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|7.6 Unitary and Anti—unitaryl
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1 B

AN BAIETF 17 A AT AR T 48 A PR 4k Hilbere 2% ) % PR IS, BRI\ FLAT 1) € Sk R A
Hilbert %% 7).
1.1 i RAK

1.1.1 &2k

Post.1 &K=

o —METRGENWHEIRE, FTH Hilbert FEPH—NMERE [¢) € # Fresefid.
o VPR N PSR EAME—, SKERX R —DNEEG K @) ~ c|y), Ve e C*.
o EEEDUAERE (W) = 1 AR TT, M EEAR LA TN

[¥) ~ ¥ [¢) (1.1)

1.1.2 WL

Post.2 TAIWUEERF
H—AE I E A 258 Hilbert 25[8] FHFI— N EAEESG A = Al
AT, C AT E A A, T ALy AL

1.1.3 MK

Post.3 MELERNE

TMEF M E A K, WELF (measurement outcome) — €& A FIAMLME. A A7 F2:
L s
— JEfIf
Alan) = @ an) (1.2)
— f&j I
A an’)>:an anz)> (1=1,2,--+,9,) (1.3)
o ELE
— JERIfE
Ala) = ala) (1.4)




B

it
121|a, ry=ala,ry (r=1,2---,g(a)) (1.5)
Hot |a,) BT AMEE a, KA, (o) JETAMEME o FAGES.
o HRGNT ) &, WA 55 RN
) 222 S fan) = (anl9)
LB S ) ag>> cli) = <ag> ¢> (1.6)
oy momcdes / dacsla)  ca={alt)
(1.7)
/ da Yelar)lar)  clar) = (a )
. W a, KRR
P(a,) ==£ |cn|2 — {an] )]
o gn . (18)
L S| = {af]w)[ = @1Paly)
i =Y o) (| F B
=1
Rmk #AKE [v) KAk, MEES K
_ (W[BJy) »
Plan) = =013 (1.9)
o IR o B R
p(a) == |c(a)|® = [{aly)|?
deg. wnnorm. ($1P(a)) (10
()] P(a) ) morme. T
Hrp Pla Z\ar ) (a, 7| NI EEHAT
Rmk {)HJ@E«MJE o FHE A X [ 4 HOASE
P(a,A) = (WIPalY) Py = / da P(a) / da Z la,r) (a,r| (1.11)

(@lp)
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Post.5 P4 1%

P A IR a,, T B GO 345 B A
nor?—tleg. |6Ln>
[¥) o, 190 _ Bl (1.12)
dog Jalthn) (W]l )
nonildeg. |a>
) o ) __ Paly) (1.13)
o WalA) L/ (@l Paly)

1.1.4 B Lk

Post.6 ELANIE

PSL BT RGN A AL 2 L IR, 7T Hs 2 DL T AR K BB UL, to) g fiid:
1. Z1EM: Vt,s e R

U(t,s) € U(#) = {V € End(#) | VIV = VU = ]} (1.14)

2. BEM: Vs, t1,t0 €R,
U(ta, t1)U(t1, t0) = Ut to) (1.15)

3. EEME: V) € A, t,s,ty,50 €R,

lim
t—to
S5—S0

U(t, ) [¢) = Ulto, s0) [¥)]| = 0 (1.16)

1.1.5 25N Ak

Post.7 £[RRT

[F Aok 5~ HA AT X 731 (indistinguishability)
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1.2 Hilbert %% 0]
1.2.1 522

Def.1 EZM=[E

BV oA IEEES, HuaiRE, C AREUK. HE V EE UniESaEREIEH
VXV =V (|v), W)= [v) +[v)
CxV =V (¢|v)w—clv)
H 2 s AN

L. INEAZHIE: Vo), |u) € V,
[v) + [u) = |u) + [v)

[\

RS AR V), fu), |w) €V,
(lv) + [w) + [w) = v} + (Ju) + |w))
3. AIERLKE: 0y €V, st V]u) €V,
[v) + 0y =0y + [v) = [v)
4. IEWTC: V|v) € V, 3(—|v)) € V, s.t.
[0) + (= |v)) = (= [v)) + |v) = Ov

5. AisIRIEMBALIC: V) € V),
Ic |v) = |v)

6. AigmIIELG G/ Va,b e C,v) €V,
(ab) [v) = a(blv))
7. AR INEX R FIE LR Va,be C, |v) eV,
(a+b)|v) = alv) +bv)

8. Aim VLA REIMERI M HLHE: Ve e C, |v), |u) € V,

c(|v) +u)) = ¢lv) + clu)
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MFR V NEHI C R — 2P0, AR E 2% 25 1A] (complex linear space).

Prop.1 E%M=EAIMER

LV HIZ%JG 0y ME—.

2. V|v) eV, |v) 5 TCHE—.

3. V|v) € V, Oc |v) = Oy.

4. Ve € C, 0y = 0y.

5. Vee C,|v) €V, % clv) =0, Wl ¢ =0¢ X |v) = Oy.

6. V|vy eV, (—1¢) |v) = —|v).

1.2.2 LARAN

Def.2 E%ZM=E ERATA

WV RN NEEMETE. £V LE X IoRH
([):VxV=C (jo),[u) = (v

V), |u), lw) eV, abeC,He

1. PR AR
(vlu) = (ulv)”

2. WEE AR ERRREE
(v|au 4+ bw) = a (v|u) + b (v|w)
3. IEREME
{v|v) 20
H (v|v) = 0 iff |v) = 0y.

MFE () RV ER—DWH (inner product).

AR 58— A R B R I T2 -

{av + bulw) = a* (vjw) + b* (u|w)
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Def.3 ERFAZE]

HELMERE V RE T AW (]), WER (V. (])) A—DEARZEE (complex inner

product space).

Prop.3 XR=2KE

E X |v) € V IKEA |||v)]| = y/{v|v). Vc e C, e

le ol = lef - [[[o)]

V]v),|u) €V,
[(wlw)] < )] - [l

HENA o) 5 |u) LR IEE, ke C.

1.2.3 I pE2 )

Def.4 JE#

BV N AR, 52 SR E B3
I']l:V = [0,00) CR

# V), |uy € V,ceC, e

1. IEEME:
[lo}| = 0
H [[lv)]| = 0iff |v) = Oy
2. HaXF IR M
le|o)]| = le][l[o)]

3. =
o) + [ < {[lo} | + [l

WAR || | 9V H—EEL (norm).

Def.5 MH3EZ|8]

HANMEASE] V FRE T —NEEL || |, WIRR VO —AMRYEZSE] (normed space).

10
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Prop.4 HRIFEFTEH

SRR (] ) FTELEE S
o)l = /{wlv)

M AR 8] VRS — MR TE 4 8]

1.2.4 52%&MEY5 Hilbert %30

Def.6 [F5IUALE

B (o) oe, AERBAE Vb N, AT o) € V, 78 Ve > 0, 3N S€ N, st.
Vn > N, [[|v.) — [0)| < & WFRFF {|v,)} ULEL (converge) F |v), 1B |v,) — [v). BEFK
{lvn)} BBR |v), iefE

lim fo) = |o) <= lim [[lon) = o)]| = 0

n—oo

Def.7 Cauchy &5

# Ve>0,3IN €N, s.t. Vn,m > N, |||vn) — [om)|| < € MFR {|v,)} AV FH—A Cauchy
J¥ %1 (Cauchy sequence).

Def.8 &4

& V A Cauchy FPAUSSAKRIR, MFR V 5T HIGHUE &1 (complete).

Def.9 Hilbert Z=(8]

HARENE 2 KT HARTEFRNVEESE %, WAK 22 39— Hilbert %%[8] (Hilbert space).

o IRYER AR R E 58 %, IO — A FRYER. Hilbert 2],
o JCRRYES AARA (B A—E FE 4.

1.2.5 X431

Def.10 XHMBXE

W A A—E Hilbert 2¥[A]. & LB

(9] : 2 = C [¢) = (dly)

=YY, |x) € #,a,b,c € C &

11
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1. {R¥FF IV
(9] (aly) +b|x)) = a (o) + b(]X)

2. {R¥FAIE Ik
(0] (cl9)) = c(ol¥)

MFR (¢| A H# EFI—DNENMEZ R (linear functional), BiFR (9| AKRE |¢) € H# FIXHEKR
= (dual vector).

Rmk #REE |¢) K (ket), SHBLEE (| HES (bra).

Def. 11 3@z

H PIERERXEREWREEGAN C ER—NREEMETE, A 22 FHE R
(dual space).
"= {(0] | |¢) € A}

1.2.6 KREMIERS%H

Def.12 TE&EIEARHE

o & {|jun)} A—NRELE. LWL
(Up|Um) = Onm (1.17)

MFR {|un)} AIEZZH—H (orthonormal).

o HIZRBEERIKEEA Hilbert 20, BNZREEMMR 72 H— D3, WK {|u.)} N
e

o & {Jun)} BBRIESZIA—1, JREEK, MAKN—ATE 8 EAC 3.

Prop.6 IE3YA—1H5&H

. Spo7

— JEf I
(ap|am) = dnm (1.18)

~ 3

—~

i)

<a

D)) = Bumbys (1.19)

3

12
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— JEfI
{ald’) = 8(a — d’) (1.20)
— fAiF
{a,r|d',r") = 8(a — a')d, (1.21)
Prop SERMSEN
« 43T
— EfEf
S Jun) (un| = T (1.22)
— fRiJF
> (a5 =D L. =1 (1.23)
. 4k
— JEfRIIH
/da la) {a = I (1.24)
- (a)
/da > la,r) {a,r| = I (1.25)
r=1
Pf “=7 V) € 0, ) =3 calun), (Unlth) =D cn (Um|un) = cm,
n n W—Zénm
= [1) =3 e [tum) = D () [tm) = D (Jtm) (] ) [89)

=1

e ) = ) = (Z ) <un|) 9) = 3 (unltf) ).

———
AR BLIAATALE.

=cCn

13
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1.3 Hilbert 2% 0 _FWHEAF

1.3.1 M55

Def.13 4 E7F

% Hilbert 28] Eg—ANEHe A o — o2 Wik

1. BREFINE: V), |0) € A2,
Al9) +19)) = Alp) + Al)
2. R¥FAiEIRIE: V|Y) € #,ceC
Alcly)) = cAly)

WFK ANy # FH—AEPEE A (linear operator).
. EVW) e, Al) =B, WK A5 B M, itE A= B

o V)€, 0W) =0, MFK 0 ATHFF (zero operator).

o« HV|Y) e, f|w> = |¢), WIFR VL Xk ks (identity operator), BUIE S HAF.

Thm.1 ZMEFRE

& EAF IR

(AB) ) = A(B |v))
T2 o EWrA S R, M. fieEder:. sRiEMR—1E LS 658 BRIk
— A e

AB=BA <« [AB]#0

1.3.2 XHT1

WA B ¥R o FIRERIEER, B 5T (commutator) A
[A,B] := AB - BA (1.26)

¥ [A, Bl =0, WK A5 B X5, BUHIHAN 5.

14
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Thm.?2 Lie {#5SHAEBMR

Xt aF [, ] WE Lie #%5 (Lie bracket) FIAE L E X:

[,]:End(s2) x End(s) — End(5)

H VA, B,C € End(H#), a,be C, &

1. W2
i)l
[4,aB +bC| = a|A, B] +b|4,C]
2. JROGFRPE
|A,B] = -[B, 4] (1.28)
3. Jocobi fEZEF
[A,[B,C]] + |B,[C, 4] + [C,[A, B]| =0 (1.29)
MMM F LT[0 End(52) fEX 5 [, ] TR — Lie X% (Lie algebra).
Prop.8 XI5 FHIREMER
e Leibniz N
[A,Bé] = [A, B]CUFB[A,C} [AB,C*} = A[B,C‘] + [A, O]B (1.30)
o WEREGEN: % [B,[A,B]] =0,
|A, B"| =n|A, B| B> (1.31)
o EWHOEN: % [B,[A,B]] =0, W
i p(8y] = 14,814
4, £(B)] = [4, }aB (1.32)

Pt [4,BC| = ABC — BOA+ (BAC - BAC) = (AB— BA)C + B(AC - CA),
~—_——— ~—_——
—[A.5] —[Ac]

XFHRA 0 BOCHAE: 0= 1, AR, W n = k WL, B [A, B] = n[A, B] B,

—

15
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WIXF n=k+1,

(4, B%1] = B[A, B"] + [A, B|B* = kB[4, B]B* + [A, B] B
B

BT, ITTRET 7 € N, AR,
Let f(B)= 3" fuB3", then [ A, f(B)] = [A,z an"] S B = [A B g B
n=0 n n

1.3.3 #5555 BCH oK

Def.15 3E¥EF

B A FEBUESE (exponential operator) e & ARSI KL

A= —FrA+T 44 (1.33)

Prop.9 IEHEFHIMR

TWHMF A R, B

o LAY
=17 (1.34)
o WEL
A =11 A
(eA) —e4 (1.35)
o XWSHMFE 4
S tA _ A tA _ tA 4
3¢ Ae e A (1.36)
det <eA) =4 (1.37)
=1
eAeB — oAtB (1.38)

16
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— )

JEHIAHe o Bo~ W RTF A M
ABe A= B+ [A B+ [A[AB]+ +[A[4[AB] -7+ @39
5 SO 5
ad;: B [4,-](B) = [4 B] (1.40)
T BH 51 HLE
B =Y adf‘i('B ) (1.41)
— n:
n(AB) = A+ B+ 3[4 B+ L[A[AB] - Z[BAB]+ @
— )
oAB — oA+B 3[A.8] GA+B _ (A B —3[AB] (1.43)
— )
% A5 B x5, B [A B =0, W
efeB = AtB (1.44)

e W a € C, FHME |a) € 5\ {0} 13 Ala) = ala), WK a N A BIAAEL
(eigenvalue), % |a) N A HIJBTAMAE o IAER (eigenvector).

o SARMERI KR TR, HOAARMZ (cigenstate).
o FRED a BUPTAT AIE R 5K ) 25 8]

6y :=A{la) € # | Ala) = ala)} U {0}

N a WIAAET72[A] (eigensubspace).

17
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o KRR AN YERL, PRAAIEME o BITEFFREE (degeneracy).

go = dim &,

— % g =1, WF a JEFF (non-degenerate).

— % g > 1, WFK a &I (degenerate).

Thm.4 &R

H =P & (1.45)

a

Def.17 i

e WA NBTRGH—ATWINE. A KFTEAEEERTES, BN A BRI
(eigenspectrum), iCfE Spec(A),

o UL E REE AT A BRI {01, a2, -+, -}

Def. 18 BRUIESELE

1.3.5 B HAT

Def.19 JMAESRF

V), 1¢) € 2, HAMR [o) (p| Bl L—DEMEELT: V(x) € 2,

(I8} (81) ) = ((@lx) ) ) (1.46)
Def.20 #HEEFF
ELRMER P AL
1. #5M (idempotency)
p?=p (1.47)
2. HAE
pPt=p (1.48)

MFR P R—MEZESSHEST (orthogonal projection operator).
) € A H—, WA]SE XIa) |) J7 18 KR HAT

By = 14) (¢ (1.49)
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Gk Py A— A IEIYHIF.
Rmk R e S, MAZR B HEMERERT, BONBOYEST.

Prop.11 & EFFRIALEE DI

B EAE Py BAKER R 0,1 BIAEUE, SR RFIANALER (0), |1). AR N IER
A (orthogonal state) [, ) = |0) 5FATA (parallel state) ‘¢||> = |1).

Prop.12 ESKREMIEINE DR

Y|g) € A, |6) = |o1) + o).

{m = (I -P)19) -
\¢||> = Py |¢)
B (o), o)) 4MHIN Py MR TAAEA 0,1 AR, B

Pylor) =0 Byloy)=|o1) (1.51)

Pf (o1]e)) = (6l (I = Py) Py |6) = (6] (Py — P2) |¢) = 0

Def. 21 A{EFZEEIHIEEZER

¥ A BRIFEMAME o, B A a(i)> =a a(i>>, i=1,-,0q. MEX a WARUEF 250
WEITN .
B, =>" |9} (a® (1.52)
=1
1.3.6 AL 5 B AESEAT
Def.22 #REEST
V), |p) € A, AWK FR
(ol Alp) = (| AT |g)" (1.53)
MR At RERMEES A HIFERE (adjoint).
Def.23 B#ES
FRMEERT A MRS T H A & B
At=A (1.54)
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TFR A N—AEEEHAE (self-adjoint operator).
Rmk JEfRZE Hilbert 228, B FRFEATIEERE LI

A

D(A) = D(A') (1.55)

PRULATIRAE Hilbert 2RI, SIFREAF (8] A10) = (0| A|9)" 5 B AEBLEFERAT A, TIHETE
B4 Hilbert %160, ATLMIERAS S2AG S RS E1 A SRS

Thm.5 BfEFHKRIEE

EAEHEAE A MAKEME 2 RS, B

A

Ala)=ala) = a€R (1.56)

Pf  (a|Ala) = a(a|a) = (a|Al|a) = (a]a))! |a) = a* (a]a), = a = a*.

Thm.6 BHEEMFILZEE

B A E AR FTE AR T2 M ELAL, BIDN Hilbert 28181, M H FEEARF U AIESR, AT LKL A

A SE IR HE.

Def.24 KRBE#ERHF

HRMEE AR

At =—A (1.57)

MFRA— R BFEFAF (anti-self-adjoint operator).

Prop.13 ~EBE#EMFHALGE

JEAESRF A BATEAE 2 AL A, B

Ala) =iala) (a €R) (1.58)

Pf  (a|A|a) = ia(ala) = — (a|AT]a) = —(ia|a) |a) = ia* (a|a), = a = a*.

Prop.14 XZFHIKRBH#M4

% A5 BERASR, W [A B] h—ARAMFR TEH
4, B] =iC (1.59)

B O H—A AR

20
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Prop.15 HEFMBH-RBEHDE

FE—ANER O, BIFT UL AR B PR 58 B R 2 .
a a A 1,4 A
0=3(0+0") +5 (0-01 (1.60)

$qt 2 (0 +0") HEMSR, - (0 - OF) WtEpsA:

1.4 A&
1.4.1 A S RAEAE R

Def.25 AIEEFRF

¥ U NS, Hif e

U0 =00"=1 — Ut=0" (1.61)
WFR U AL IEFELE.
LIEEFREBEREZAMAR. B |v) = [v) =T, |8) — |¢) =T |¢). N
(¢19) = (8|01019) (1.62)

Prop.16 FHEMFLHR

LA KRBT XS |v) = Uy), THIMEARLE, WK AR E ERA SRR S H R
e

Ay = UTAT (1.63)

TSR, AT A [0 2 R A AR,

WAl = (@|UTAT|y) (1.64)

=Aes

Rmk

Prop.17 BEHENER

A =UAU? (1.65)

21
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Prop.18 AIEEFFHIALEE

BT U lu) = ulu), |u) #£0, B
luf=1 u=¢’ (eR) (1.66)

B, K IESAT AL L T 21 1 ) S [ L

Hilbert ¥[8 27 A Z IR T BN 2 &M — M, #R9 L IEHE (unitary group).
U(#) ={UeGLw2) | Ut =0} (1.67)
U(2) FATEATHIACN 1 ISR R — N, FRONFRIR L IEBE (special unitary group).

SU(#) == {T € U(#) | det U = 1} (1.68)

Thm.9 =MH&—

DL S (0 =Rk B o, AR R AN LI, B8 = AN RO
1. EfE: At = A
2. %IEME: At = A1
3. Mtk A2=1.

DO BT ARNEE N 1 8L —1.

Pf A?|a) = dAla) = a?|a) = |a), = a € {£1}.

1.4.2 $%E K5 Lie Af
1.4.3 5 /MEHY Lie 0L

1.5 KH

£ Hilbert 7% [A] ik E — A 78 % IERCHE, FRELEEGE L — MR R, A—DER (repre-
sentation). AIWME A MAKER {|a)} HWE—D5E&ERE, ML ARER, Kh A
[AAER S (eigenrepresentation), BiFK {|a) }-RA.

22
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1.5.1  JEAEL

Def. 27 R

BREAE—NDRZ NIRRT REL, FRNP KL (wavefunction).

Prop.19 M FRE THIUK R

7 {lan) - EETF, BRE [v) BFA

) = {anld) lan) (1.69)

=Cn

H ¢, = (an|v) BRA |[P) 1E {|an) }-RR T IERBTIE n N &.

Prop.20 ESZRZ THUKERE

7 {Ja))-RE T, A% |v) BN

) ::j/(hz§21%2|a> (1.70)

=c(a)

H c(a) = (a|y) BN |0) 7 {|a)}-RE T BB %L.

1.5.2  SAHAERG T HFERor

Thm.10 FEHFHIEMERT

WHEERR {Jun)}, B A FEIZRR B ERRN
A(|u1> ) |u2> T |un> ) ) = (|u1> ) |U’2> » T |U’n> ) )A (171)

A [WFEFETT A

Apm = (Un| A |um) (1.72)

Pf RS EASMRIT I

A= FAT = (5 ) il ) A (2 ) Gl ) = 3 gl ) ) G

nm
=Anm

AR A 768 SR QT W RE At f

A = diag(ay, - - -, an) (1.73)
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Def. 28 E&FHE

BT — DR T HIERERE, AN (trace).

Pf trd= > Apm tr(|un) (um|) =D A

:5nm
Prop.21 FAYMR

tr(|v) (8]) = (¢l¥) (1.74)
tr(flé) — tr( A/Al) (1.75)
tI‘(/AhAQ An) = tI‘( A2 B Anﬁl) = tI‘( AnA1A2> (176)
Prop.22 {FERIZEMESRR
E—NRZET, AT N A MR PR EHHFE (complex conjugate transpose)
(AT)y; = A (1.77)
1.5.3 KRZH
5 {u,} B {v,} WK
0,) = 5 |uy) (1.78)
Hr S ARG ABHIL (representation transformation operator).
S =" vm) (unm] (1.79)
S 5 ST HEERE T A
(ue| Slury = (ol Slvr) = (ugvr) (1.80)
(ur| ST|ur) = (il STor) = (velw) (1.81)
L [00) = X ) nft) = 3t 0nl3l0n) = () Gl ) 8 )
m W—‘::Smn m m
=7
Thm.13 RRLHERF
RGBT S RN LIEEH
St=5"1 «— G§81§=88"=1] (1.82)
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Rmk REZHAKA Hilbert 28RN, NMTANEETRERMENE, AL
BRI T 3

—

\—/

lu) = ST |vy,) (1.83)

Prop.23 =Tt

-LX |,¢J = ch |U'n = de |Um>7 Cp = <un|w>7 dm = (Um|¢> %{}9%% %@Eﬁ%ﬁ

ZS* cn="> (8Nme, < d=S'c (1.84)

=& SRR

Prop.24 Ef5i#

A, = 514,58 (1.85)

Pf (A = (welAlo), (A)k = (] Altn).

(wrl Alor) = 3~ (vrltn) (wal A (wmlvr) = 37 (wrl S lun) (unl Altem) (1l Sler)

n,m n,m

= 8" (i ol ) 4 (3 ) Gl ) 8 ) = 7431

1.5.4 MIERLEHIEHLER

Thm.14 & 5 p £ -REZTHERR

F=x Pp=—ihVv (1.86)
0
T . D, — —1] ]_
Ty = x5 D ih o (1.87)

T |x) = x|x) (1.88)
(xlz') = 6(x — ') (1.89)
/d% ) (x| =T (1.90)
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Prop.26 FERFMTEIERMEFEH

plp) =p|p) (1.91)
(plp’) = 8(p —P') (1.92)
[ )l =1 (1.93)

Y(x) = (z|V) (1.94)
P(p) = (ply) (1.95)

Thm.16 RRITH

1.6 AR A4

1.6.1 &,p, L WP K F

Post.8 EAXMZKHE

>[€réﬁ§lﬂij]$’%2|§ Poisson ?ﬁ% [Ii,Ij]PB = [pi,pj]PB - 0, [miypj]PB = 52'_7' %:IEW\U%?“SEQ‘E{%
1 ra =~
[4, Blpg +— Fi[A,B} (1.96)
AR 8T /1A NT 7 K R (fundamental commutation relations)
24, 25] = [Di, 5] = 0 (1.97)

(£, ] = ihdi; L (1.98)

Def.29 $iBRAINEMNENTRR

13 =& X f) <~ EZ = €ijk:fi'jﬁk (199)

Prop.27 #HBAHEEXNNZHXH
[fzi, i‘J] = ihﬁijkifﬁk (1.100)
|Li, ;] = ihesjup (1.101)
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|22 L] =0 (1.103)
1.6.2 AT L AL
ERWLINE A, B xRS0 5, BN
[A4,B] =0 (1.104)
MF A5 B NMHEFMIME (compatible observable).

A5 BHE WAL f(B) HWHE.

Pf % 51 B R EGE N A 15

Thm. 17 HEHBTWNEEIE

AANE A5 BHE < A5 B AIFERESES (set of common eigenstates), HIL
M ER 745, AR AR S (simultancous eigenrepresentation). A 5 B 7E
FLEAER T ][R]0 A4k, 7 RIVAT (5] IsF A5 1 e B

Ala,b) = ala,b) Ba,b) = bla,b) (1.105)

Pf e BAEESFAMEES {lo.b)}, A 5 B R AL, = [4,5]=o.

‘= RSSO, B Alal)) = anfaf)), i = 1,2, g0 W
() ABJof2) = au (al[Blold) g (a®|Blag)) = 0
<an) BA a%)> = Gy, <ani) B‘a%)>

T B it

Def.31 HEAINETEHE

(complete set of compatible observables)
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1.6.3 WHRAHS T %=

Def.33 HAZE{E

LR A IS (expectation value) A

n norm. n unnorm. <'l/) | A | ¢>
(4) e

Rmk (A) i1 [¢) Wk, R T REHRETS.

(1.106)

P () = 37 Planan = 3 () onlt) o0 = (61 (S lon) o 4) 1) = (014101

n n

Prop.28 BHEMNFSREHEFHHAEE

H AR AT I DN S, I A A E AT R R E N2 R

Def.34 1#97%E

SESCAT R A fRZESH4F (deviation operator) A

AA=A-(A)f (1.107)
3575 & (variance) A
(AP = ((8A)) = (A= (A)1)") = (4%) - (4)" (1.108)
FrifEZE (stand deviation) BUFREI IR (root mean square, rms) A
AA = \J(aAy =f(22) - (4) (1.109)
Rmk 7 ZHEMEH S T RAMETE.
o Bt
AM=Ad = A= (nA) A4 (1.110)
« X5T
[AA,AB| = [A, B] (1.111)
o SIRHEERIRR
AA? = (AA?) (1.112)
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1.6.4 AENEKF

Thm.18 Robertson FNEEMXFR

AAAB > 2)<[A B))| (1.113)

Pf (AA%) = (Y|AATAAR) =: (alipa), FIFE (AB?) = (dpltbs). H Cauchy-Schwarz
AN

AAPAB? = (AAY) (ABY) = (aln) (Gnliom) > (Walvn)l? = | (WIAATABI)[
2

— | (WlAAABI)[* = |(AAAB)[* = ‘G[AA, AB] + %{AA, AB}>

= (aAaB) 4 Gi(ad.am))f = (s a8 = (48]

Thm.19 Schrédinger-Robertson T~fEMEXE

AAAB > - K[A B))| + % ({4, ABY) (1.114)

AxAp >

h
= 1.11
; (1.115)

Pf 7E Robertson ANiEMERRd, Bl A =2, B = p, [121, Zﬂ = [2,p| = ih, HILTT1E.

1.6.5 % JEZHAF

HHTHRZRGHEER, SEOCEME HARGE, izMAmENIF IR E T 2N EA
B 1 2 2, AT R] AR SRl IX R S e v 77 2 B AN e 1

Def.35 ZBEEF

T RGAE |O) RWEIMZEN p;, WA E B EHFT (density operator)

p= Zpi Wh) <¢z| (1-116)
G RGBT [p(N) SREHMREER F(N), WEEETAN

_ / Ax FON) () (V)] (1117)
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Thm. 20 ZFEHEFEMFEANHPEELN

<A>p = tr(pA) (1.118)

L HEM
pr=p (1.119)
MM p = anm |an) (@ml, uy
" Prm = Prn (1.120)
# p= [ dadd pla,a)a) (], W
pla,a’) = p(d,a)* (1.121)

2. MIARGIMIFME: 35 Y pi =18 /d)\f()\) =1, WRRGAM RS (closed system),

FEN
trp=1 (1.122)

3. 4HFE (purity): tr(p%) <1, MEALY p = |v) (9], BIRGALEMBE. M FRES

tr(p?) <1 (1.123)

1.7 KEM
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2 wmf I

Def.1 %8

FEFIR BT R ST RIS AL I, 5 I TR ORI an o] 7 B 43 S R AN ELAT, HARSF BT =S

ABHILIE, FRNZ S (picture).

2.1 )AL
2.1.1 WAL SEAY

Def.2 BHENERICERF
ENS LML Ut to) W2

1. Z1EME: Vi, s € R

Ult,s) e UK) (2.1)
2. E%‘ri Vio, t1,t0 € R,
Ulta, t1)U (1, t0) = Ul(ts, to) (2.2)
3. ii_éd;'rﬁf A |¢> S %, t, S,to, So € R,
lim [0t 5) ) = Uto, s0) [9)] =0 (2.3
TFR U(t,to) ¥ T RS —ANHEEAL AT (time evolution operator).
Prop.1 REFEXEFFAIMER
1. BhiJT
Ulto,to) =1 (2.4)
2. Wt
Ulto,t) = U™L(t, to) = U™L(t, to) (2.5)
3. REFHEL V), o) € #
(@ITT (2, 1)U (2, t0) ) = (Ble) (2.6)
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Def.3 SKRERIFTEEL

I IRNEAL S U (L, to) IERGEMHVILEI ZI ¢ A KR, K IEHECEUT RN Z) ¢ (AR R.

[$(t)) = U, to) [4(to)) (2.7)

Thm.1 EFFMNEICENR

BRSNS R, RIS AR 4 AR R RO BE T, T2

Aea(t,to) = U (t, o) AU (¢, o) (2.8)

PE (W) A[ () = (W (t0)|UT(t,10) AT (o) [10(t0)) = (¥(t0)| Acticeio) [¥:(20))-

Def.4 ERiTixiE

(transition amplitude) Y IAIEALERFAE SR € WIAR SR HIFEFE T

WOIU R, to)lW (ko)) (2.9)

2.1.2 L5 /P RGEAL

Def.5 T35 /METESEWER, BHENELE R IT, Hamilton EfF

R — R L IEHAFHITE T3 /N EAT, & XTEF5 /I AL AT (infinitesimal time evolu-
tion operator):

A

Ut +6t,t) =1 — %ﬁ& (2.10)

PR H i A AL A BT (generator of time evolution), fE & ¥ R HHAMTFEH, NHK V5]
Hamilton 5% (Hamiltonian operator).
Rmk E AN A LA B ICH) Hamilton 845 H = Hg f&7E Schroidnger 225 T ).

Prop.2 Hamilton E&FR) B4

Hamilton HAF&— A HHEHEA.
H(t) = H(t) (2.11)

—e

N ~ 1 A~
—HY ()6t =1+ ~Hbt.
h (*) T
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2.1.3 W PIBALSEAT I AL A R X M

Thm.2 BEPEWEFRFAY Schrodinger 512

ih%ﬁ(t, to) = HU(t, ) (2.12)

Pf U(t + At tg) = Ut + At )U(t, 1) = (f— —fIAt) U(t, ),

— U(t+ At to) — Ult.t) = —%ﬁAt Ut t),

0 - o U+ At te) = Ut ) ~n
= 1haU(t, ty) = 1hA111_I)10 As = HU(t,tp).

Thm.3 Hamilton EFAESEHEREHER

# Hamilton EFASE, AN

U(t, ty) = e~ wH(t=t0) (2.13)

Pf ¥t —to FHA N . 2 to =), t = tin), N — oo, W

N-1 i

Alta)At +O(AR) Tt to) = Iim [] exp<—ﬁf](t(;€))At>
k 0

A

Uty ) =1 — 73

Hrr At = Liks1) — - P H= Const, Il
Ult,ty) = lim [exp(—iﬁAtﬂN = lim exp(—il:]NAt> = (1)
70 N—oo h N—oo h

Thm.4 ZEMKLE5EREE

#1 &B Hamilton HAFT AR ZIXT 5, B Vi, ¢, € R, [ﬁ(tl),ﬁ(tg)} =0, =g N

O(t, ) = exp <—7—; /t: A dt’) (2.14)

Pf A [ (t)), ﬁ[(t(l))] =0, 15 eftmleHtw) = Htw)+H (W) I\

N-1

Ut ty) = lim H exp<— lff(t(k))At) = ]\}1_131 exp [_

N—o0 h
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Thm.5 Dyson Z%#{

# i) Hamilton BA&F T AR ZIAXT 55, WA AN
Ult, to) = Texp(——/ H(t) dt)

=1+ —= /dtl/ €l - - / dt, H(t,)H(ty) - - H(ty)

Rmk M 7 FONI P RAF (time-ordering operator), 1EH T8 I RAT, 1 H 42 B
[ 5% e M o ek e

(2.15)

A

A A A 1 é 2 1 2
T {A(t)B(t)} = {B((;))AE;; ;:2 (2.16)

T exp FRONBAIHEFFE %L (time-ordered exponential), H Dyson Z405E L.

Pf XGPS RIS AT AT Schrodinger /7 RETE ¢y B ¢ £14

t . t
/ C Uty ty) dty = Ut ty) — I = —1/ dty H(t)U (11, to)
, Ot 7

to

.ot
S48 (11, b0) 9 Dt t0) =1 — / dty B (0)0 (1, to) HILE [ B6—BMIT AkEEIEA
t

(t2, to)]

-
~—~
~

~

=
S~—

I
~>
|
—_
—

o,

~

=

uu
—~

~

=
N—

| —
~>
|
St =
—
=

(o}

~

IN)

uu
—~

=

)
S~—

-

h
N i ! A i\ [t 3 ] J
— iy (_h)/ dty H(t)) + (_h> dty H(t,)H (t2)U (t2,t)
to

n=1 to
N n t t1 tn—1 R R
=1+ (—1> / dt1/ diy - / dty H(t)H (ts) - - H(tn) + Ry 1 (t o)
n=1 h to to to
i N+1 t t1 tn R . R
Ry (—h) dt, [ dty / Aty sr EI(8) E(ts) - F(tnsn)U (Exsn, fo)
to to to

ERTET 2k, MRIE T A}lin éN+1<t,t0) =0, /53] Dyson Z¢#%. HILASHIE.
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2.1.4 W PFHAZHE

Def.6 BFEEHZAT M

R R GREARHAT I (A4 7, M A AL, Bl V7,1, ¢, € R,

Ut +71,t0+ 1) = U(t, to) (2.17)

JUIFK 22 G B AT I 1R]~F 45 AR P

Prop.3 HKEFEBALMH TR EIERLER
ARG RGN < Z 580N [A) 8 A AR AU T 18] 22, B

Ut to) = Ut — to) (2.18)

A~

Pf /7\'\ T = _t0> U(t - t070) = 0(t - to) = U<t’t0)

Thm. 6 BfEFBAELRIFIE

ARG R AN AP AN <= Hamilton BAFA G S E], B

~—— =0 (2.19)

Pf “<”: i H AEHER
U

(t,to) = e #H1(=10) T3,
‘. U(t+6t,t) — —

Hot, U(5t) A&, T H —EAEH.

2.2 Schrodinger %45t

A Schrodinger 2335 T, & KR T 2 EB 2 1 5 BT 55, 1w v) LN 5745 16 Bk 7 45X
IR DLAR, ESEAS).

2.2.1 BREM N F AL

Thm.7 Schrodinger 52

fE Schrpdinger Z5 T, HZRBHEMN L. —DERE |[01)) K7L, EIE
Schrodinger 77 F%

. d A
ih— [¥(t)) = H |4 (t) (2.20)

Pf CRIAEAE AT Schrodinger TTREAEH T AR E.
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Prop.4 Schrédinger %55 TNEY4IEE1%

ERRKERIYIE [4(0)) 55 Hamilton FFF H, WF F— YR [T & T A H30 1255k

A Schrodinger J7 FEME—HE, AR R4 HH IR UL & R 7047

|¢(t0)> evolution W)(t)) A-measurement, |a> _ |¢(t6)> evolution |¢(tl)> I

a-outcome

d 2
—ih s (O] = W)

Pf X Schrodinger J5RE I HUHERE, i Hamilton 54T E AL AT

2.2.2 Ehrenfest EP

Prop.5 Schrpdinger &5 THIRILNEE LT

(2.21)

fE Schrpdinger £25 T, AWM & AT AN BE I [R] & A2 50 77 254k, ATk JFG B ) 44 it 0% 7 SRR
T 52 I [R) 4G, B X X
dO 00
E =5 #0 (2.22)
FHHARGANE A H]LIETJ — =0, l)_'J = 0, BANE K WM EFFF (time-independent
operator).
Thm.8 Ehrenfest EIE
7t Schrédinger 225 1, AL &S AF I BAZE(E ) & Ehrenfest & ¥
d - o0\ 1 jra =~
500 = (%) + 5 {(0.8) (223

Pf /A4 %K Schrodinger 7712,

(0001 = 5 (it = (1§ wol) 01w + ol v + w0

dt

(— twe |H)0|¢< 0+ 124w + w16 (1 1v)
<a—0> + 2 w0, a )

([0
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Eg.1 #is$RFH Ehrenfest EIE

— 435 V(2) PHKLT R Hamilton 5AFA

oD )
H= o T V(z) (2.24)
P 556 o
~ T ~
2.A] = 2:; - lh% [, 7] = —inv'(2) (2.25)
ey

d@ _» 4O

T = m T —(V'(2)) (2.26)
MITA 1 43535k 1 1) Ehrenfest 7€
@) _d@) _ s
M= = qp — (V'(z)) (2.27)
e 2 3 4ehy, H - A
L& dB) gy (2.28)

dt? dt

~D
Rmk ﬁ?ﬁﬁﬁ?J%:%?@jﬂzaMﬁ@Wz@wW@i?ﬁ.

2.2.3  SPEIES IR TR

H 88_? 0, B [O’ﬁ] =0, MF O A—AF1EE (conserved quantity).
Prop. 6

FHPEE O AR

O o) = 0|o) (2:29)

WIFR 0 N—AFE T4 (good quantum number).
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2.2.4  RERE-I WA E PR K B

REE-BIE| N RE MR R

AEAL > g (2.30)
ot At SRHERSTL % F AR A, i %—‘f =0, [A, ] = 0, WIATSE SCRFAERT o]
AA
Aty = W (2.31)
Rmk FHERSE] At RAERG &SRR,
d o 1 rs A 1)1 hld -
Pf i Ehrenfest ZH, o (4) = - ([A H]). AAAE > EMA, )| = 3% (4)].

2.3 Heisenberg %3¢

At Heisenberg 2335 I, & J 3 [E €A 201, W) ML te 545 Bl ) AL, HLARSF 5 Schrodinger £
S A PR

2.3.1 PRI SAF I ) ) AL

Def.9 Heisenberg &2 THAXESATMWNEER

o & X Heisenberg 25t NI K& BN Schrodinger 45 F &R EMWIGEE
[Yu(to)) = |¥s(to)) (2.32)

M |r(to)) ARl AL .
@ [Yu(to)) =0 (2.33)
o JE X Heisenberg %3¢ I i o] Ml & B A7 S JOE I BT

A

Au(t) = Ut(t, 1) As(®) U (¢, to) (2.34)
T3 AT B 220 P el 22 35 F ) O i B 1 A T

A

Ay (te) = Ag(to) (2.35)

o “H” RINZASKREH AN & HFF/E Heisenberg £t T, “S” FR/NHAE Schrodinger
25 b,
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Thm.10 Heisenberg 512

£ Heisenberg £ 5T, AT IR BEN MsElk. — AN ES ST Ay 13 122k,
E1E Heisenberg /712

d A~ aAS 1 A A
— Ay = =2 — | Ay, B 2.
dr ™ <8t >H+ih[ H; H] (2.36)
d 5 J d Tt T T
Pf Hlto=0. 1H&U(t)—Hs(t)U(t), —1hEU (t)=U'(t)H'(t)
dAg AUt . . g o~ dU 1oavnia o A OAg 1 oain o o
A" A t tAder — — —UTHIA T2 —UtA
5 3 AsU+U U+ U As FUTHASU + UT= 20 + o UTAs HsU
(04 11/ P S PSS I 4. 1r. 4
_(W)HW{(U s0) (0'850) ~ (0150) (0150)] = (%) 5 [dw. ]
N oOH -
MTPRFER S =0, A [0, 5] =0, Mifi
Hy = Hy (2.37)
Pf [U,ﬁs} =0, = [Aflﬁfs—f{sﬁ, — ﬁHZUTI:Is(A]:UTUﬁS:FIS
= A~ st A 81218
T A s ) ) B A5 An, W =0, M
d X ]_ A A
A== [AH, HH} (2.38)
2.4 MHAEMS 5
H=H,+V (2.39)

2.5 kN

Def. 10 Ezhh=E

¥5h)1%: (wave mechanics) Z1E Schrodinger Z5¢ F, KRR R E TFSNET 1%, —
ROk B R R BB ER A
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2.6 Feynman &40

Lagrangian Path Integral vs Hamiltonian Canonical Quantization

2.6.1 AP wE T

Post.1 HERPEFH

S RAMALIEMIE (configuration manifold) Q. XF—2k AT REMIERAE ¢ : [to,t] — Q, &
GIERAT q(t) A (o, qo) TEALE (¢, q), BRIV R ILFFA q(to) = 90, 9(t) = q.
£ Lagrange & L = L(q, ¢,t) & XAEHEIZ K (action functional) A

¢
Sla(t)] = /t L(g,¢,t)dt (2.40)
M| q(t) DTRRIMESAEHRIEAN E (path amplitude weight) J9AE FH & AHALE

exp{ 35la(0)] (2.41)

A% 3G D9 BT A 7] Be B B8 45 o ik AR BRI IR IR A R 2 A, B 84270 (path integral):
K(q,t; 0, to) = / Dq eXP Sla(t )]} (2.42)

H AR 2 A B (functional integral measure) D[q(t)] BB [AIY] F AR BR (time-
slicing limit) % X
N-1
Diq(t)] := ]\}i_r)nooNNdQN_lqu_Q ~dg = hm Ny T dgn (2.43)
n=1
Rmk AR P HITEHEZ K Slg] AR TEMAEHE S(ga], Ja#ZRIT0 2283075
FEH 22 B A2 E M.

2.6.2 feHfT

&R (propagator) & XA EEWEFEMTER R |¢) FRIFEFET

K(q, q03t, to) = (alU(t, o)|ao) (2.44)

NFR K(q,qo;t,to) NEEEIR31Z (path integral kernel).
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Prop.7 fREFRIVIIEEME

.
I
.

}E? K(q,t;qo,t0) = {x|zo) = d(x — x0) (2.45)
Prop.8 fE#EFHESM
K (g2, t2; g0, to) = K (q2, t2; q1,t1) K (g1, t1; qo, to) (2.46)
Eg.2 KahhFEmIEET
& BN 1 HIE ST (propagator) 4
K (x,t; 20, t0) = (x|U(L, to)|x0) (2.47)
N5 78 FTUG I ZI SR AL o (200, Lo), TR BRI LRSS 1) 35 40 A
V() = / Pao K (w0, to) b (o, to) (2.48)
oo R A SRR
exp[—%f[(t — to)} %—];I =0
Ult,to) = { exp [_% tﬁ[(t/) dt'l %_IZ #0,[H(ty), H(t2)| =0V, 1, € R (249)
to
T exp l—% H(Y) dt’] [ (t), H(t2)| = 0,t1,1, € R
Pt o(x,t) = (2| (1)) = (2|U(t to)[¢(t0)) = /d%o (|U(t, to)|20) (ol t(t0))-
2.6.3 —4EORSTHLS I BRAE R
/I%‘ t() % t i/jﬁjj N Eﬁ 7 t = tN, Ty = $(t0),"',$N = .I’(tN), At = tj—l—l - tj, j =
0,1,-++, N — 1. WAL 551N
K(x,t;20,t0) = (wn|U(tw, to)|z0)
= <5UN|ﬁ(tNa tn-1)U(tn—1,tn—2) - U(t1,t0)|z0)
H da; (@n|U(ty, ty—1)len—1) -+ (21U (t, to) o) (2.50)

N-1

N-1
H dxz H :E]-l—l) ]—i—lvxjat )
=1

FRHA K (241, ti1;25,t5) = K(xj41, 25, At;) NEB AL (short-time propagator).
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A~ ST a2
R ¥ Hamilton 245K H = %Jﬂ/(i), WNTTT U (At) = exp{—l [p + V(i)] (t — to)}.

h|2m
H BCH A eA+B = o4 Ae_%[A’B],

. /\2 .
A 1P As B — V(AL ~
A= g A~ At B=—V(E)AL~ At (2.51)
> At A2 A 2
A, B| = —W[p V(#)] ~ At (2.52)

20 —fr /N, TR AR 3% 1N

A i 52 i A
K (241,25, At) = (251 |U(tj11,85)|25) = (wjq1]e” nm etV @A 3 )

o2 . N
N /dx/dpj (wjalem3m 2 ps) (pjla) (wle™nV P2z

2
i Py 1 i 1 i i
= [ dpje namBt . ——erPiTit . e wPi%iem Y (2)A (2.53)
V2mh V2mh
iy(e dp, iAt 2m
= eV mIAl / 2T[;_LGXP{—2mh {p? — AP — %‘)]}
=1

/ e*ap2 dp = \/i (a S RJr) (2.54)

iAt [m 2] 1 iAt m 2
I =exp Sl |:At($j+1 - IE])} ik dp; exp T omh {Pj - Kt(xjﬂ - x])}

_ @ Lj+1 — xj>2 A m
eXp[% < At "V 2ina

. m % N—1 i|{m Tjt1 — Ty 2
K(z,t;x0,to) —]\}1_1}1[(1)o (2nihAt) /Hd:r;l | exp{h l2 (At) —V(xj)l At}

(2.56)

42



T

il

2.7 R8s R SR ) AL
2.7.1 FJEFARIT ) AL T A

Thm.11 von Neumann F#E

op 1.
= T |/ H| = 2.
2.8 WYY
2.8.1  MREATE A AT
Def.12 EREFS=EEFHF
FIANTCEN N B HAT 53R AR
£=™% P (2.58)
~Von B mwhp '
FH e S KT (annihilation operator) 577 4B AF (creation operator)
R T mw (. ip \/m P
‘ \/§( i ) 2h < +mw> 2hx+1\/2mhw (2.59)
A 1 & oA mw [, ip mw, . P
f= = (X—-iP)=/57 (2——| = — 2.60
a \/§ ( 1 ) 2h <£E mw) 2h v 1, [Ombw ( )

BOKELT o 5reAE5AT of AR B HEEAT.

Prop.9 EZEFi&HRTH Hamilton EFF

2

HIE N & 74k, "TAEFIEYRT (quantum harmonic oscillator) [] Hamilton 5HAFA

g P L e
H= o + zmw T (2.61)
AR KBRS B EN .
B = hw (a*a + §f> (2.62)
o . PPN .o s
Pf G RMMHEAR KA (X, P] = S [3,5] = if
1 T A 1 (mw Jis - I [1 P
ata = = (X2 +i[X, P| + P?) = = [ 042 —I)=—smw’ —51
a'a 2( —1—1[,]—{— ) 5 hx_l_mhw o 2mwaz 2 5

43




A

Thm.12 EFREFSFEEFHMNGERR

la,af] =1 (2.63)

2.8.2  HiF-RSAT

Def. 13 RFHELNS Fock &

A at 5 a KRR, Mg —A> B HFERT, & OV T84T (number operator):

N =dfa (2.64)
RL7 BT AT RN
N |n) = n|n) (2.65)
FREAED |n) NEE (number state), BIFRA Fock #& (Fock state).

[N.a]=-a  [Naf] =+af (2.66)

Prop.11 EXRBEFS=EHEFFXS Fock ZSHI{EH

BRL T AR IAIE T FEA N |n) = n|n), WA

N(an)) = (n— 1)a|n) (2.67)
N(at|n)) = (n + 1)al |n) (2.68)

KBS n Fock &5 FFEN n — 1 Fock &%, BIVER T —/MRi ¥ PPAEREAR n Fock &L
F A n+ 1 Fock #%, BIF=4E T —ANKiF
H A — 1 %A mT 15

aln) =+vnln—1) (2.69)
a'ln) =vn+1|n+1) (2.70)
Pf Naln) = ¥, ] In) +aN |n) = —a|n) +na|n) = (n— 1)a|n).
Hatn) = [N,af] [n) + 6T N |n) = af [n) + nat [n) = (n+ 1)l |n).

Assume @ |n) = ¢|n — 1), ¢ € R*. Then (n|atan) = (n|N|n) =n(n|n) =n =, ¢ = /n.
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FH {&,&q — I, aal = N+1. Assume af |n) = d|n + 1), then d> = (n|N + I|n) = n+1,
d=+n+1.
|0) NIRRT a BIARMERS, FROVEARMEDS, XFRNETR (vacuum state).

a|0) = 00) (2.71)

HARKEENE, AI43 n > 0. %F n > 0 Fock &AWrEHE K B4

iln) = vnln—1)
a*|n) = \/n(n — 1) |n — 2)
: (2.72)
a" |n) = v/n!|0)
a"*tin) = v/nla |0) = 010)
M n T 0 &bl 5 n ¢ N, BASHE, S8 n <0, SIEEEME. Bt n e N.
Pt [|a|0)||* = (0la'al0) = (0]N]0) =0, = al0) = 0]0).
Thm. 13 VYI—H Fock 755 Fock ¥&
H—1L ) n Fock &SHIFREN o
m = @) 273
n:
H{n) |n=0,1,2,---} ME—ADTEHKIERZE, L
(m|n) = dmn > In) (n| = I (2.74)
n=0

PL Fock & {|n) | n=0,1,2,---} fENERIRS, FA Fock £F (Fock representation), X
FRONEER S (number rep), 8RR 5 (occupation-number rep).

Pf X 0 Fock Z&ANWEH =585

at10) = 1)
at)?
i =vae ==
aty?
a2 =viy =1y =
At — 1) — _ (@h)"
atn=1) = Vil = ) = X
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Prop.12 EREFS5EEFFNERT

(n'|a|n) = S pavn  (0|aT|n) = 8 pi1vn+ 1 (2.75)

2.8.3 RECK M

Thm.14 REIEEIR

T [N, 8] =0, NI N BAAEME n € N bRig g AR,

Ay = ho (R + %1) m) = (n+ %) i |n) (2.76)
T IR T BE B AR A
B, — (n—l—%)hw (n=0,1,2,--) (2.77)

Rmk At a 55 ab K57 AR5 BB g 9 K Bl 28 — MRS RE R R T hw.

1 Ny = N . ~.
n=0Hm, E = 57&), MNETFIEIRTIIZE SEE (zero point energy), BiFH A HE (ground
state energy).

Rmk FrAEHAEET a5 at MAX 5, £ hE T8 3.

Prop.13 LUEREHFSEEEFRTNIETFSHEFR

. 1 h
—_ "T 2 Ao A'i‘ A
X = > (a 4 a) E=\5— (a +a) (2.78)
A_L Af A a_ 3 mhw At A
P = 7 (a a) =i~ <a a) (2.79)
Thm.15 {UERMFSHERMFHERT
h
(n'|2[n) = ——— (Bwmr1Vn + 1+ 8 1v/n) (2.80)
2mw
o mhw
(n'|p|n) = — (én/7n+1\/n +1- énf,n_l\/ﬁ) (2.81)

Hn=n—18n =n+1NEMETIEE, AMTEEZE NN

An = +1 (2.82)
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Bl & IR 7 5 At &, REEA skl — M EE T hw.

- )

(&) =(p) =0 (2.83)
(%) = %(Qn +1)  (p?) = @m +1 (2.84)
Pf 32 = % ((@"? +ala + aal +a?) = % ((@"?+a*+2a%a + [a,af]).

=>

B
2\ __
> — —Qmw(2n+1),

¥ (nl(ah)?n) = (nla*ln) =0, (n2ala + [, af]|n) = 2n+1. Wi (
A

(2.85)
2.8.4  IEIRT-AII ] BEAL
Prop.15 EREFSEBZFARENEWL
au(t) = a(0)e ™ al(t) = af(0)e! (2.86)
Oas  Oal  OHj ) Lo T "
Pf —==—F=""=0 [aH,H] _hw[aH,NH] = hwi, [aH,H} = —hwal,
ddH(t) . 1 ~ 21 A —iwt
= 17i[OLH,H] = —iwan(t) = an(t) = a(0)
d&;r_l(t) 1 AT At T PN iwt
& E[aH,H} =iway(t) = ay(t) =a(0)e
Prop.16 E&FiE
— )
NG .-G _ 4\ [A A (N’ 1A 14 2
PO A = A+iA|G, A] + : G, G A]] +-- (2.87)
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2.8.5 MT&

Def.14 HFS

HRERF a H—WAIED, BT (coherent state)
ila) =ala) (aeC) (2.88)

Rmk &~ X +iP Al &7 IR T M IRIE K HRF, A TS0 IRIE o 2584
SE M.

Prop.17 HT7SH Fock 7SR

o
_ e

o) =T 3 n! In) (2.89)

n=0 VT

«
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3 ANk
3.1 EYXFEE S RAR

Thm.1 Stone ETIE

B {U(t) [t € R} 29 Hilbert Z21] 7 LHRELHS L IERE, W2 V|y) €

lim |7 (£) [) ~ )| = 0 (3.1)

t—0

ﬂ'J

3.2 AWPHE
3.2.1 AP AASAT A B

Def.1 Z[EFHERF

= 1R AR, B EFR AT (space translation operator) $iR, KA1 B AE
S¥3h a:
T(a)|z) = |z + a) (3.2)

Rmk (z|T(a)l = (x + al.

Thm.2 Abel Ef4&

YA A PR AR EA N 73) = {T(a) | a € R}, TEHP5E ek

T(a)T(b) =T(b+ a) (3.3)

T AER AT IR R UL N BEAEE: Va, b, c € R?

1. diaH
[T(a)T(b)| T(c) = T(a) [T(b)T(c)] (3.4)
2. H AL
T(0)=1 (3.5)
3. Biijc:
T(a)™? :=T(-a) (3.6)
DA Tei A8 e fat
T(a)T(b) = T(b)T(a) (3.7)




KRR

M7 (3) R4~ Abel #.

Pf kB UL [T(a b)] x) =T(a)|x+b) = |z +b+a)=T(b+a)|z).

G5 [T(a)f(b)} T( ) = T(b+a)T(c) = T(ctb+a) = T(a)T(c+b) = T(a) [T(b)T(c)].
Hfist: 7(0)1(a) = T(a)T(0) = T(a).

Wit: T(a)'T(a) = T(—a)T(a) = T(a —a) = T(0). FF, T(a)T(a)! = T1(0).
L [T(a)T(b)] |2) = |z + b+ a) = |z +a+b) = [T(b)1(a)]|z).

Prop.1 ZFTEFEBEFHAIEMN

AP AT N LIRS, B

T(a)'T(a) =T(a)T(a) =1 <= T(a)f=T(a)! (3.8)

Pf Let o) = T(a) |), [¢/) = T(a) 6), then

(1) = it Tl = (| [ o o) (] 70 Tla) | [ @ o) (o] 10

= [ @ [ @ olo) @ + ale' + a) talu) = (o ( [ <cc|) )

=b(z—=x’)

M T(a)'T(a) = I, FF g utdt, 15i0E.

(3.9)
Prop.2 XOEERHAER
T(aty(z) = ¢(x — a) (3.10)
Pt T(a)y(z) = (z|T(a)lY) = (z - al) = ¥(z - a).
Prop.3 S5UEEFMHIXZXR
#,7(a)| = aT'(a) (3.11)

P [a7@)] 1) = [o.7(@] ( [ @ o) (ol ) 10) = [ @ [o.T(@] 1) (el
#,T(a)] |z) = 2T(a) [z) - T(a)2 |z) = 2 |2 + a) — 2T (x) |z) = a|z + a) = aT(a) |z).
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Prop.4 (EEMFHENTH

(3.12)

3.2.2  ZE WAL AR EO O ILA T

Thm.3 ZEFHEFRERLA

AR AT AT LS I N R EE

I pt = p, I p A2 B FEEAT.

T(a) = exp (—%a . ﬁ) (3.13)
HApot p HEE.
iy )
1. % T(a) Taylor JEJF A
Pla) = F(0) +a LY . (3.14)
da |,_,
2. & p=ih ) . )
da |, _,
T(a) = T(0) — %aﬁ + (3.15)
3. W0 <e<x 1, HLFNEH _
T(e) =1 - ilfA (3.16)
4. HIFEHE X
AT (a L T(a+e)—T(a)_, T(e)—1I » i ox
u ll_r)% ; = ll_{% ; T(a) = —ﬁpT(a) (3.17)
R 152
T(a) =T(0)e 7% = "% (3.18)
S
=i
Rmk FRHEA o NZH, p NAERTT.
Tt =1+ %eﬂ (3.19)
Ty (e) = T + %e (5"~ 5) + 0@ = I (3.20)
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Def.2 FNBEH

PR PR AT I A T p N EEAT (momentum operator). p &4 HAEFERF, Xf M
[ W & A B = p.

3.2.3 KA

Def.3 5 NFBEMT

& X HRTT/INFREFEST (infinitesimal translation operator)

A

DI ME sa NS EINTEBOL AR TRHEL T(5a) = e n%o? BIF, (REE KT,

T(6a)=1— %5“ ) (3.21)
R R aT aT
Pf T(a)=T(0)+ o g((:) . + -, = 1R g((:) o
)
#,7(5a)| = sal (3.22)
Pf SRl [@,T(Sa)] |x) = da|x + da) = da|x).
— )
|20, T'(8a;)| = |2, 1 - %5%@] = [2:,1] —%5%[@,@] — da;l = 8;;8a;1
=0
) = [ devia)le) = [ i) ) vie) = [ dpTEIe)
1 i
Yp(z) = (zlp) = e (3.23)
1 +p-T
Yp(x) = (2nh)%e = (3.24)
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Pf EH/ e M dg = 2md(k),

Ap(z) et = 0y(@) | {wtelp) = (alp) _ (@l T(=e)lp) — (zlp)

dz e—0 € e—0 € e—0 €

(el (1 +iep/h) p) — (alp)

e—0 €

) = 1 ([ a2 1o o1} 1) = [ e ko)t = 2 [[asemioas
1

= N2nhd(p—p)=8(p—p) = N=

pUp(r) = dy(a) = New”

(2mh)z
3.2.4 ZFWFHALIES T
7= 0]~V 78 AN A B HE R N~V 12 8 5 [a) A e o<, B

T(a) Ul(t,to)

[ (te)) — T(a) [ (te)) ——= Ult.to)T(a) |4 (to))

7(a)
Def.4 ZSEERAT M

Ut to) [ (to)) —— T(@)U(t, to) (ko))
¥ Va € RS, RGN MBS SR PRE T(a) X5, B Vit € R,

(U(t,t0), T(a)] =0 (3.25)
MIFR & gt BA 2 [ F ALY (space translation invariance).
Rmk #RME—THMEKE In G [U(tt), TOn)], YA € R, MABERAGEAN n

3 T 2 18] A AN AR

Prop.6 ZEFEERALEMTH Hamilton HEFF

B ARLH Hamilton 5458 H(t), W ARG HA % 0 P AENE < Hamilton H %55 % 8
FRERX S, Bl Va € R?,

A A

[ (t), T(a)] =0 (3.26)

Rmk %+ n Jii, WA [H(t), T(An)|, YA €R.

PE [0/(t+ 5t,1), T(a)] = {f éﬁ( )&,cﬁ(a)} — —Lst[f1), 7(a)] = 0.

Thm.4 ZhESFEE

RGAF R AP R B R W3 & 5FfEH (momentum conservation law).
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HRGEEAW e; IR APEFREAZE, WA
(A (@), p:] =0 (3.27)

BIZh & ¢ 4y & ~FiE.
# Va € R?, RGEIA TR T HAZNE, WA

(H,p| =0 (3.28)

Pf V) eR, {f[(t),e_%’\ei'p} = —%)\[f[(t), e; -p} em R — (. SREL a = ai€1,ases, a3€es,
Vai, as, a3 € R. W) py,po,ps BI5PIE, NITTRE p = preg + paes + pses SFHE.

3.3 ZhEsE 5 Mo
3.3.1 Euclid %9 [ ied%

Euclid 7% [A] o ) i@ 4% AR A e — A 3 4ERFIR IEACHF

SO(3) = {R € End(R®) | R"R = I, det R = 1} (3.29)
SO(3) TEWU & FHI— Ak Abel Lie B,
Rmk det = —1 HJIEAZAR#E, BRONASIE] s Ae ik 11, H51ESGARH T MB— 2 Joff,
{P,I} =7, BXT 34EIEACHA

0(3) 2 SO(3) x {P, I} (3.30)

XA 3 e %5 R € SO(3), BMfAERE [ E A hl, /£ R TIRFFAZR
Rn=n (3.31)
MM VR € SO(3) ¥ RRNGIE—[E & AL n 3
R(n.0) = R(6) (3.32)

MRIXFPEH — DN AIRE n RRFHL, 0 € R FRoRH A 2 A e % R om0 vE R i 2R

(axis-angle representation).
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R 3 4Elie¥: R € SO(3) BRI R NES:Le 3 MEFRHI . K zyz 4958, W
R(a, 8,7) = R.() Ry (B)R.(7) (3.33)

MRIXFHEH =AY o, 8,7 € R NFEARFHIEA Euler fiZk7~ (Euler angle representation).
Rmk 7R85 Buler fIFRAE 8 € (0,m) MM, BAH 3 MBS £ 5 = 0,n
B 8 (Gimbal lock) FL%, MM Euler fiRzR KL

3 4EieE Ridrigues Az
R(n,0)v = vcosf + (1 — cosf)(n - v)n + sinf(n x v) (3.34)
B TS NHTE 50 NZHL, WA To 75 /Mg AL 4
R(n,80)v =v+d0(n xv) = (I +60n - G)v (3.35)
T 55 /NiEFEA e R(n, 80) IR Lie £ SO(3) K Lie /A% s0(3) = T, SO(3). 45 %ms,

QIESEES] Y324
R(n,0) = "¢ € SO(3) (3.36)

Hrf G = (Gy, G, Gs) FRATLTT /MR A AL TT, B Lie U8 so(3) MIZERTT.

00 0 0 0 1 0 -1 0
Gi=|0 0 -1 Go=|0 00 Gs=1|1 0 0 (3.37)
01 0 ~1 00 0 0 0

HE BT T
o (Gi)jx = —¢€iji;
* G,T = —G;;

J [GZ,G]] = Eijkle
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3.3.2 2% ] FEFE AT ARKAE I
Def.5 ZEINEAEERF

BT 1R RS A, A AR HAT (space rotation operator) IR, HX &R EIMIE
R
W) = R(6) [v) (3.38)

FAEWHT Lie BEFZ 71 SU(2) — SO3), Wi & Kerm = {+ L}, NiMABFEEEATH,
SO(3) = SU(2)/{*1>} (3.39)

o A SU(2) X SO(3) BIXFE 55 (double cover).

BN B R Buclid 2% 8] b i 25 (0] i % A8 4459 2] Hilbert 25 (8] b %) 2% (8] fie % 5457
SU(2) SO(3)

adl |7

U(#) — U(#)/U(1)

Bl SU(2) N SO(3) WIS, 11 U() N SU(2) ML IERR, U(#)/U(1) N SO(3) Hik
A IERIR.
Rmk #HAFEEHE U U(#) BIA SO(3) L IERIR.

Prop.7 AIEME

SORZE A A A S R BRI R, W2 8] e % 545 08 L IR 54T

RY(O)R(0) = R(O)RT(0) =1 <— Rf(0)=L0) (3.40)

Pf (Yrltr) = (W|RI(O)R(O)0) = (¥|y), = RI(O)R(6) = I.

3.3.3 FREOEN. I /MEFE AT O

Thm.6 ZEERFEFIEREN

5L IEA R, 2 E e AT I T 180

2(8) = R(n,0) = exp (-%e - j) (3.41)
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Def.6 ARAIEETF

PR3 (6] e % R(O) HIERT J N B EESF (angular momentum operator). J J&—
A BRSSO S A B R T

Def.7 EFH/NEEERN, AIEESR

PLGE m B M TCTS /AN E 80 S 1A iEF:, 80 = ndo, §0; = n;00 1] & XL T3 Nk

HAF (infinitesimal rotation operator)

A

R(50) = R(n,80) = T — %50 J (3.42)

(3.43)

3.3.4 Arm. Km. KEFESF

A LR AE 2 () Jie e AR e iy J 2 LR (R A BTS00, RV ) SO 00 2 R AT ) S BE A AN AR, T T A
I EFAF T 34T L IEFEHEAR 4

A A A

A' = RAR! (3.44)

A

Pf (Y|A'|) = (W|RTARY) = (|Aly), = A= RTAR.

Def.8 fREE
(25 ()i i AT AR AN A, FRONPRE AT (scalar operator). i &

EA (3.45)
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3.4 ZFW RS FH
3.4.1 FHHELF

Frbe

Def.9 FHEF

w15 AR A ) (space inversion), HFEFRESF (parity operator) fik:

II|x) = |—x) (3.46)
Prop.8 FHREFFHMR
FRAEFAN. KIEAXE, B
m=nat=pn0 1m?=i (3.47)

S, MTTHAMEE 7 e {1},

PE 112 |w) = [T |-a) = |a). ¥ |) € A, [12 |) = / & () I |2) = ).
——

=|x)
Def. 10 FHBFFR

MREFRELT [T A © e {£1} AT (parity). B 7 = 1 AMHFHR (even parity), Fx
m_ = —1 NAFH (odd parity).

N

4

1 |p) = |-p) (3.48)

3.4.2 FHTFHE

Def.11 FHIBFEMRAS

FRRELSE O BT A © = 1 LS, BRNEBFFRAE (even parity state); JBT 7= —1
PIARIERS, AR FFRE (odd parity state).

Oy =lby) Iy =—|po) (3.49)

Prop.9 ERKTHUKEH

T TR IR o0 Ko 7 R 4, B

Ui (—x) = Ui (z) U (—x) = —p_() (3.50)
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Pt (oIl — {<—w|¢+>¢+<—m> v w) oe)
<93|¢+> = ¢+(m)

(ol T]0r) = {H”“ I Sy S S |
) = (@)

Def.12 ZF{BFEFRZE]

BT mp = 1 FIAAE T2
M = {|ny) € A | 1T |ny) = |my)} (3.51)

MRABFHRF 23 [A] (even parity subspace).
FFR - = —1 BIARAET 200

Ho={n ) e | Ty = —|7_)} (3.52)

MONEFH T 2308 (odd parity subspace).

HA> Hilbert 28] W] 1532 70 il 918 5 H% 125 18] 45 7 AR 122 6 FR EL AT

H = A D A (3.53)

Pf HHFERRES T AR,

3.4.3 WIS

Def. 13 ZFRBIEFER

B EAT (even projection operator) P, H&FHEST (odd projection operator) P_ 5
XA .
Pi=g (7+ 1) (3.54)

RSN P2 = P, S5HMEMN PL = Py, W2 EXHEER.

PE P = (2201 + %) = (2f /1) = Py
L= (fxin) = (P20 = Py
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Prop.10 HFEFHEZEFHMR

. M
P+P =1 (3.55)
o IEXTME
PP =P P =0 (3.56)
o SFERERRIR S
|[Pe, IT) = 0 (3.57)
Pt PP =L (I+0)+4(I-1I)=1
Prop.11 FB#H%%
TR [T A7 2
11 (Ps [)) = £Px [4) (3.58)
I P |¢) A IT (8T AGEE £1 MAGERS.
TR HFIRAERS ) BHRAGTEFHRES
pﬂ: ¥} = |vs) (3.59)
Prop.12 ™RENFTESE
V|y) € A, FME—HIEH LSS
) = [¥4) + [¥-) (3.60)
He )y esty, W_)e . B
(Yi[yp-) =0 (3.61)
Pf [) = Py |o) + (I = Py) [¢) = P [v) + P [).
—— N——
=[4) =ly-)
3.4.4 WA
Def.14 BESF
LHEF A, SERER 1135, Wik
(1,4, ] =0 (3.62)

60




KRR

WK A N—AMBELF (even operator).

Prop.13 BEFFHFRMER

BB AE FRRA e S AL,
A, =1A I (3.63)

Pf [ﬁ,A+:| :0, — ﬁA+:A+ﬁ, — A+:ﬁA+ﬁT

Def.15 HEF

FHHFE AL SERES T RS, B2
{I, A} =0 (3.64)

MFR A_ N—DFHHEFF (odd operator).

Prop.14 HFEFFHFRMER

B HEAFAE FRRAL N RS AH .
A_=—[A_IIt (3.65)

Pf {ﬁ,A_} =0, = [MTA =-Al. = A =_—[TA_II'.

Thm.9 EBEHFHNFBLH

¥ AT = naA, Horp g € {21}, WFR A G#E TR, 1 RERFALATE T
ERFEMYT U MENBEMFSHREF M A=A, + A

(A—mAfr) (3.66)

Thm. 10 HFBEEFTHFREEZ

WA, B, 5 A B NIERBHEGESTERE, U

BRI | Atk
A B, | BB
A.B_ | BEK
A_B, | BEK
A_B_ | fRER

Pf Let m, 7" € {+1}, then [TA [T = 7 A, and [IBII' = 7' B,

DA, B I = [TA II'T B [T = 7' A, B,
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Prop.15 XZF5RXI5 FRFRMER

& € {21}, M [Ar, By] 5 {Ar, B} BOSHRISN 7o,

H[AW,BF/]]AYT = WW/[AF,BWI} ﬁ{Aﬂ,Bﬁl}ﬁT = WW/{AF,BW/} (367)

Prop. 16

#f(A anA" )

. f(AL) MBS,
o 24 f(A) MMM, F(AL) FIERE (A) Jar s, f(AD) WEER

Pf IIf(A)NT = Z FT AT =3 £ (TTALITY) - (ITALITY) = 3 fL A" = f(AL).

If(A)II Zf HA"H*—Z( )fnfl”#f(A)
If f(A) even, Hf Zf A" = f(A_), then f(A_) even.
If f(A) odd, I1f(A Z fuA? = —f(A), then f(A_) odd.

Prop.17 FHRMFRFSEE *

ST ORIF TR, 77 AR 7K.

Eg.1 &, p, L HIZ @B

A BHAT 52 BT N T RAT.

&0t = —& (3.68)

IIplit = —p (3.69)
7R BT KL K

IILIT =L (3.70)

Pf ﬁﬁlﬁT = ﬁ&ijk.’fjﬁkﬁT = 8”kﬁ.fjjﬁfﬁﬁkﬁ1- = Eljk(—.’ffj)(—ﬁk) = f/l

Def. 16 WMEESHERE

o W {110} =0, BUITO M = —0; MRRHEA, MG REHA, MPORE v HA
K& (polar vector), BRFRERE (true vector).

o Wi [ﬁ, @Z} =0, B IT0, 017 = o; MRBRERT, BHBRBEES, MRIKEE o FRH
i (axial vector), BIFRIE R E (pseudo vector).
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Def. 17 Eir=E5EMHRE

o FFREEA Q XBLMbRE Q FoObRE, B HhRE (true scalar).

o BIREER Q WMKKE Q HAMIRE (pseudo scalar).

3.4.5 EFRM KR

Thm. 11 FHEHEFEEN

WIRTHEA A GHEFIR na, ¥IA i) 5RE |f) WFRSBN 7,7 WER
Tnam; =1 (3.71)
o SATEEAF AL, BR rpm =1, BAEFROE RV, ABRFHRIESE

o MTAEAG A TR mym = —1, MR SFRA0E R0VF, MR SRR AL

FRZ 5 FHFRAH R BT MU R FRRERE € W (parity selection rule), BRIERES K AE, 745
A HoAth e B e ).

AN — (AT AT T8 — LAl o
Pt (flAli) = (fUIT AL 112} = mmam; (f|Ali), = mymam = 1.

=nsA
Eg.2 HERIKT

FLA B S
d=>Y" g, (3.72)

HT &, MRREER, M d NEER, FIRERKITESR 7 = —m, BRSFHRH

JX.
Eg.3 #4fERERT

AR SRR

n

T L, S, YIRS, o AEER, RILHBRKITER ;= m, BIPIR TR
HATF.
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3.5 I R
3.5.1 RAENF

Def. 18 R&Z&MERF

ENELE O — A, BV, |¢) € #, a,beC,
O(aly),b|g)) = a* (B |p)) + 176 |¢) (3.74)

NFR O N—ANREHEHTF (anti-linear operator).

Prop.18 ZAIE-RAEEFFRIFREHN

WU, 0, Uy BIALERTE, 6,0,,0, BINR L IEHTF.
U0, N4 IEHSE.
U6 R LIEHT.
OU R A IEH .
6,10, NLUIEH T
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4 MM N¥ IRk

BABEIFH] (natural units, NU)

4.1 Klein-Gordon Jif%
Thm.1 B Klein-Gordon F1E
(9,0" +m?) 6(t, ) = 0 (4.1)
Pf 1 E HBRF AR O E0OR R B BN &1L
E* —p*—m? — i2 2—(—1V)2—m2 o(t,x) = — a—2—V2+m2 o(t,z) =0
ot ' ot? ’
E X d’Alembert H5F 52
00" = a0 = =~V (4.2)
F& 015 Klein-Gordon /7 FE.
Prop.1 THEEMSIESIEE
HY P T 9 77 K i
o(t, x) = Ne 'Fi-P®) — gl (4.3)
Al [E 3] E? = p? + m?, (HEEE AL IE R
E. = +4/p* +m? (4.4)
ﬁﬁﬁﬂﬁ%%&M%ﬁJ@ﬁ:—%ﬂwwwwwwxﬂgﬁ4%%%
i * *
T =5~ (¢70"¢ — 99"¢") (4.5)
MR FE T 2
9, " = 0 (4.6)
;M@:ﬂw@=ﬁxw@—%¢) (47)

ot

ot
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Thm.2 B Klein-Gordon F18

D,=0,+¢eA, (4.8)

N7 E e 1B BRLT 1) Klein-Gordon 72N

(DuD* +m?) ¢ =0 (4.9)

L e 1 H HORLFE BB T AR BB R

(H — ed)® — (p—eA)* —m* =0 (4.10)

T(t,x)

4.2 Dirac H#t

4.2.1 Dirac Hamilton H4f

Post.1 Dirac Hamilton EfF

BN PER) Hamilton SEAFXTEh &R A" 19, HA TN

A

H=ca-p+pmi (4.11)

HAP R B, o = (a1, aa, a3) BINEAX G HIERRE, B¥5 p X%, X 8, N Dirac 8
%P5 Dirac o 55F%, i = 1,2, 3.

Prop.3 XL EEKXFER Dirac FEFERZAR

HOH AR EEOCR H2 = p? + m2, WER Dirac HFEH 2

=1 A{a;,8}=0  {o,05} =28;1 (4.12)

Pt H? = (aipi+ Bml) (ap; + Bml) = asapip; + m{as, BYps + B2m? 1 = pip; + m?1.
M 52 =1, {a;, B} = I. coupip; = 5(%‘%‘@25]’ + aiayp;pi) = 5[% o] pipj = PiDi-
5,1
g

Prop.4 Dirac f5FER9H R

o« =MHAHE— Hff. XKIE. XA
o ARIEEN +1.
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o BUONTCIAERE, Bl
trf=tra; =0 (4.13)

o DB EENAERE.

Pf A = A WEEMHEE d 52 =1, {a, a;} = 202 = 2 ATExEE. WL IE, 4
IEE N £1. B {ay, B} =0, oy = —BaiB, tra; = —tr(Ba;f) = —tr(a;8%) = —tray, MM
troy = 0, [FAH tr 8 = 0. HTFEARMAEZ A, AREE DA 1 50 HBL, R B0 s 2

B,

(iv"0, —m) ¢(t,z) =0 (4.14)
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5 MaEMit
5.1 At
Thm.1 HII=EMNELITZXER

5.2 __AIj‘L;\:/\éL

Def.1 Pauli %Ef%&

Pauli 845 61,069,063 £ 65-KER (5.-K%) FIFEFEFA Pauli 458 (Pauli matrices)

0 1 0 —i 1 0
o1 = 09 = 03 — (52)
1 0 i 0 0 —1
5.2.1 Pauli 3t

Thm.2 Pauli E£EIE

{00, 01,02, 03} PR My(C) BI—A3E, BN Pauli 2 (Pauli basis). HH

10
og =1 = (O 1) (5.3)

y\ﬁﬁ’fi% 2 Bﬁg%ﬁ% A, i’}]ﬂEE {Uﬂ}u:0,1,2,3 Eﬂ:

(5.4)

To + T3 l‘l—il‘g
A:x000+m-a:(

T +i£l'2 To — X3

(5.5)

Prop.1 BAEMFSHMBHEMNN Pauli B0

SHE—VER T 2-dim Hilbert 4518] - HPEEAF A, HAERER R A BT LN Pauli 5

R {64} p=0,123-

/Al =x90p+x 0O (LL’M € R) (56)
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A

B=ilyoo+y-&) (yueR) (5.7)

Prop.2 4$RALEEFH Pauli EFF0 R

2 BRI ZIEFERE w € SO(2) FTRAZ3i# 9 Pauli 55K {0, },—0123-

u=apoo+ia-o (a, €R) (5.8)

Prop.3 Pauli ZERERIEM R

1L =& o, WHEM. KIE. & WMAMEES £1.

2. X5 R A&
04, 05] = 2ieijr0n (5.9)
3. ] 5 R A
{0'1', O'j} = 25@'0’0 (510)
4. FEE A
0;0; = 6ij00 T iaijko-k: (511)
5. I
tro; =0 (5.12)
tr(aiaj) = 26” (513)
tI‘(O’iO'jO'k) = 2i€ijk (514)
6. 17410
deto;, = —1 (5.15)
det(6 - v) = —v* (5.16)

Rmk HME, KIEW. XatE. XG5 RN G KRR Tk KMEE. &, 1T5185
FE L IEFI A R AR, AL SRS XE T Pauli 54T 6, tHAROL.

Prop.4 Pauli X21EF

& [A,6] = [B.6] =0, W) A, B Hys{RIAESN D & HE LRIR R

A

(6-A)(6-B)=A-B+i6- (AxB) (5.17)
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=(AxB)}
Thm. 3 —lL.\/‘.zé—ﬁEI] r—
p=1 (I+(5)-0) (5.18)
2
" 1
Pf Assume p=aoy+b-o. Thentrp=atroy+bjtro; =2a=1,a= .
—— 2
=0
1
tr(,é&z) =atr o; + bj tl"(O'jO'i) = bj tr(éjiao + iejikak) = 26ﬂb] = Zbl, bz = 5 (61)
5.2.2 Bloch ¥k
Def.2 Bloch X2
n = (sin 6 cos ¢, sin # sin p, cos 6) (5.19)
—1 0 in fe1?
o —m.o— n3 m —ing) [ cos . sin fe (5.20)
ny +ing —ns sinfe'* —sin6
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identical particles
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GuoHong’s Lecture

7 GuoHong’s Lecture
Duality, Trinity, Quaternity

1. Hermitian

A=A
2. Unitary
ot = ot
3. Involutory
A =T
4. Idempotent
A=A

Prop.1 Trinity

A Hermitian unitary operator is necessarily involutory.
Rmk Generally, if an operator satisfies any two of the three properties (Hermiticity, uni-

tarity, involution), it must satisfy the third.

A

Pf AT A=A, — A= Ad—AA=Ad =1

7.1 Eigenvalue Problem

7.1.1 Eigenvalue and Eigenstate

Ay =X[g) (A eC)

1. Hermitian operator (self-adjoint) AT = A, observable;

2. Unitary operator At = AV or ATA = AA1 =] , symmetric transformation, except for

time reversal.

examples of eigenvalues

A2

1. free particle: H = 2]'; (continuous)
m
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ImFE
= cigenvalues of H
0 "ReE
A D 1
9. harmonic oscillator: = 2% + —mw?z? (discrete)
2m 2
ImFE
= cigenvalues of H
%hw %fuu ghw
i i i >
0 Re E
2 2
- e
3. hydrogen atom: H = pr_c
2m r
ImFE
= cigenvalues of H
—13.6eV —3.4eV ..
i i >
Re &
“ —~ N g _
discrete (bound state) continuous
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4. Unitary operator: Let U |u) = u|u), = (u|U = (u| u*,
= (u U0 u) = (u|uulu) = |ul* (ulu) = (ul T|u) = (u|u)

= uf=1=u=e’ecC.

ImU

= cigenvalues of U

~

0 ReU

Ut u) = e |u)

Eigenvalues of Hermitian operators are € R, and Unitary operators are € C. The eigenvalues
of an operator that is both Hermitian and unitary are € {£1}.

Exercises: Proof thms

3. If A hermitian, then its eigenvalues are real.

Rmk Let A|¢) = a|¢), then (Y| A|) = a (¥])) = (W] A|9)" = a* (Y|y), = a=a",
a € R.

4. If A is hermitian, then its eigenstates corresponding to distinct eigenvalues are orthogonal.

(non-degenerate case)
Pf Let Aly) =alp), Al) =d [¢).
WA =a @) = @A) = (W] A[W) = (d (@) = d* (W'|¥)

= (a—d) @) =0, L2l (W'Y) =0, ie. [¢) L |[¢). In the degenerate case, one

must resort to the Gram-Schmidt orthogonalization procedure.
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Eigenstates of a hermitian operator can form an orthogonal, normalized, complete basis.
« discrete basis (non-degenerate): A [1,) = an [¢,).

— orthonormal: (¢, |¢m) = Spum

— complete (meaning the basis is sufficient to span the Hilbert space):

> thn) (Wn| = I (resolution of identity)

Rmk 9, is a symmetric tensor.
« continuous basis: A |a) = a|a)

— orthonormal: (ala’) = 8(a — ')

— complete: /|a) (a|da =T

Rmk 4(a — d’) is an even function.

7.1.2 Eigenspectrum

Eigenspectrum is the set of eigenvalues.

example of eigenspectrum

1. free particle: Spec(H) = {a | a € R,a > 0}

A

2. harmonic oscillator: Spec(H) = {(n + %) hw|n=0,1,2,-- }
3. H atom: Spec(H) = {#Eg |n=0,1,2,-- } U{a]|a€R,a>0}. Mix spectrum.
Rmk ON: <TL, l,m|n’, l’,m’) = 6nn’6ll’6mm’7 <E, l, m|E', l’,m’> = 6(E — El)élllémm/.

RI: Z In, [, m) (n,l,m|+/dE Z|E,l,m> (E,l,m)| ]

n,l,m lym

A

4. Unitary operator: Spec(U) = {u € C| |u| =1}

7.1.3 Eigenspace

Degenerate case (one eigenvalue corresponds to multiple eigenstates):

A 77Z}:1,> = Up

where g, denotes the degeneracy.
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Def.1 Subspace

;>|¢:1’2,...79n}

N N N
dim 7, = g, dim 77 = dim@% = Zdim% = Zgn.
n=1

n=1 n=1

Direct Sum is for the same observable operator.
[132,@} =0, so L? & L. have the same eigenstate |1, m;). L*|l,m;) = (I + 1)R%|l,m,).

I=0,m =0 —[0,0) (1 dim)
I=1,m =041 —|1,—-1),[1,0),|1,1) (3 dim)

lmax

dim G, = > (20 +1)
=0

For bound states, the upper limit [,y is finite and determined by n (eg. lyax = n — 1 in H).
For unbound states, [, — 00.

N (5|45 ) = BBt ) (¥l
n=1i=1
Gram-Schmidt Orthogonalization

1 )
¢’FL n
o = by = AL

) =) ey ot) oty = L

(IXDIX3))

N/\ A
NI, =1
n=1

In\ — |)dn _gn_l 1.2 1 2\ _ |X127,>
) =l = D (el =) - et

7.2 Tensor Product

Origin: multi-freedom.

1. Multi particles: sy, so;

A

2. Single particle, but multi observables (L2, L., §2, 5.)

3. Single particle, single observable, but multi components (£ — %, 7, 2)
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Def.2 Tensor Product

|1/’>1 € /4, |¢>2 € J, then = 7 ® 563, and |X> = |¢>1 ® |¢>2 e H

7.2.1 Properties of tensor product

The subscript “7” indicates that the vector |¢), belongs to the subspace .J%.

1. Commutativity

|¢>1 ® |¢>2 = |¢>2 2 |¢>1

2. Linear: Ve € C, |¢), € 74, |¢), € 6,
() ®19)3) = (cl¥)y) @)y = [¥), @ (c|d),)
3. Distributivity

(alth); +blb2),) ® |6)y = aln), ® [d), + b|1he), ® |B),

[0); @ (a|d1)y +blpa)y) = al), @[Pr1)y +D[10); @ |d2),

Let s = Span{|u;); | i = 1,2,---, N1}, 4 = Span{|v;), | j = 1,2,---

H = 70 @ A,
dim 77 = dim 7 - dim 4% = N1 N,

Let ‘w Zcz ’uz 19 |¢ Zd |UJ

), @ (@), (Z ¢ |ui) > ® (Z d; |Uj>2) = Zcidﬂ' |ui); ® |v),

7:7j

Let 4 = Span{|u1), , |u2),}, 7% = Span{|v1),, |v2),}, then

, N2}, then

V), @ |§)y = c1dy |ur); @ [v1)y + crda [ur); @ |v2), + cady |ug); @ [v1), + Cody [uz); @ |v2),

For a state vector |x)

1
ﬁ

(Ju1); ® |v1)y + ug), ® |v2),) € H = JA R 5. Ask: do we have

proper values of ¢y, dy, ¢a, ds to match the requirement of [x)? Answer: NO! |x) # [¢), ® |@),.

1), @ |@), is called tensor product state. |x) is called entangled state.
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7.2.2 Entangled State

Eg.1 Kinds of Entangled State

1
N =2, 7 (Ju1); ® |v1)y £ Jug), ® |va),) is called Bell-state (Bell basis), or EPR state, or

Schrodinger’s cat state.
N > 3:

1. Werner state (W-state): robust
2. GHZ state: fragile

3. NOON state

Two spin system (% ® %) singlet: 1-entangled state. triplet: 2-tensor product state -+
1-entangled state.

7.2.3 Inner product of tensor product

(1(V2] @ 2(¢2]) (|t1)1 ® |P1)2) = (1(¥2]th1)1) (2(P2]d1)2)
(1(ui] ® 2(vs]) (Jur)r @ |vr)2) = (1 (wilun)1) (2(vilvr)2) = dirdii

If A acts only on 44, ie. A — 14),, and B acts only on 4, ie. B — |¢),. Then

A([), ® 10),) = (A1 @ L)(J0), ® |9),) = A1 [), @ T2 |6), = (A1 [Y),) ® |9),

B(j$), @18),) = (I ® Ba)([Y), ® |)y) = 11 [)), @ Ba |9), = 1), ® (B2 ]9),)

The operator has no effect on the space on which it does not act.

Eg.2 Momentum

For p2 |p) = p* [p), |P) = |p) @ |py) @ |p2), 92 = P2 @ I, ® L., the same as y, z.

Eg.3 Angular Momentum

Let L2 — 1, L, — my, 82 — 5, 8, — m,. 6 =|l,m)), . =|s,my), H = H @ H. Fix
l,s =1/2, then

dim 22 = dim 54 - dim 5, = (20 +1)(2s + 1) = 2(2L + 1)
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Eg.4 Hydrogen Atom*

nL;. n is principle, L; is spectrum

7.3 Compatible Observable
1. Compatible observable (CO) is commuting observable, i.e. [/Al, E] = 0.
2. Common eigenstate (CE) or simultaneous eigenstate (SE)
3. Set of common eigenstate (SCE)
4. Complete set of commuting observable (CSCO)
5. Good quantum numbers (GQN)

6. Diagonal matrix. Block diagonal matrix. Diagonalization of matrix.

Thm of Compatible Observable:

WB]=0 o {A,E have SCE

orthogonal basis

@ SCE (SSE),
@ ON.

diagonal matrix:

A = diag ()\1,...,Al,...,An,...,)\n), g; (i=1,2,...,n) degeneracy.
—_———

g1 9n

block diagonal matrix:

B = diag (B, Bs, ..., B,), Bt gi X gi.

L? = h? diag (0,2,2,2,6,6,6,6,6,...).
L. = hdiag (0,—1,0,1,—2,—1,0,+1,+2,...).

[Proof]
Suppose
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Then
A(BIy)) = BAw) = A(Bv)).
Thus, B|t)) is eigenstate of A with the eigenvalue of A.
(D Suppose A is non-degenerate. Then

Blw)=plv) ~[v).
@ If )\, is degenerate, then

Alyi)

=\, ¢;>, i=1,2,- g

<¢f~b|¢%> = 5nm5ij (n = 1727"' » ns .7 = 172a T 7gm)

(WL ABILY = N1 | Blwd,), 9
(WL BAWIY = Xy (05| Bl )

= Am) (W5 Bl7,) = 0
n#m= \, # A\n = (0! |B|y?)) =0 = B is a block diagonal
B = (3| Bl3)

B®™gi) = ui)ph). = (i |B™|pl) = "6

B™: ¢, x g, diagonal matrix.

[n) = Tlgh) = (Z!%)(wil) loh) =2 ((Whlen) 1vh)

J

= Ag,) = A

> (wale) wz»} =\, [Z ((ileh) |wz;>} = Al
k)

Algt o) = Anl &b i) . AB|gh ) = Al )
Bk ) = el @) BA|L ) = Nt 0 i)

= [A Bl = 0.
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vIe),

1Y) = ZCnW;k) = [/Al, B]|@D> = ZCn[A Be”@%k) =0= [/Al, B] =0.

n

7.4 Representation Transformation

7.4.1 Wavefunction

The wave-function is the projection of the state-vector in a certain rep.
(x|x') =d(x —x') ON

ZT-rep: T |x) = x |x). A
[ &z |x) (x| =1 RI

9) = 1) = ( [ <a:|) )= [ ) ve)

where ¥ (x) = (x|¢) is wavefunction in x-rep.
) (plp’) =d(p—p) ON
prep: plp) =plp). ) )
J & Ip)(p|=1 RI

0) = ( @ <p|) )= [ @oip) o

where ¥ (p) = (p|v).

¥) = (Z |t <un|) W) =D cnlun)
7 n
where ¢, = (u,|)) is the wavefunction in {|u,)}-rep or A-rep, if A|u,) = A, |up).

7.4.2 Representation Transformation

)= [ @ ip) i) = [ ( [ ip) <p\) v@)= [@ip) [@rve) i

=i

— J(p) = / Erp(z) = ()

where 9,(x) = (xz|p).

The key is (x|p) and (p|x)
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— V)

(<=p

In &-rep,
(x|p) = vy(x) = NeP=/"

where N is the normalization factor.
In p-rep, & = +ihV, <= (p|z) = Ne P2/",

How to determine the normalization factor?
zle)=0d(x—x')= | & (x z')y = N? | d®pep@—=)/h
(z|x’) p (z|p) (p p
1

= (z|z’) = M*(2nh)’8(x — ') = N = )

/ ™ dk = 2n8(z)
1 ip-x/h A .
= (z|p) = Yp(x) = seP (< p = —ihAV)
(27th)2
Z-representation p-representation
=2z, p=—ihV, p=p, &=+ihV,
Tle) =x|x) plp) =plp)
2d(w — a') = x'd(x — ') pd(p—p') =p'd(p—p')
3 3
1 \2 elp-m/h ww(p) — <p|$> _ <ﬁ)2 —ip-x/h

)

20T

p(x) = (2|p) = (

7.4.3 Schrodinger eq
ﬁZ
2 V)| o)

o d -
i o) = B ) = | 2

In &-rep, ,
0 D)

where ¥ (z, 1) = (x[¢(1)).
In p-rep,
LD P - N
= ihp ¥(p,t) = 5 —v(p.t) + V(ihV,)¢(p, )

where ¢(p, ) = (p|(t)).

7.5 Adjoint
(W AT|g) = (¢ Alp)*

At = (AT A RHEAFRF 0L, LSRN RES BRI, R AR E N
=

(Al)) = (] A1
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Pt |¢) =32, calun), 1) = > i [tim) -

WIAT6) = 3 Gl ATd ) = 37 o G| AT ) = 3 i (A7)

n,m

(101 410) = [ tonlen )| =[S e (), | = S ()],

n,m

— (A1) =(A) =(AT) . = Al=(4AT)".

mn nm

Adjoint = transpose + complex conjugate.

7.6 Unitary and Anti-unitary

translation momentum conservation
space (spacial) { reflection (parity inversion) party conservation

rotation angular momentum conservation

_ translation energy
time (temporary)

reversal no conservation but Kramer’s degeneracy

Time reversal is anti-linear and anti-unitary.
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