).

Eg.4 R"

W RA—ANHEBAIC 1(#£0) I3, £ R* = R x -+ x R W@ UIMESSHIER
N———

n

(xlv"' 7xn)+(y17"' ayn):(x1+y1>"' 7xn+yn)

7“(.131,"' 7xn) = (7"%1,"‘ 7r$n)

GE R" & — N RAR.
{e1= (1,0, ,0),50 = (0,1,--+,0),-- ,en = (0,0,--- ,1)}

e R A, Bl R 2 — N E B R

Thm.3 BHRERZMER

W {an, - o} AEHE RER—DIE, M ONE—K RA AT 6y, -+, B, € M/, I

¢ZM—>Ml m:ZTz‘O{il—)ZTiﬂi

i=1 i=1

& M B M —AMEREZ, B M 2] M L ¢(q) = 68; FIBRRIZZME—K).

Pf m HREME—, Bt ¢ 2B, H ¢ REFINESHRIEN

ot -+) =0 (o 3w = 320+ w0 ) = 300+ )51 = o) + )

i=1 i=1

otrm) =0 1 (S| =0 (trmiar) = r3n = roo)

=1
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Bk o WBRIAS. ZRAL ¢ M — M B oo = 4, 1 ¥m = 3 ria,
=1

n

b(m) = o (2 a) = S rplon) = Yorih = olm)

=1

W o =, PIIEHE—.
5.3.2
W I NERAITINA R — N, M oN—PMEBEE REL {og, - a0, A M I—A

2Nl
N = {i1a1+ -+ in0n | 61, ,in € I}

A M AT
Pf Gk, N X (M, +) BILE M, RtteE M T8 vre R
ripon + - +inay) =r(iaq) + -+ r(ipay) = (rig)og + -+ (riy)a, € N

P N 2 M TR

FERR M/N L& S R/I WAERN: Vr+1 € R/I,m+ N € M/N
(r+I)(m+N)=rm+ N
W M/N BAN—ANEHBE (R/DAE, {og + N, -+ o, + N} AH—E

Pf 2 X R/T BIME SR ERARKEET R, Bk aaEn.
1. M/N @&—"Fk (R/T)-15:

(r+ D[(my + N) + (mz + N)| = (r + I)(m1 + N) + (r + I)(mz + N)

[(re + 1) + (re + D(m + N) = (r1 + I)(m + N) + (rp + I)(m + N)
[(re + 1)(ra + D](m + N) = (r1 + D[(r241)(m + N)]

1+I)(m+N)=m+N

2. ¥Ym+N &€ M/NHAH{og+N, - ,a,+ N} K (R/I)-LHERH:

n

m+N=> rap=> (rg+I)(ax+ N)
k=1 k=1
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3. {a+ N} & (R/D)-ERMET:

Zrk—i—l (g + N)=0+ N :Zrkak—szak ==y clr+1=1

k=1 k=1 k=1
———
EN

&{ﬁ17"' 76m}j‘\jMﬁ/‘]%—A/l\%aN:{jlﬁl++]mﬁm|]17 7jm€I}7 IJI\UNZN

Pf VY jfeN

=1

ijlﬂl = ij (i ey > i (i]lhk) ap € N
=1 k=1 i=1 \I=1

FM NCN, F¥EA NCN, g N =

B M RENEAEFRENBEE R, R 2P HLH, UM M HEENNE S TR
MR

Pf W {ay,-,a,} A M BI—A3E BTN R BIRCKEAR, WIFEHE M/N SNk R/1
R E B, B R/T BRI, {ar + N, o + NY RHE—AFE W {81, B} N
M BIA—AEE, W {3+ N, B+ N} RS R/T EERMEZS0] M/N f—/N3, IRIELME
A 4EE E B, m = n.

WM R— N EEARER B R, R Z—NE AT, M F{ER— N
MTC RN, BN M EE (rank).
HUEZR {0} FIFLA 0.

5.3.3  H WAL & E
Thm.5 BHHEENSEHEE

f£—n BE ML R-EHS R F.
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5.4 ERIVRI LA IR AL

Thm.6 FIHEBEIL FBRKRNFIEEE

B RN AEHEEN, M A n BREH R, N M FE T N B8 —AH i
R-#, H rank N < rank M.
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Other

6.1 Hpl

Def.1 Hi&

BHAEE L PR AE R, FRON— AN (simple module). BRI M 7 H A {0}
5 M.

)
AR ) B[R] 2 R AR (A 4.

1

® R EMHBRL S = R/M, Hh My R BISKKEAR.

Wo:M— M, Kerg A MBTHE, Im¢ y M K78, BT M 2R Kerg = {0}
or M. % Ker¢p =M, Vm € M, ¢(m) =0, B ¢ ZFMES. & Ker o = {0}, W] ¢ 2R S
FE B I Im ¢ = S, i ¢ 25T, AT/ RUN, HILARHIE ¢ RA5E .

o
[\V)
=
h..
=
i

Def.2 IfE5ERE
HHME A= (a;;) WHERETT a; WETH R, WK A A—D R ERISERE, B0FR R-FEFE.
# A BYREMEH W E—A R, WFR A ARl RHERE.

Prop.2 I ER—RRLZLIMEEE
Frf n el RAEFEME—ANEE, #5080 R BRI — MR MERE, id/E GL.(R)

(det A)(det B) = det(AB) (6.1)

Prop.4 R-FEFER[IEHIFIE
R-J7ME A Wi < det A N R FHHIAT I L.

Eg.1 E¥4ERE
VA € GLn(Z), det A = +1.
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B8 R A
R™ "™ = Hompg(R™, R")

6.3 AMRAIKF Abel AF

Thm.2 FBIRER Abel HHNEHEIR

—MNARAERE Abel # G Al A fENEA THE Cay, - -+, Ca, 5D HH Abel B[ EAN
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